Research Report 2020 S.T. Yau High School Science Award (Asia)

S.T. Yau High School Science Award (Asia)
2020

Research Report

The Team

Registration Number: Math-037

Name of team member: LAM Myron

School: Diocesan Boys’ School

City, Country: Hong Kong, China

Name of supervising teacher: CHAN Long Tin
Position: Mathematics Teacher

School/Institution: Diocesan Boys’ School
City, Country: Hong Kong, China

Title of Research Report
Towards the Problem of Grouping Coins

Date

August 20, 2020



Research Report 2020 S.T. Yau High School Science Award (Asia)

Towards the Problem of Grouping Coins
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Abstract

The aim of this investigation is to show that, for some 2n + 1 gold coins, given that when
any coin is removed, it is possible to form two groups of n coins with equal weight, thén
all 2n + 1 coins have equal weight. The result is then generalized: for some a + b+ 1/ gold
coins, given that when any coin is removed, it is possible to separate the remaining coins
into a coins of total weight A and b coins of total weight B such that bA= aB, then all

a + b+ 1 coins have equal weight.

Our methods involve writing a matrix equation, using eigenvalues and permutations and

applying the rank-nullity theorem.

Keywords: Linear algebra, Rank and kexnel*6f a matrix, Rank-nullity theorem, Mod-

ulo operation on a matrix, Leibniz formula, Permutation, Derangement



Research Report 2020 S.T. Yau High School Science Award (Asia)

Acknowledgement

I would like to express my sincere thanks to my supervisor Mr L. T. Chan for his instruc-
tion and guidance on this paper.



Research Report 2020 S.T. Yau High School Science Award (Asia)

Commitments on Academic Honesty and Integrity

I hereby declare that I

1.

am fully committed to the principle of honesty, integrity and fair play throughout
the competition.

actually perform the research work myself and thus truly understand the content
of the work.

. observe the common standard of academic integrity adopted by most journals and

degree theses.

. have declared all the assistance and contribution I have received from anytperson-

nel, agency, institution, etc. for the research work.

. undertake to avoid getting in touch with assessment panel members in"a way that

may lead to direct or indirect conflict of interest.

. undertake to avoid any interaction with assessment panel members that would

undermine the neutrality of the panel member and fairness of the assessment
process.

observe all rules and regulations of the competition.

agree that the decision of YHSA(Asia) is final,in all matters related to the com-
petition.

I understand and agree that failure to_henour the above commitments may
lead to disqualification from the competition and/or removed of reward, if
applicable; that any unethical deeds, if found, will be disclosed to the school
principal of team member(s) and.relevant parties if deemed necessary; and
that the decision of YHSA(Asia) is final and no appeal will be accepted.

By
N

Name of team member: LAM Myron

[ =——

Name of Supervisixg teacher: CHAN Long Tin

Noted and endorsed by

e

Name of school principal:

R. K. Y. Cheng




Research Report 2020 S.T. Yau High School Science Award (Asia)

Table of Contents

Abstract 1
Acknowledgement 2
Commitments on Academic Honesty and Integrity 3
1 Preliminaries and definitions 5
2 Main Problem 6
2.1 Rational Case . . . . . . . . . . . ... 6
2.2 General Case . . . . . . . ... Al 8
2.2.1 Proof using eigenvalues and permutations . . . . . .. . \Jw. . 8

2.2.2  Proof using rank-nullity theorem . . . . ... ... ... ¥v. .. 10

3 Extended Problem 12
3.1 a,bbothodd . . .. ... .. ... (T 13
32 Anya,b . ... e N 14

4 Discussion 15
References 16



Towards the Problem of Grouping Coins 2020 S.T. Yau High School Science Award (Asia)

1 Preliminaries and definitions

Here we define some of the terminology and notation used. We will only consider vectors
in the real vector space.

