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�

§Xn + Y n = λnI(n ∈ N, λ ∈ Z, λ 6= 0)�)

4e?

2À¢�¥Æ

Á�

�Z,N©O´�N�êÚ��ê�8Ü,Mn (Z)L«Zþn��
�8Ü,�©

$^Fermat�½ny²
e¡���Ý
�§�k²�):Xn + Y n = λnI(n ∈
N, n ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z)),Ù¥�êÝ
X2×2k��A����ê;AO

/,�λ = 1�,|^���Ïf�5��±r��Ý
�§Xn + Y n = I(n ∈ N, n ≥
3, X, Y ∈ M2(Z))�)(½e5.ÏL�E�êÝ
��{,y²
e¡��êÝ


�§kÃ¡õ|�²�):Xn + Y n = λnI(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈ Mn(Z));
Xn + Y n = λnI(X,Y ∈ M2(Z), λ ∈ Z, λ 6= 0, n ∈ N, gcd(n, 6) = 1); X3 + Y 3 =

λ3I(X,Y ∈Mn(Z), n ∈ N, λ ∈ Z, λ 6= 0).

'�c: Fermet�½n �êÝ
�§ Ø½�§ A�� ���Ïf
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1 Úó 3

1 Úó

�X<�FÃé&ES�­À§Ý�Jp,�èEâ�Åì¤�
��Õá�

Æ�-�èÆ.�êÝ
�§3êØ9�èNX��O�¡kX�½�A^.Ïd,é

�êÝ
�§�ïÄäk�©­��¿ÂÚd�.�8c'u�êÝ
�§�ï

Ä(J��.�Z,N©O´�N�êÚ��ê�8Ü,GLn (Z)L«Zþn��_Ý
�
8Ü,©z [1]− [10]�Ä�aAÏ��êÝ
8S(A) =

{
Ak|k,m ∈ N, A ∈ GLm (Z)

}
þ

�Fermat�§Xn+Y n = Zn(X, Y, Z ∈ S(A), n ∈ N)��)5¯K,ÙÊÊ�3©z [11]¥

�Ñ
�.�x.d�§�'��a���êÝ
�§X2 ± Y 2 = λI(λ ∈ Z, I�ü 
Ý
)��Ü)(X, Y ).�©3ÙÊÊ�Ä:þïÄ�����êÝ
�§Xn + Y n =

λnI(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈Mm(Z)��)5¯K.

-Mn (Z)L«Zþn�Ý
�8Ü,éu�êÝ
�§

Xn + Y n = λnI (n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈Mm(Z)) (1.1)

e det(X) = 0½ det(Y ) = 0,∀λ ∈ Z, λ 6= 0�Ý


A =


λ 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 0 0


m×m

, B =


0 0 · · · 0

0 λ · · · 0
...

...
. . .

...

0 0 · · · λ


m×m

K(A,B, λ)´Ý
�§1.1��|),duλ´?¿�,Ïd�§1.1kÃ¡õ|),·�r

ùa)¡�²�),�©Ì�ïÄ�êÝ
�§1.1´Ä�k²�)��/.ØAO`²

	,�©¤��ëêþ%@´�ê©

ÎÒ`²:I:ü Ý
; det(A):Ý
A�1�ª;z:Eêz��ÝEê; gcd(a, b):�

êa, b���úÏê;ω:ω =
−1 +

√
−3

2
.
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2 ý��£ 4

2 ý��£

½Â1. [12] �aij ∈ Z (i = 0, 1, 2, · · ·m; j = 1, 2, · · ·n)§K¡A = (aij)m×n��êÝ


.�m = n�§¡A = (aij)n×n�n ��êÝ
.

½Â2. ¡(A,B, λ)(A,B ∈ Mm(Z), λ ∈ Z, λ 6= 0) ´�êÝ
�§1.1��|²�

),e det(A) = 0½ det(B) = 0;ÄK¡��²�).

½Â3. [13] �NQþ�ng�êê|¤�8ÜP�An,�α ∈ An,§�Ø��õ�ª

g(x) = xn + an−1x
n−1 + · · ·+ a0 ∈ Q[x]

(i)g(x)�n��α(1), · · · , α(n)¡�´α3Qþ��Ýê,�`´α�ýé�Ýê;

(ii)r

T (α) = α(1) + · · ·+ α(n)

¡�´α3Qþ�,½α�ýé,;r

N(α) = α(1) · · ·α(n)

¡�´α3Qþ��ê½α�ýé�ê.

·�k

T (α + β) = T (α) + T (β);N(αβ) = N(α)N(β)

Ún1. [13] �NQþ�ng�ê�ê|¤�8ÜP�Ãn,eα ∈ Ãn,K§��Ýê�á

uÃn,�§�,��êÑ´kn�ê.

Ún2. [13] �d 6= 0, 1´Ã²�Ïf�kn�ê,-

w =

{ √
d, d ≡ 2, 3( mod 4)

−1/2 +
√
d/2, d ≡ 1( mod 4)

@o,α´�g�ê�ê�¿�^�´§�L�

α = m+ nw,m, n ∈ Z, n 6= 0

Ún3. [14] ����êÝ
A =

[
a b

c d

]
�A���x1, x2,P

An =

[
f
(n)
1 f

(n)
2

f
(n)
3 f

(n)
4

]
(n ∈ N)
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2 ý��£ 5

(1) �x1 = x2�, 

f
(n)
1 =

(
1 +

n(a− x1)
x1

)
xn1

f
(n)
2 = bnxn−11

f
(n)
3 = cnxn−11

f
(n)
4 =

(
1 +

n(d− x1)
x1

)
xn1

(2) �x1 6= x2�§ 

f
(n)
1 =

a− x2
x1 − x2

xn1 −
a− x1
x1 − x2

xn2

f
(n)
2 =

b

x1 − x2
(xn1 − xn2 )

f
(n)
3 =

c

x1 − x2
(xn1 − xn2 )

f
(n)
4 =

d− x2
x1 − x2

xn1 −
d− x1
x1 − x2

xn2

Ún4. [15] Fermet�½nµ�n ≥ 3�§Ø½�§

xn + yn = zn

Øxyz = 0�)	,vkÙ§��ê)(x, y, z).

Ún5. [15] Ø½�§

x4 − y4 = z2

Øxyz = 0�)	,vkÙ§��ê)(x, y, z).

Ún6. [16] 1�ª∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x 0 0 · · · 0 a0

−1 x 0 · · · 0 a1

0 −1 x · · · 0 a2
...