Notation. The entry on the i-th row and j-th column of a matrix A is denoted by A; ;.
A column vector x is denoted inline by (x1, 29, ..., 2, ) and in display style by

U1

(%

Van

Definition 1 (Image and kernel of matrix). The image or column_space im(A) of a
matrix A is the span of its column vectors. The kernel or null space kex(A) of the matrix
is the set of vectors x which satisfy Ax = 0.

Theorem 1 (Rank-nullity theorem). The dimensions of the image and kernel of an m xn
matrix A are related by the rank-nullity theorem: rank(Ad=f dim(ker(A)) = n, where
rank(A) denotes the rank of the matrix or the dimension of the image dim(im(A)).

Theorem 2. The rank of a matrix is always greater_than or equal to the rank of its
submatrices.

Remark. The rank of A will not exceed min(m, 7). The matrix A can be described as
full-rank if rank(A) = min(m, n). Otherwise, it is rank-deficient. A matrix is full-rank if
and only if it is non-singular.

Definition 2 (Eigenvector, eigenvalue.and eigenspace). Let A be a square matrix. x # 0
is an eigenvector of A if Ax = Ax’for some A. A is the associated eigenvalue. The
eigenspace F) is the set of eigenvectors of A associated with the eigenvalue .

Definition 3 (Characteristic'polynomial and characteristic equation). The characteristic
polynomial of a square matrix A is p(\) = det(A — AI). The characteristic equation of A
is det(A — AI) = 0 or p(A\) = 0. The characteristic equation is satisfied by the eigenvalues
of A.

Definition 4 (Algebraic multiplicity and geometric multiplicity of eigenvalue). The al-
gebraic mudtiplicity M, of an eigenvalue A is the multiplicity of A in p(A\) = 0. The
geometrie. multiplicity my is the dimension of the eigenspace FE).

Theorem 3. The algebraic multiplicity is always larger than or equal to the geometric
multiplicity.
Definition 5 (Permutation, fixed point and derangement). A permutation of a set is the
rearrangement of the elements of the set. In a permutation, a fixed point is an element
which appears in its original position. A derangement is a permutation which has no
fixed points.

Formula (Leibniz formula). Let A be an n X n matrix and let S,, be the set of permuta-
tions of {1,2,...,n}. The determinant of A is given by det A = Z (sgn(a) H Ai,(,i)
i=1

O'ESn
where sgn(o) € (1, -1).
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2 Main Problem

The main goal of this project is to show that, for some 2n + 1 gold coins, given that if
any coin is removed it is possible to form two groups of n coins with equal weight, then
all 2n + 1 coins have equal weight.

In mathematical language, it can be re-formulated as: Let n € N and x1, 2o, ..., xo,11 be
the weights of the coins, where x; > 0 for all 1 <1 < n. After removing any one of these
numbers, it is possible to group the remaining numbers such that

dom= ),

n terms remaining
n terms
2.1 Rational Case
We observe that {z1, zs, . .., Xo,11} satisfy the condition if and only if-kwy, kxa, . . ., kTopig
and x1 + k,xo + k, ..., To,11 + k, where k is any real constant, alse satisfy the condition.
Thus if we limit ourselves to rational numbers only, we can multiply 1, zs, ..., 9,11 by

a common constant such that they are all positive integers.
Lemma 1. zq,x9,...,29,,1 are either all odd or all even.

Proof. Suppose there are odd and even z; at the sanie time. If we remove any odd term,

then
E XT; — E iL'j =0
n terms remaining
n terms
Since z1, Xa, . . ., Taps1 are all integersand a = —a (mod 2), we can then deduce
E z; =0 (mod 2)
2n terms

The sum of the terms (ex¢luding the removed number) is even. It follows that there
must be an even numberyof odd terms and an even number of even terms in this group
of 2n terms. Ineluding the removed term, the total number of odd z; is odd and the
total number of even z; is even.

If, on the other hand, we remove any even term,

Zmi— Z r;=0 and a=—a (mod 2)

n terms remaining
n terms

Z z; =0 (mod 2)
2n terms
The sum of the 2n terms is even. It follows that there must be an even number of
odd terms and an even number of even terms in this group of 2n terms. Including the
removed term, the total number of odd z; is even and the total number of even z; is odd.