...
...

...
...

...

0 0 0 · · · x an−2

0 0 0 · · · −1 x+ an−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= xn + an−1x

n−1 + · · ·+ a1x+ a0

íØ1. ?¿��ngÄ��Xêõ�ªf(x) = xn + an−1x
n−1 + · · · + a1x + a0,Ù

¥ai ∈ Z, i = 0, 1, 2, · · ·n − 1, K�3��n��ê�
A, ¦�Ý
A�A�õ�ª

�f(x).
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2 ý��£ 6

y²: �Ý


A =



0 0 0 · · · 0 −a0
1 0 0 · · · 0 −a1
0 1 0 · · · 0 −a2
...

...
...

. . .
...

...

0 0 0 · · · 0 −an−2
0 0 0 · · · 1 −an−1


dÚn6�,Ý
A�A�õg�ª�f(x) = det(xI−A) = xn+an−1x

n−1+· · ·+a1x+a0. �

Ún7. [16] �A´ê�Pþ��n × nÝ
,f(x) = det(xI − A)´A�A�õ�

ª,Kf(A) = 0.

Ún8. [16] z��n�EÝ
AÑ���e��/Ý
�q.

íØ2. e(Am×m, Bm×m, λ)´Ý
�§Xn + Y n = λnI(m,n ∈ N, λ ∈ Z, λ 6=
0, X, Y ∈ Mm(Z))�),�λ1, · · · , λm(λ1, · · · , λm ∈ C) Úµ1, · · · , µm(µ1, · · · , µm ∈ C)©

O´Ý
AÚÝ
B �A��,Kk(λi, µi) (i = 1, 2, · · · ,m)´�§

xn + yn = λn (x, y ∈ C) (2.1)

�).

y²: dÚn8��,�3��E�_Ý
P ∈Mm(C),¦�

A = P


λ1

λ2 *
0

. . .

λm

P−1 (2.2)

éuªf2.2,·��'%é��þ���,��∗·�Ø'%£eÓ¤,dAn + Bn =

λnI�, 
λn1

λn2 *
0

. . .

λnm

+ P−1Y nP = λnI (2.3)
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2 ý��£ 7

Ïd

P−1Y nP =


λn − λn1

λn − λn2 *
0

. . .

λn − λnm

 (2.4)

dªf2.4��,Ý
Bn�A���

λn − λn1 , · · · , λn − λnm (λ1, · · · , λm ∈ C) (2.5)

dÝ
B�A���µ1, · · · , µm, (µ1, · · · , µm ∈ C)) ��,Ý
Bn�A���

µn
1 , · · · , µn

m, (µ1, · · · , µm ∈ C)) (2.6)

ªf2.5Ú2.6üö'���,

λni + µn
i = λn (i = 1, 2, · · · ,m)

=(λi, µi) (i = 1, 2, · · · ,m)´�§2.1�). �

Ún9. eÝ
�§1.1k�|�²�)(A,B, λ),K�§1.1 kÃ¡õ|�²�).

y²: ∀t ∈ N,·�k
(
10tA, 10tB, 10tλ

)
´Ý
�§1.1��|�²�),dut´?¿

�,Ïd�§1.1kÃ¡õ|�²�). �

½Â4. [17] �αÚβ´�ê�ê,eα + βÚαβ´p��kn�ê,�
α

β
Ø´��ü

 �,·�¡(α, β)´Lucasêó;e(α + β)2Úαβ´p��kn�ê,�
α

β
Ø´��ü 

�,·�¡(α, β)´Lehmerêó.

éu�½�Lucasêó(α, β),�A�LucasS�Ï��±½Â�

un = un(α, β) =
αn − βn

α− β
(n = 0, 1, 2, · · · )

éu�½�Lehmerêó(α, β),�A�LehmerS�Ï��±½Â�

ũn = ũn(α, β) =


αn − βn

α− β
�n�Ûê�,

αn − βn

α2 − β2
�n�óê�.
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2 ý��£ 8

½ Â5. [17] �Lucasê ó(α, β),e � êp� Øun(α, β),� ´ Ø U 
 �

Ø(α− β)2 u1 · · ·un−1,K¡p´Lucasêun(α, β)����Ïf;�Lehmer êó(α, β),e

�êp�Øũn(α, β), �´ØU
�Ø
(
α2 − β2

)2
ũ1 · · · ũn−1,K¡p ´Lehmerêũn���

�Ïf.

Ún10. [17] (���Ïf��35½n)�n > 30�,1n�Lucasê½LehmerêÑk

���Ïf.
�,�n ≤ 30�,vk���Ïf�Lucasê½LehmerêU
�Ù/û½

Ñ5.�5 < n ≤ 30�,© [17]Jø
vk���Ïf�Lucasê½Lehmer ê�����

�L.
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 9

3 ��Ý
�§Xn + Y n = λnI(n ∈ N, n ≥ 3, λ ∈ Z, λ 6=
0, X, Y ∈M2(Z))�)

½n1. �Ý
X2×2k��A����ê�,��Ý
�§Xn + Y n = λnI(n ∈
N, n ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�k²�).

y²: Ø��Ý
XÚÝ
Y�A��©O�λ1, λ2,Úµ1, µ2, (µ1, µ2 ∈ C)Ù¥λ1 ∈
Z, λ2 ∈ C, λ1, λ2 6= 0,duλ1 ∈ Z,Ïdλ2�´�ê, duÝ
B�A�õ�ª´Ä��g

�Xêõ�ª,Ïdµ13,��g�êê�Q[
√
m](m�Ø¹²�Ïf��"�ê)þ�µ1

��ê�ê,díØ2��,

λn − λn1 = µn
1

(
λ, λ1 ∈ Z, λ, λ1 6= 0, µ1 ∈ Q[

√
m]
)

(3.1)

(duλ1, λ2 ∈ Z,ÏdÙ§�/�±aq?Ø)

éªf3.1ü>Ó���ê(3Q[
√
m]þ�Ä),�

(λn − λn1 )2 = (N(µ1))
n (λ, λ1, N(µ1) ∈ Z, λ, λ1 6= 0) (3.2)

(duµ1��ê�ê,ÏdN(µ1)��ê)

e¡éªf3.2?1?Øµ

(1) �n�Ûê�,dª3.2��,N(µ1)���²�ê,Ø��N(µ1) = X2
1 ,u´ª3.2C�

| λn − λn1 |=| X1 |n (λ, λ1, N(µ1) ∈ Z, λ, λ1 6= 0) (3.3)

dun ≥ 3,dÚn4(¤ê�½n)��,X1 = 0,KN(µ1) = 0,u´µ1 = 0,d�Ý
�

§Xn + Y n = λnI(n ∈ N, n ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�k²�).

(2) �n�óê�,-n = 2m(m ≥ 2)

� �m = 2�,ª3.2C�

λ4 − λ41 = (N(µ1))
2 (λ, λ1, N(µ1) ∈ Z, λ, λ1 6= 0) (3.4)

dÚn5��,N(µ1) = 0,u´µ1 = 0,d�Ý
�§Xn + Y n = λnI(n ∈ N, n ≥
3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�k²�).
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 10

� �m ≥ 3�,ª3.2C�(
λ2
)m − (λ21)m = (N(µ1))

m (λ, λ1, N(µ1) ∈ Z, λ, λ1 6= 0) (3.5)

dÚn4(¤ê�½n)��,N(µ1) = 0,u´µ1 = 0,d�Ý
�§Xn + Y n =

λnI(n ∈ N, n ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�k²�).

nþ,�Ý
X2×2k��A����ê�,Ý
�§Xn +Y n = λnI(n ∈ N, n ≥ 3, λ ∈
Z, λ 6= 0, X, Y ∈M2(Z))�k²�). �

íØ3. -

{
m = 2m1

n = m1t
(m1, t ∈ Z,m1 ≥ 1, t ≥ 3),�Ý
Xm×m�A�����ê

�,Ý
�§Xn + Y n = λnI(λ ∈ Z, λ 6= 0, X, Y ∈Mm(Z))�k²�).

y ²: Ø � � Ý 
XÚ Ý 
Y� A � � © O �λ1, · · · , λm(λ1, · · · , λm ∈
Z, λ1 · · ·λm 6= 0) Úµ1, · · · , µm, (µ1, · · · , µm ∈ C),duÝ
B�A�õ�ª´mgÄ

��Xêõ�ª,Ïdµ13,�mg�êê�Fþ�µ1��ê�ê,díØ2��,

λn − λn1 = µn
1 (λ, λ1 ∈ Z, λ, λ1 6= 0, µ1 ∈ F) (3.6)

éªf3.6ü>Ó���ê(3Fþ�Ä),�

(λn − λn1 )m = (N(µ1))
n (λ, λ1, N(µ1) ∈ Z, λ, λ1 6= 0) (3.7)

(duµ1��ê�ê,ÏdN(µ1)��ê)

=

(λn − λn1 )2m1 = (N(µ1))
m1t (λ, λ1, N(µ1) ∈ Z, λ, λ1 6= 0) (3.8)

ª f3.8� ± a q u ½ n1? 1 ? Ø,@ o � ± � �µ1 = 0,u ´ Ý 
 �

§Xn + Y n = λnI(λ ∈ Z, λ 6= 0, X, Y ∈Mm(Z))�k²�). �

51. �m1 = 1�,=

{
m = 2

n = t
(t ∈ Z, t ≥ 3),Ý
�§Xn + Y n = λnI(λ ∈ Z, λ 6=

0, X, Y ∈Mm(Z))Ò´½n1��/.

52. PÝ


Xn =

[
f
(n)
1 f

(n)
2

f
(n)
3 f

(n)
4

]
, Y n =

[
g
(n)
1 g

(n)
2

g
(n)
3 g

(n)
4

]
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 11

dÚn3��,¦)��Ý
�§Xn + Y n = λnI (n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�

¯K�±=z�¦)�§| 
f
(n)
1 + g

(n)
1 = λn

f
(n)
2 + g

(n)
2 = 0

f
(n)
3 + g

(n)
3 = 0

f
(n)
4 + g

(n)
4 = λn

�¯K.

½n2. éu��Ý
�§

Xn + Y n = λnI(n ∈ N, n ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z)) (3.9)

�(A2×2, B2×2, 1)´�§3.9��|),-

P =

{
(ω, ω) , (−ω,−ω) ,

(
1 +
√
−7

2
,
1−
√
−7

2

)
,

(
−1 +

√
−7

2
,
−1−

√
−7

2

)}
K

� Ý
AÚÝ
B�A��©O�(λ, µ)Ú(µ, λ),Ù¥(λ, µ) ∈ P ;

� Ý
AÚÝ
B3Eê�Cþ©O�qu[
λ 0

0 µ

]
Ú

[
µ 0

0 λ

]
.

y²: Ø��Ý
AÚÝ
B�A��©O�λ1, λ2Úµ1, µ2,Ù¥λi(i = 1, 2)Úµi(i =

1, 2)þ��g�ê�ê,dªf2.1��,λi(i = 1, 2)Úµi(i = 1, 2)3Ó���g�êê

�Q[
√
D](D�Ø¹²�Ïf��"�ê)þ,e¡©�¹?1?Øµ

(1) �D ≡ 2, 3( mod 4)�,dÚn2��λ1 = a+b
√
D(a, b ∈ Z)Úµ1 = c+d

√
D(c, d ∈ Z),

dªf2.1��, (
a+ b

√
D
)n

+
(
c+ d

√
D
)n

= 1(a, b, c, d ∈ Z) (3.10)

e¡é�§3.10?1?Øµ

� �D > 0�,
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 12

(i) �n�óê�,·��±�¦a ≥, b > 0(·��±�¢�Ý)Kk{
|a+ b

√
D| ≤ 1

|c+ d
√
D| ≤ 1

(3.11)

duD > 0, D ≡ 2, 3( mod 4), a ≥ 0, b > 0,Ïdù«�¹´Ø�U�.

(ii) �n�Ûê�,·��±�Äa ≥ 0, b > 0��/,d��§3.10C�(
a+ b

√
D
)n

+
(
c+ d

√
D
)n

= ±1(a, b, c, d ∈ Z) (3.12)

- (
a+ b

√
D
)n

= an + bn
√
D(an, bn ∈ Z, an ≤ 0, bn > 0) (3.13)(

c+ d
√
D
)n

= cn + dn
√
D(cn, dn ∈ Z) (3.14)

e¡é�§3.12,ªf3.13Úªf3.14?1?Øµ

�/�µ�c ≤ 0, d > 0�,Kkcn ≤ 0, dn > 0,ù´Ø�U�.

�/�µ�c ≥ 0, d > 0�,Kkcn ≥ 0, dn > 0,ù´Ø�U�.