We arrive at a contradiction. Thus, there cannot be odd and even z; at the same
time. We obtain the desired result. [ |
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We can make a stronger statement about the divisibility of x; by powers of 2.
Lemma 2. 2" | z; = 2" |z, for all m € N

Proof. Suppose that for some j, k and m, 2™ | z; and 2™ { zx. We repeatedly divide
every term by 2, until either there is an odd term in the sequence or x; becomes odd,
whichever comes first. In both cases, the number of times the terms are halved will not
exceed n — 1, so z; will remain even. There are odd and even z; at the same time.
However, Lemma 1 states that there cannot be odd and even z; at the same time. We
arrive at a contradiction. The desired result follows. n

Proposition 1. z; = o5 for all 1 < j,k <2n+1

Proof. Now we suppose that, without loss of generality, x1, 2o, ..., To,51 iSsincreasing.
This can be done simply by rearranging the terms.

If there exists any x; > x1, then add 2" — x; to every term, where.t is any positive
integer which satisfies x; < 2'. Let o, 25,...,2%,,, denote the terms after translation.
We observe that o, 25, ..., x5, is also increasing. We have z/"="2" — z; + x;, which is
smaller than 2‘, and z; = 2.

Since x7, x5, ..., x5, is only a translation of 1, xa, .= Bony1, then o, 25, ... 2, | are
also possible solutions, which implies that, by Lemmia 2, 2™ | 2/, == 2™ | z}, for all
m € Nand for k =1,2,...,2n+ 1.

Given that 2 = 2', we can deduce that 2" | 2} and, as a consequence, 2 | af.
However, we also have ] < 2! and, donSequently, 2! ¥ 2}, a contradiction. There must
not exist any x; # x;. In other words, w,; = ) for 1 < j, k <2n + 1. |
We have thus shown that, if x1)@5,%: ., x2,,1 are rational, they must be equal.

We tried to extend this selution to some irrational numbers using field extensions,
but even if it would work, it*would not bring us to all reals since R is an infinite extension

of Q.

This gives us some insight into how we should approach the general case of this
problem: The proof will most likely involve the modulo operation. However, instead
of focusing on the properties of the individual z;, we should approach it from the

equation(s) > z; = > ;.
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2.2 General Case

We make several observations:

(i) We can write 2n + 1 equations, since there are 2n 4+ 1 numbers and each time one
number is removed.

(ii) We can rearrange the equations to the form > x; — > z; + 0 x 2, = 0. Each
summation has n summands and the left hand side of this equation has a total of
2n 4+ 1 terms.

Thus we can write the system as a matrix equation:
Ax =0

where A is a (2n+1) x (2n+ 1) matrix and x = (21, 22, ..., T2,+1). A has exactly n 1’s,
n (—1)’s and one 0 on each row. This is because each time one numbersis removed and
two groups of n numbers are formed.

We rearrange the equations such that the j-th equation (represents the case when
x; is removed. The entries on the principal diagonal of A=are all zero. For example, in
the case that n = 1, A may look like

Now, our task is to solve for x.

2.2.1 Proof using eigenvalues and permutations

If x satisfies Ax = 0, then itvalso satisfies (A + I)x = x. In other words, if it exists, x is
an eigenvector of A +Teorresponding to the eigenvalue A = 1. Trivially, x = (1,1,...,1)
is one such vector; so A = 1 is, in fact, an eigenvalue of A + 1.

We observe that A’ = A + I — Al has values 1 — X on the diagonal while taking
values 1 and*= 1 elsewhere. Thus, the characteristic polynomial of A + 1 is

p(A) = (1 — )\)Qn—H —|— Cl(]_ — /\)Qn + s —|— an(l — )\) + an_H
where c1,ca, ..., Ccont1 are real constants.