�/nµ�c ≥ 0, d < 0�,Kkcn ≥ 0, dn < 0,u´�§3.12C�

an + cn = 1 (3.15)

duan ≥ 0, cn ≥ 1, n ≥ 3,d��Ðmª��,�§3.15´Ø�U�.

�/oµ�c ≤ 0, d < 0�,ªf3.12C�(
a+ b

√
D
)n
−
(
c1 + d1

√
D
)n

= ±1(c1 = −c, d1 = −d, c1 ≥ 0, d1 > 0)

(3.16)

·��±b�a+ b
√
D ≥ c1 + d1

√
D,ªf3.16C�(

a− c1 + (b− d1)
√
D
)

(λn−11 + · · ·+ µn−1
1 ) = 1 (3.17)

knz��,

(a− c1)2 − (b− d1)2D
a− c1 − (b− d1)

√
D

(λn−11 + · · ·+ µn−1
1 ) = 1 (3.18)

éªf3.17ü>��ê��,

N(a− c1 + (b− d1)
√
D) = (a− c1)2 − (b− d1)2D = ±1 (3.19)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 13

(Üªf3.18Ú3.19��,

1

|a− c1 − (b− d1)
√
D|

(λn−11 + · · ·+ µn−1
1 ) = 1 (3.20)

éuªf3.20:

|a−c1−(b−d1)
√
D| ≤ |a−c1|+|b−d1|

√
D ≤ a+c1+(b+d1)

√
D ≤ 2(a+b

√
D) = 2λ1

(3.21)

�n ≥ 4�,dªf3.20ÚØ�ª3.21��

1 ≥ λn−11 + · · ·+ µn−1
1

2λ1
>
λn−11

2λ1
=
λn−21

2
≥ (
√

2)n−2

2
≥ (
√

2)2

2
= 1

gñ!

�n = 3�,dªf3.20ÚØ�ª3.21��

1 ≥ λ21 + λ1µ1 + µ2
1

2λ1
≥ λ21 + 2 + 2

2λ1
=

1

2
(λ1 +

4

λ1
) ≥
√

4 = 2

gñ!

� �D < 0�,

(i) �n�óê�,�±8(�n = 2��/:d��§3.10C�:(
a+ b

√
D
)2

+
(
c+ d

√
D
)2

= 1(a, b, c, d ∈ Z) (3.22)

d�§3.22��, {
ab+ cd = 0

a2 + c2 + (b2 + d2)D = 1
(3.23)

d�§3.22��,

1 =

∣∣∣∣(a+ b
√
D
)2

+
(
c+ d

√
D
)2∣∣∣∣ ≥ ∣∣∣a+ b

√
D
∣∣∣2 − ∣∣∣c+ d

√
D
∣∣∣2

= a2 − b2D − (c2 − b2D)

(3.24)

(ùpØ��a2 − b2D ≥ c2 − b2D)

e¡éªf3.23ÚØ�ª3.24?1?Øµ

�/�µ� 
a2 − b2D = c2 − b2D
a2 + c2 + (b2 + d2)D = 1

ab+ cd = 0

(3.25)

20
20

 S. -T
. Y

au
 H

igh
 Sch

oo
l S

cie
nc

e A
ward



3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 14

�,dªf3.25�±��,

2a2 + 2d2D = 1

ù´Ø�U�.

�/�µ� 
a2 − b2D = c2 − b2D + 1

a2 + c2 + (b2 + d2)D = 1

ab+ cd = 0

(3.26)

�,dªf3.26�±��, {
a2 + d2D = 1

c2 + b2D = 0
(3.27)

d�D = −1,u´ªf3.27C�
a2 − d2 = 1

c2 − b2 = 0

ab+ cd = 0

(3.28)

d�§3.28�±��b = c = d = 0,ù´Ø�U�.

(ii) �n�Ûê�,d�§3.10�±��

1 =
∣∣∣(a+ b

√
D
)n

+
(
c+ d

√
D
)n∣∣∣ ≥ ∣∣∣a+ b

√
D
∣∣∣n − ∣∣∣c+ d

√
D
∣∣∣n

=
(
a2 − b2D

)n
2 −

(
c2 − b2D

)n
2 =

(a2 − b2D)
n − (c2 − b2D)

n

(a2 − b2D)
n
2 + (c2 − b2D)

n
2

=
(a2 − b2D − c2 + d2D)

[
(a2 − b2D)

n−1
+ · · ·+ (c2 − b2D)

n−1
]

(a2 − b2D)
n
2 + (c2 − b2D)

n
2

(3.29)

(ùpØ��a2 − b2D ≥ c2 − b2D)

- {
t = a2 − b2D
s = c2 − b2D

�t− s ≥ 1(s ≥ 1)�, e¡éØ�ª3.29?1?Øµ

�/�µ�n > 3�,dØ�ª3.29��,

1 ≥ tn−1 + · · ·+ sn−1

2t
n
2

>
t
n
2
−1

2
≥ 2

n
2
−1

2
= 2

n
2
−2 ≥

√
2
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 15

ù´Ø�U�.

�/�µ�n = 3�,dØ�ª3.29��,

1 ≥ t2 + ts+ s2

t
3
2 + s

3
2

≥ t2 + 3

2t
3
2

(t ≥ 2) (3.30)

-f(t) =
t2 + 3

2t
3
2

(t ≥ 2),f ′(t) =
t−

1
2 (1− 9

t2
)

4
,

�t ≥ 3�,f ′(t) ≥ 0,d�,f(t) ≥ f(3) =
2
√

3

3
> 1, ù�Ø�ª3.30gñ!

�t = 2�,f(t) = f(2) =
7
√

2

8
> 1,ù�Ø�ª3.30gñ!

nþ,t = s,=a2 − b2D = c2 − b2D.
d�§3.10�±��(

a+ c+ (b+ d)
√
D
)

(
λn1 + µn

1

λ1 + µ1

) = 1 (3.31)

é�§3.31ü>��ê��,

N(a+ c+ (b+ d)
√
D) = 1

=

(a+ c)2 − (b+ d)2D = 1 (3.32)

5¿��§3.32�k)µ(±1, 0, D)Ú(0,±1,−1),e¡éùü«�/?1

?Øµ

�/�µ� 
a+ c = 1

b+ d = 0

a2 − b2D = c2 − b2D

(a+ c = −1�±Ó�?Ø)

�,�±��,2a = 1,ù´Ø�U�.

�/�µ� 
a+ c = 0

b+ d = 1

D = −1

a2 − b2D = c2 − b2D

(b+ d = −1�±Ó�?Ø)

�,�±��,2b = 1,ù´Ø�U�.
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 16

nþ,�D ≡ 2, 3( mod 4)�,�§3.10Ø�U¤á!

(2) �D ≡ 1( mod 4)�,dÚn2��λ1 =
a+ b

√
D

2
(a, b ∈ Z, 2|(a + b))Úµ1 =

c+ d
√
D

2
(c, d ∈ Z, 2|(c+ d)), dªf2.1��,(

a+ b
√
D

2

)n

+

(
c+ d

√
D

2

)n

= 1(a, b, c, d ∈ Z) (3.33)

e¡é�§3.33?1?Øµ

� �D > 0�,

(i) �n�óê�,·��±�¦a ≥, b > 0(·��±�¢�Ý)Kk{
|a+ b

√
D| ≤ 2

|c+ d
√
D| ≤ 2

(3.34)

duD > 0, D ≡ 1( mod 4), a ≥ 0, b > 0,Ïdù«�¹´Ø�U�.

(ii) �n�Ûê�,·��±�Äa ≥ 0, b > 0��/,d��§3.33C�(
a+ b

√
D

2

)n

+

(
c+ d

√
D

2

)n

= ±1(a, b, c, d ∈ Z) (3.35)

- (
a+ b

√
D

2

)n

=
an + bn

√
D

2
(an, bn ∈ Z, an ≤ 0, bn > 0) (3.36)

(
c+ d

√
D

2

)n

=
cn + dn

√
D

2
(cn, dn ∈ Z) (3.37)

e¡é�§3.35,ªf3.36Úªf3.37?1?Øµ

�/�µ�c ≤ 0, d > 0�,Kkcn ≤ 0, dn > 0,ù´Ø�U�.

�/�µ�c ≥ 0, d > 0�,Kkcn ≥ 0, dn > 0,ù´Ø�U�.

�/nµ�c ≥ 0, d < 0�,Kkcn ≥ 0, dn < 0,u´�§3.35C�

an + cn
2

= 1 (3.38)

ea = c = 0,K�§3.33C�(
b
√
D

2

)n

+

(
d
√
D

2

)n

= 1(a, b, c, d ∈ Z)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 17

dun´Ûê,Ïdù´Ø�U�.Ïda ≥ 1½c ≥ 1,Ø��a ≥ 1, dª

f3.35��,

�n ≥ 5�,

an =
an +

(
n
2

)
an−2b2D +

(
n
4

)
an−4b2D2 + · · ·+

(
n

n−1

)
abn−1D

n−1
2

2n−1

≥
1 +

(
n
2

)
D +

(
n
4

)
D2 + · · ·+

(
n

n−1

)
D

n−1
2

2n−1

≥
5
(
1 +

(
n
2

)
+
(
n
4

)
+ · · ·+

(
n

n−1

))
2n−1 = 5

(3.39)

�n = 3�,

a3 =
a3 +

(
3
2

)
ab2D

22
=
a3 + 3ab2D

4
≥ 1 + 3 · 5

4
= 4 (3.40)

nÜ3.39Ú3.40�,an ≥ 4,Ïd�§3.38Ø�U¤á.

�/oµ�c ≤ 0, d < 0�,�§3.35C�(
a+ b

√
D

2

)n

−

(
c1 + d1

√
D

2

)n

= ±1(c1 = −c, d1 = −d, c1 ≥ 0, d1 > 0)

(3.41)

·��±b�a+ b
√
D ≥ c1 + d1

√
D,ªf3.41C�(

a− c1 + (b− d1)
√
D
)

2
(λn−11 + · · ·+ µn−1

1 ) = 1 (3.42)

knz��,

(a− c1)2 − (b− d1)2D

2
[
a− c1 − (b− d1)

√
D
](λn−11 + · · ·+ µn−1

1 ) = 1 (3.43)

éªf3.42ü>��ê��,

N

(
a− c1 + (b− d1)

√
D

2

)
=

(a− c1)2 − (b− d1)2D
4

= ±1 (3.44)

(Üªf3.43Ú3.44��,

2

|a− c1 − (b− d1)
√
D|

(λn−11 + · · ·+ µn−1
1 ) = 1 (3.45)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 18

éuªf3.45:

|a−c1−(b−d1)
√
D| ≤ |a−c1|+|b−d1|

√
D ≤ a+c1+(b+d1)

√
D ≤ 2(a+b

√
D) = 4λ1

(3.46)

�n ≥ 4�,dªf3.45ÚØ�ª3.46��

1 ≥ λn−11 + λn−21 µ1 + · · ·+ λ1µ
n−2
1 + µn−1

1

2λ1
>
λn−11 + λn−21 µ1 + · · ·+ λ1µ

n−2
1

2λ1

=
λn−21 + λn−31 µ1 + · · ·+ λ1µ

n−2
1

2
>
λn−21 + µn−2

1

2

≥
(
√
5
2

)n−2 + (
√
5
2

)n−2

2
≥

(
√
5
2

)2 + (
√
5
2

)2

2
=

5

4
(3.47)

gñ!

�n = 3�,dªf3.45ÚØ�ª3.46��

1 ≥ λ21 + λ1µ1 + µ2
1

2λ1
≥
λ21 + 5

2

2λ1
=

1

2
(λ1 +

5
2

λ1
) ≥
√

10

2

gñ!

� �D < 0�,

(i) �n�Ûê�,d�§3.33�±��

1 =

∣∣∣∣∣
(
a+ b

√
D

2

)n

+

(
c+ d

√
D

2

)n∣∣∣∣∣ ≥
∣∣∣∣∣a+ b

√
D

2

∣∣∣∣∣
n

−

∣∣∣∣∣c+ d
√
D

2

∣∣∣∣∣
n

=

(
a2 − b2D

4

)n
2

−
(
c2 − b2D

4

)n
2

=

(
a2−b2D

4

)n
−
(

c2−b2D
4

)n
(
a2−b2D

4

)n
2 +

(
c2−b2D

4

)n
2

=

a2−b2D−c2+d2D
4

[(
a2−b2D

4

)n−1
+ · · ·+

(
c2−b2D

4

)n−1]
(
a2−b2D

4

)n
2 +

(
c2−b2D

4

)n
2

(3.48)

(ùpØ��a2 − b2D ≥ c2 − b2D)

- 
t =

a2 − b2D
4

s =
c2 − b2D

4
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 19

�t− s ≥ 1(s ≥ 1)�, e¡éØ�ª3.48?1?Øµ

�/�µ�n > 3�,dØ�ª3.48��,

1 ≥ tn−1 + · · ·+ sn−1

2t
n
2

>
t
n
2
−1

2
≥ 2

n
2
−1

2
= 2

n
2
−2 ≥

√
2

ù´Ø�U�.