Since A = 1 is an eigenvalue, we have p(1) = 0 and, consequently, cs,r1 = 0.
The characteristic polynomial becomes p(A) = (1= A)*" " 4¢1 (1= N2+ -4 9,(1 = N).

A and A’ are 2n + 1 x 2n 4+ 1 matrices. Recall the formula for determinants

2n+1
det A’ = Z (sgn H Al 02)

U€S27L+l
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By inspection, for the terms in det A’ where the degree of (1 — \) is 1, the corresponding
permutation ¢ has exactly one fixed point. This is because the values (1 — \) are located
on the diagonal. If k is the number of such permutations, then ¢y, is the sum of k£ 1’s
and —1’s. We count the number of such permutations: there are 2n 4+ 1 ways to choose
the fixed point and the remaining elements form a derangement of size 2n.

m __1i
Lemma 3. The number of derangements of size m is D(m) = m! Z Q
i!
i=0

Proof. For 1 < k < m define R, to be the set of permutations of size m which fix the
k-th element. Consider ¢ sets in Ry, Rs, ..., R,,. The intersection of these sets fixes a

m
particular set of i elements and therefore contains (m —1i)! permutations. There are ( , )

i
such collections. By the inclusion-exclusion principle, the size of R; U Ry U 7 R, is

= (”f) (n—1)! - (g‘) (m—2)! 4o 4 (=1)™+ (Z) (m —m)!

m

k=1

Since a derangement is a permutation that has'no fixed points,

D(m) =m! — URk- :m!z( i!)
k=1 i=0
]
Then, by Lemma 3, we have
2n ;
(=1
D(2n) = (2n)!) g
=0
2n—1
(=1
= |
=1+ (2n)! 7
i=0

(2n)!
!

Forv, <.2n, —— is always divisible by 2n and is even. It easily follows that D(2n) is odd.

The number of permutations with one fixed point is (2n + 1)D(2n), which is odd.
Con 18 the sum of an odd number of 1’s and —1’s. Since 1 = —1 (mod 2), then
con = (2n+1)D(2n) (mod 2) and ¢y, # 0.

It follows that p(\) is divisible by 1 — A but not by (1 — A\)?. The algebraic mul-
tiplicity and, by Theorem 2, the geometric multiplicity of 1 are both 1.

{k(1,1,...,1) | k& € R} is the only set of vectors which satisfies (A + I)x = x
and Ax = 0. Thus, all x; are equal and all coins have the same weight.



Towards the Problem of Grouping Coins 2020 S.T. Yau High School Science Award (Asia)

2.2.2 Proof using rank-nullity theorem

In this second proof we will attempt to find the rank and nullity of A.
Lemma 4. dim(ker(A)) > 1

Proof. There is at least one non-trivial solution x = (1, 1,...,1) to the equation Ax = 0.
Noting that Akx = 0 is true for all &k, the desired result follows easily. |

Let B be the leading principal 2n x 2n submatrix of A and let E be a 2n x 2n matrix with
all entries equal to 1. Also let B mod 2 denote a 2n x 2n matrix whose entries are the
least positive remainders of the entries of B divided by 2. B mod 2 is a 2n x 2n matrix
with 0’s on the principal diagonal and 1’s elsewhere. Thus, we have B mod 2 =B ~'I.

Lemma 5. det(E—1I)=1—-2n

Proof. We calculate the determinant of this matrix by row reduction

0 1 1
1 0 1
det(E—-1) =
1 1 0
2n—1 2n=x1 ... 2n—1
1 0 1
1 1 0
1 1 1
1 0 1
=(2n-1)
1 1 0
1 1 1
0 -1 0
=(2n—1)
0 0 -1
= (1—2n)(-1)>"!
=1-—-2n

10
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Lemma 6. Let M be an m xm matrix with integer entries and let p be a natural number.
For all M and p, det(M mod p) = det M (mod p).