�/�µ�n = 3�,dØ�ª3.48��,

1 ≥ t2 + ts+ s2

t
3
2 + s

3
2

≥ t2 + 3

2t
3
2

(t ≥ 2) (3.49)

-f(t) =
t2 + 3

2t
3
2

(t ≥ 2),f ′(t) =
t−

1
2 (1− 9

t2
)

4
,

�t ≥ 3�,f ′(t) ≥ 0,d�,f(t) ≥ f(3) =
2
√

3

3
> 1, ù�Ø�ª3.49gñ!

�t = 2�,f(t) = f(2) =
7
√

2

8
> 1,ù�Ø�ª3.49gñ!

nþ,t = s,=a2 − b2D = c2 − b2D. d�§3.33�±��(
a+ c+ (b+ d)

√
D

2

)
(
λn1 + µn

1

λ1 + µ1

) = 1 (3.50)

é�§3.50ü>��ê��,

N

(
a+ c+ (b+ d)

√
D

2

)
= 1

=

(a+ c)2 − (b+ d)2D = 4 (3.51)

5¿��§3.51�k)µ(±2, 0, D)Ú(±1,±1,−3),e¡éùü«�/?

1?Øµ

�/�µ�
a+ c = 2

b+ d = 0

a2 − b2D = c2 − d2D

(
éua+ c = −2�±Ó�?Ø

)

�,�±��, {
a = c = 1

b = −d
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3 ��Ý
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u´�§3.33C� (
1 + b

√
D

2

)n

+

(
1− b

√
D

2

)n

= 1 (3.52)

-α =
1 + b

√
D

2
, β =

b
√
D − 1

2
,u´�§3.52C�

αn − βn

α− β
= 1 (3.53)

-

ũn =
αn − βn

α− β
e¡éũn?1?Ø: 5¿� (α + β)2 = b2D

αβ =
b2D − 1

4

Ïd(α + β)2Úαβ´p��kn�ê,

( I )e
α

β
´��ü ��,duD < 0, D ≡ 1( mod 4),ÏdD = −3,�±�

�

b(1− b) = 0

u´b = 1(b = 0��).d�k
λ1 =

1 +
√
−3

2

µ1 =
1−
√
−3

2

( II )e
α

β
Ø´��ü �,Kd½Â5��,(α, β)´Lehmerêó,l
ũn´

��LehmerS��1n �.dÚn10��,

�n > 30�,ũnk�����Ïf,d�§3.53��,ù´Ø�U�.éu3 ≤
n ≤ 30,=�Ä�In = 3, 5, 7, 9, 13, 15.

�n = 7, 9, 13, 15�,dÚn10��,ũnk�����Ïf,d�§3.53 �

�,ù´Ø�U�.

�n = 3�,�§3.52C�(
1 + b

√
D

2

)3

+

(
1− b

√
D

2

)3

= 1
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3 ��Ý
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�±��

1 + 3b2D = 4(D < 0, D ≡ 1( mod 4))

ù´Ø�U�.

�n = 5�,�§3.52C�(
1 + b

√
D

2

)5

+

(
1− b

√
D

2

)5

= 1

�±��

b2D(2 + b2D) = 3(D < 0, D ≡ 1( mod 4))

d��±��D | 3,Ïd�±��{
D = −3

b = ±1

d�k 
λ1 =

1 +
√
−3

2

µ1 =
1−
√
−3

2

�/�µ�
a+ c = 1

b+ d = 1

D = −3

a− c = 3(d− b)

(
éu

{
a+ c = −1

b+ d = −1
�±Ó�?Ø

)

�,�±��, 
a = 3d− 1

b = 1− d
c = 2− 3d

(3.54)

d��§3.33C�(
3d− 1 + (1− d)

√
−3

2

)n

+

(
2− 3d+ d

√
−3

2

)n

= 1 (3.55)

e¡é�§3.55?1?Ø:

(a)�| d |≥ 3�,é�§3.55ü>�mod (| d |)��,

� ≡
(
−1 +

√
−3

2

)n

+ 1 = ωn + 1 (3.56)
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3 ��Ý
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�3 - n�,d�§3.55Úªf3.56��,ù´Ø�U�.

�3 | n�,ªf3.56C�

� ≡
(
−1 +

√
−3

2

)n

+ 1 = ωn + 1 = 2( mod | d |) (3.57)

d�§3.55��,ù´Ø�U�.

(b)�|d| = ±1�,

�d = 1�,d�§3.55��,ù«�¹w,Ø¤á.

�d = −1�,�§3.55C�

(−1 + 2ω)n + (2 + ω)n = 1 (3.58)

é�§3.58ü>�mod (2)��,

� ≡ −1 + ωn( mod 2) (3.59)

�3 - n�,d�§3.58Úªf3.59��,ù´Ø�U�.

�3 | n�,ªf3.59C�

� ≡ −1 + ωn = −1 + 1 = 0( mod 2) (3.60)

d�§3.58��,ù´Ø�U�.

(c)�|d| = ±2�,

�d = 2�,�§3.55C�(
5−
√
−3

2

)n

+

(
−4 + 2

√
−3

2

)n

= 1 (3.61)

é�§3.61ü>�mod (3)��,

� ≡ 2

(
−1−

√
−3

2

)n

= 2ωn( mod 3) (3.62)

�3 - n�,d�§3.61Úªf3.62��,ù´Ø�U�.

�3 | n�,ªf3.62C�

� ≡ 2ωn = 2( mod 3) (3.63)

d�§3.61��,ù´Ø�U�.

�d = −2�,�§3.55C�(
−7 + 3

√
−3

2

)n

+

(
8− 2

√
−3

2

)n

= 1 (3.64)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 23

é�§3.64ü>�mod (3)��,

� ≡ 1 +

(
−1 +

√
−3

2

)n

= 1 + ωn( mod 3) (3.65)

�3 - n�,d�§3.64Úªf3.65��,ù´Ø�U�.

�3 | n�,ªf3.65C�

� ≡ 1 +

(
−1 +

√
−3

2

)n

= 1 + ωn = 1 + 1 = 2( mod 3) (3.66)

d�§3.64��,ù´Ø�U�.

nþ,ù«�¹´Ø�UÑy�.

(ii) �n�óê�,-n = 2tn1(t, n1 ∈ N, 2 - n1),

( I )en1 ≥ 3, -

(
a+ b

√
D

2

)2t

=
u+ v

√
D

2(
c+ d

√
D

2

)2t

=
p+ q

√
D

2

(u, v, p, q ∈ Z)

d��§3.33C�:(
u+ v

√
D

2

)n1

+

(
p+ q

√
D

2

)n1

= 1 (u, v, p, q, n1 ∈ Z, n1 ≥ 3) (3.67)

ù«�¹�±8(�D < 0�n1�Ûê��/,ù�ÿ·��±��
u+ v

√
D

2
=

1 +
√
−3

2
p+ q

√
D

2
=

1−
√
−3

2

= 

(
a+ b

√
D

2

)2t

=
1 +
√
−3

2(
c+ d

√
D

2

)2t

=
1−
√
−3

2

(3.68)

d�§3.68��,D = −3,�é�§3.68ü>��ê,·��±��
(
a2 + 3b2

4

)2t

| 1(
c2 + 3d2

4

)2t

| 1
(3.69)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 24

d��±��, {
a2 + 3b2 = 4

c2 + 3d2 = 4
(3.70)

5¿��§3.70k)(a, b) = (±1,±1)Ú(c, d) = (±1,±1).(Ù¥(a, b) =

(±2, 0)Ú(c, d) = (±2, 0)��).

¤±·��I��Ä
(

1 +
√
−3

2

)2t

= (−ω)2
t

= ω2t(
1−
√
−3

2

)2t

= (−ω)2
t

= ω2t

5¿� gcd (3, 2t) = 1,Ïd�§3.68´Ø�U¤á�,Ïdn1 = 1.

( II )�n1 = 1�,=n = 2t�,-

(
a+ b

√
D

2

)2t−1

=
u+ v

√
D

2(
c+ d

√
D

2

)2t−1

=
p+ q

√
D

2

(u, v, p, q ∈ Z) (3.71)

d��§3.33C�:(
u+ v

√
D

2

)2

+

(
p+ q

√
D

2

)2

= 1(u, v, p, q ∈ Z) (3.72)

d�§3.72��, {
uv + pq = 0

u2 + p2 + (v2 + q2)D = 4
(3.73)

d�§3.72��,

1 =

∣∣∣∣∣∣
(
u+ v

√
D

2

)2

+

(
p+ q

√
D

2

)2
∣∣∣∣∣∣

≥

∣∣∣∣∣u+ v
√
D

2

∣∣∣∣∣
2

−

∣∣∣∣∣p+ q
√
D

2

∣∣∣∣∣
2

=
u2 − v2D − (p2 − q2D)

4

(3.74)

(ùpØ��u2 − v2D ≥ p2 − q2D)
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e¡éªf3.73ÚØ�ª3.74?1?Øµ

�/�µ� 
u2 − v2D = p2 − q2D
u2 + p2 + (v2 + q2)D = 4

uv + pq = 0

(3.75)

�,dªf3.75�±��, 
u2 + q2D = 2

p2 + v2D = 2

uv + pq = 0

(3.76)

dªf3.76��, {
gcd (u, q) = 1

gcd (p, v) = 1

d��±�� {
p = u

q = −v
½

{
p = −u
q = v

d�,�§3.72C�(
u+ v

√
D

2

)2

+

(
u− v

√
D

2

)2

= 1(u, v, p, q ∈ Z) (3.77)

d�§3.71��, 

(
a+ b

√
D

2

)2t−1

=
u+ v

√
D

2(
c+ d

√
D

2

)2t−1

=
u− v

√
D

2

(3.78)

d��§3.33C�:

(
a+ b

√
D

2

)2t

+

(
a− b

√
D

2

)2t

= 1 (3.79)

-

u2t+1 =
α2t+1 − β2t+1

α− β

(
Ù¥α =

a+ b
√
D

2
, β =

a− b
√
D

2

)
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�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 26

e¡éu2t+1?1?Ø:

5¿�  α + β = a

αβ =
a2 − b2D

4

e¡y² gcd (α + β, αβ) = gcd

(
a,
a2 − b2D

4

)
= 1(�y{):

( I )e gcd (α + β, αβ) = 2,Kk2|a, 2|b, -{
a = 2a1

b = 2b1
(a1, b1 ∈ Z)

d��§3.79C�:(
a1 + b1

√
D
)2t

+
(
a1 − b1

√
D
)2t

= 1 (3.80)

- 
(
a1 + b1

√
D
)2t

= A+B
√
D(

a1 − b1
√
D
)2t

= A−B
√
D

(A,B ∈ Z)

d��§3.80C�:

2A = 1

ù´Ø�U�.

( II )e gcd (α + β, αβ) = p(p > 2)(Ù¥p��ê),Kk{
p|a
p|b2D

ep|a, p|b,-a = pa1, b = pb1(a1, b1 ∈ Z),d�d2|(a + b)��2|(a1 + b1),d

Ún2��,
a1 + b1

√
D

2
,
a1 − b1

√
D

2
þ��ê�ê,d��§3.79C�:

p2
t

(a1 + b1
√
D

2

)2t

+

(
a1 − b1

√
D

2

)2t
 = 1

u´kp|1,ù´Ø�U�.

ep|a, p|D,-a = pa1, D = pD1(a1, D1 ∈ Z),d��§3.79C�:(
a2 + b2D + 2ab

√
D

4

)2t−1

+

(
a2 + b2D − 2ab

√
D

4

)2t−1

= 1
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 27

=

p2
t−1

(a1a+ b2D1 + 2a1b
√
D

2

)2t−1

+

(
a1a+ b2D1 − 2a1b

√
D

2

)2t−1
 = 22t−1

(3.81)

Ï �2|(a + b)�D ≡ 1mod4,Ï d2 | (a1a + b2D1 + 2a1b) ,u

´
a1a+ b2D1 + 2a1b

√
D

2
,
a1a+ b2D1 − 2a1b

√
D

2
þ � � ê � ê.d �

§3.81��,p | 22t−1

,ù´Ø�U�.

nÜ( I )Ú( II )��,gcd (α + β, αβ) = gcd

(
a,
a2 − b2D

4

)
= 1.