Proof. By the Leibniz formula for determinants,

det M = Z (sgn ﬁM“n)
=1

O'GSm
det(M mod p) = Z (sgn H M, ,, mod p )
0cESm i=1

The modulo operation is compatible with addition and multiplication. In otheravords, if

¢; =d; (mod p) for all 4, then ), ¢; =) . d; (mod p) and [[,¢; =[], d; (med p). Then,

m m

H(M“’ mod p) = HM“’ (mod p)

i=1 i=1

Z (sgn(a)H(Mwi mod p)) = Z (sgn HM > (mod p)

c€Sm i=1 oESm

det(M mod p) = det M (1hod p)

Sub M = B and p = 2, then

det(B mod,2). = dét B (mod 2)
detBy=1—2n (mod 2)
detB' £ 0

B is also non-singular, so rank(B) = 2n.
Lemma 7. dim(ker(A)) <.

Proof. Since B is~a submatrix of A, rank(A) > rank(B) = 2n. By the rank-nullity
theorem, dim(ker(A)) = 2n + 1 — rank(A) and, consequently, dim(ker(A)) < 1. [ |

Proposition-2: ker(A) = {k(1,1,...,1) | k € R}

Progf., '‘Combining Lemma 4 and Lemma 7, dim(ker(A)) = 1. The null space of A
only. consists of one linearly independent vector. Since x = (1,1,...,1) satisfies Ax = 0,
the.null space of A is the set of vectors which are a scalar multiple of (1,1,...,1). 1B

{k(1,1,...,1) | k € R} is the only set of vectors which satisfies Ax = 0. All z; are equal
and all coins have the same weight.

11
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3 Extended Problem

As a generalisation to our main problem, we will also show that for some a + b+ 1 gold
coins, given that if any coin is moved away it is possible to form two groups of a coins
and b coins with average weight equal, then all a + b+ 1 coins have equal weight.

In mathematical language, it can be re-formulated as: Let a,b € N and xq, 2o, ..., Torpi1
be the weights of the coins, where x; > 0 for all 1 <7 < a+ b+ 1. After removing any
one of these numbers, it is possible to group the remaining numbers such that

bei:aZm‘j

a terms b terms

Rearrange the equations to the form a ) z; —b> x;+0 Xz = 0. There are'b’summands
in the first summation and a summands in the second. The left hand side of this
equation has a total of a + b+ 1 terms. There are a + b + 1 such equations, since each
time one number out of a + b+ 1 numbers is removed.

With this we can write the system as a matrix equation:
Ax =0

where A'isa (a+b+1) X (a4 b+ 1) matrix and x(=)(x1,Z2, ..., Tarpr1). A has exactly
b a’s, a —b’s and one 0 on each row. Like before;,we rearrange the equations so that the
diagonal entries of the matrix are all 0. For example, in the case a = 2 and b = 3, one
such possible matrix would look like:

-3 2 2 =3 0
2 2 =3 =3 2

)
[
w
()
o
[
w
=N R O O

For the-sake-of tidiness and simplicity, we let n = a + b+ 1 for the following proofs.

12



Towards the Problem of Grouping Coins 2020 S.T. Yau High School Science Award (Asia)

3.1 a,b both odd

We first limit ourselves to the case where a and b are odd. For the general case, we made
the following observation:

If x satisfies Ax = 0, then it also satisfies (A + I)x = x. In other words, if it
exists, x is an eigenvector of A + I corresponding to the eigenvalue A = 1. Trivially,
x = (1,1,...,1) is one such vector, so A = 1 is, in fact, an eigenvalue of A + 1.

This property also applies in this case. Moreover, the characteristic polynomial lof
A + T can be expressed as a polynomial in (1 — \) with degree n. Thus, for/some
constants ¢y, ca, . . ., ¢,, the characteristic polynomial is

pAN) =1 =N+ (1=N" 4t (I =N ey

Since A = 1 is an eigenvalue of A + I, we have p(\) = 0 and, thusly, @, = 0. Recall the
formula for determinant:

det(A +I—AI) = Z <sgn(0) ﬁ A;m)

O'ESn

We count the number of terms sgn(o) []; A;,, where the degree of (1 — ) is 1. Our
previous endeavours in the main problem tells us.that the number of such permutations
isnD(n—1) or (a+b+ 1)D(a+ b). Since n —1\is even, we know that D(n — 1) is odd
and so is nD(n — 1).

A + T — AT takes values (1 — \) only _on the diagonal and values a and —b else-
where. Considering the fact thatsince.a,; —b and £1 are all odd, the value or coefficient
of sgn(o) [[; 4;,, is odd.

We thus know that ¢,,_; is.assum of an odd number of odd numbers, which means that
cn—1 is also odd and non-zero. The algebraic multiplicity and geometric multiplicity of

the eigenvalue 1 is 1.

The corresponding ‘eigenspace E; of A +1 and the kernel of A is {k(1,1,...,1) | k € R}.
x; = x; for-all 4, 7. All coins have the same weight.

13
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3.2 Any a,b

b 1
Let k = ged(a, b),d = %, b = % and B = %A. Obviously, a’ and b are coprime. B is an

integer matrix. We observe that if Ax = 0, then Bx = 0 also.

Let B’ be the leading principal (n — 1) x (n — 1) submatrix of B. B’ mod (a' + ') is
a matrix whose entries take value 0 on the diagonal and o’ elsewhere. Let E be the
(n—1) x (n — 1) matrix with all entries 1. Following the same steps as in Lemma 5, it

can be deduced that det(E —I) = (n — 2)(—1)""2.

det(B' mod (a’ +0')) = det(a’(E — 1))
= (a)" ' det(E - 1)
— (@ =1

Since a’ and @' + b are coprime, (a’)"! is not divisible by a’ + ¥'. Qn the other hand,
since n — 2 = k(a' + V') — 1, we also know that n — 2 is not divisible by a’ + b'.

det(B' mod (a’ +V')) Z0 (mod (a’ +b'))
det(B') 20 (mod ("))
det(B’) # 0
det(A") # 0

A’ is full rank. Since A’ is a submatrix of A, rank(A) > rank(A’) or rank(A4) > n—1. We
know that x = (1,1,...,1) is a solution to Ax*= 0, which implies that A is rank-deficient
and rank(A) < n.

n —4 <rank(A) <n

rank(A) =n—1

By the rank-nullity theorem,dim(ker(A)) = 1. The null space of A only consists of one
linearly independent vector;, Since x = (1,1,...,1) satisfies Ax = 0, the null space of A
is the set of vectors which are a scalar multiple of (1,1,...,1).

{k(1,1,...,1) | £/ R} is the only set of vectors which satisfies Ax = 0. z; = x; for all
1, 7. All coins haye the same weight.

14
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4 Discussion

It has been proven that all coins have equal weight for the 2n + 1 and a + b + 1
cases. A further generalization of these cases would be to show that, for some
a + b+ c gold coins, given that when any ¢ coins are removed, it is possible to form
two groups of a coins and b coins with equal average weight, then all a + b + ¢ coins
have equal weight. The result has not been proven yet, but here are some of our thoughts:

a+b+c
In this case, we observe that we can write a total of ( ot ) equations in the
c

forma) x; — b)Y x; +0 x >z, = 0 (first summand has b terms, second summand, has
a terms and third summand has ¢ terms). Writing it as a matrix equation would give us

a+b+c )
an X a + b+ ¢ matrix.
c

This result is obviously true when @ = 1 and b = 1. Our previous efforts show
that the result is always true when ¢ = 1. We also computed manuallythat it is true for
(a,b,c) =(1,2,2),(2,2,2) and (2,2, 3).

For ¢ > 1, the matrix would not be square and ‘eur previous methods would
break down, since determinant and eigenvalues are not'definied for non-square matrices.

We attempted to just choose any a + b + c équations and create a new matrix
equation, but we could not guarantee that the,matrix would have certain properties
(diagonal entries all zero) and the system of a'4b + ¢ equations might not be equivalent
a+b+c

to the system of (
c

) equations.

15
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