( 1 )e
α

β
´��ü ��,duD < 0, D ≡ 1( mod 4),ÏdD = −3,�±�

�a = −b½a = b,=��Ä�§

a2
t

[(
1 +
√
−3

2

)2t

+

(
1−
√
−3

2

)2t
]

= 1 (3.82)

d�ka2
t |1,u´�±��a2

t

= 1,Ïd�§3.82C�(
1 +
√
−3

2

)2t

+

(
1−
√
−3

2

)2t

= 1 (3.83)

= 
α =

1 +
√
−3

2

β =
1−
√
−3

2

½


α =

−1 +
√
−3

2

β =
−1−

√
−3

2

( 2 )e
α

β
Ø´��ü �,Kd½Â5��,(α, β)´Lucasêó,l
u2t+1´

��LucasS��12t+1 �. 5¿�(
α2t + β2t

)
·u2t =

(
α2t + β2t

)
·α

2t − β2t

α− β
=
α2t+1 − β2t+1

α2t − β2t
·α

2t − β2t

α− β
= u2t+1

Ïd,�u2t+1k���Ïfp��ÿ,Kp - u2t ,d�k

p |
(
α2t + β2t

)
. (3.84)

dÚn10��,

�t ≥ 4�,u2t+1k�����Ïf,d�§3.79Úªf3.84��,ù´Ø¤á
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 28

�,Ïd=�Ä�It = 2, 3.

�t = 2�,dÚn10��,
α =

1 +
√
−7

2

β =
1−
√
−7

2

½


α =

−1 +
√
−7

2

β =
−1−

√
−7

2

d�(¢kα4 + β4 = 1.

�t = 3�,dÚn10��,u24k�����Ïf,d�§3.79 Úªf3.84�

�,ù´Ø¤á�.

�/�µ� 
u2 − p2 + q2D − v2D = 4

u2 + p2 + (v2 + q2)D = 4

uv + pq = 0

(3.85)

�,dªf3.85�±��,

p2 + v2D = 0

d�D = −1,duD ≡ 1( mod 4),ù´Ø�U�.

�

½n3. � gcd(n, 6) = 1(n ∈ N)�,��Ý
�§Xn + Y n = λnI(X, Y ∈ M2(Z), λ ∈
Z, λ 6= 0)kÃ¡õ|�²�).

y²: �Ý


A =

[
1 1

−1 0

]
, B =

[
0 −1

1 1

]

Ý
A�A���λ1 = −ω, λ2 = −ω,Ù¥ω =
−1 +

√
−3

2
,duλ1 6= λ2,ÏdÝ
A3E

ê�þ�±é�z,=�3E�_Ý
P ∈M2(C),¦�

A = P

[
λ1 0

0 λ2

]
P−1

5¿�AB = I,Ïd

B = A−1 = P

 1

λ1
0

0
1

λ2

P−1
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 29

Ïd

An = P

[
(λ1)

n 0

0 (λ2)
n

]
P−1 = P

[
(−ω)n 0

0 (−ω)n

]
P−1

Bn = P


(

1

λ1

)n

0

0

(
1

λ2

)n

P−1 = P

[
(−ω)n 0

0 (−ω)n

]
P−1

Ïd,

An +Bn = P

[
(−ω)n + (−ω)n 0

0 (−ω)n + (−ω)n

]
P−1

du gcd(n, 6) = 1,Ïd(−ω)n + (−ω)n = (−ω)n + (−ω)n = 1. u´An + Bn =

I,=(A,B, 1)´�§Xn + Y n = λnI (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)��|�²�).

dÚn9�,�§Xn + Y n = λnI (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)kÃ¡õ|�²�).

�

íØ4. � gcd(n, 6) = 1(n ∈ N)�,r�Ý
�§Xn + Y n = λnI(X, Y ∈ Mr(Z), r ∈
N, 2|r, λ ∈ Z, λ 6= 0) kÃ¡õ|�²�).

y²: -r = 2m,m ∈ N,�Ý


A =


A1

A2 0
0

. . .

Am


2m×2m

Ù¥Ý


Ai =

[
1 1

−1 0

]
(i = 1, 2, · · ·m)

Ón,�Ý


B =


B1

B2 0
0

. . .

Bm


2m×2m
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 30

Ù¥Ý


Bi =

[
0 −1

1 1

]
(i = 1, 2, · · ·m)

d·K3�,An
i +Bn

i = I2×2(i = 1, 2, · · ·m),Ïd

An +Bn =


(A1)

n + (B1)
n

(A2)
n + (B2)

n

0
0

. . .

(Am)n + (Bm)n


2m×2m

= Ir×r

=(A,B, 1)´�§Xn + Y n = λnI (X, Y ∈Mr(Z), r ∈ N, 2|r, λ ∈ Z, λ 6= 0) ��|�²�

).

dÚn9�,�§Xn + Y n = λnI (X, Y ∈Mr(Z), r ∈ N, 2|r, λ ∈ Z, λ 6= 0) kÃ¡õ|

�²�). �

íØ5. ��Ý
�§X3 + Y 3 = λ3I (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)kÃ¡õ|�²

�).

y²: �Ý


A =

[
a11 a12

a21 a22

]
∈M2(Z)

b�Ý
A�A���λ1, λ2 (λ1 6= λ2),u´Ý
A3Eê�þ�±é�z,=�3E

�_Ý
P ∈M2(C),¦�

A = P

[
λ1 0

0 λ2

]
P−1

�Ý


B = P

[
λ2 0

0 λ1

]
P−1

²L'�Ý
A,B�����,

B =

[
a22 −a12
−a21 a11

]
∈M2(Z)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 31

∀a22 ∈ Z,�a11, a12, a21 ∈ Z÷ve�^�

λ1 ≡ 1( mod 3)

λ2 ≡ 1( mod 3)

a11 = λ31 − a22

a12a21 = a11a22 −
λ61 − λ32

3

(λ1, λ2 ∈ Z)

Ïd

A3 +B3 =

[
α 0

0 α

]
Ù¥α = (a11 + a22)[(a11 + a22)

2 − 3(a11a22 − a12a21)] = (λ1λ2)
3, Ïd

A3 +B3 =

[
(λ1λ2)

3 0

0 (λ1λ2)
3

]
= (λ1λ2)

3I

dua22, λ1, λ2´?¿�,ÏdÝ
�§X3 + Y 3 = λ3I (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)

kÃ¡õ|�²�). �

~1. � 

λ1 = 1

λ2 = −2

a22 = 0

a11 = 1

a12 = −1

a21 = 3

KÝ


A =

[
1 −1

3 0

]
, B =

[
0 1

−3 1

]
u´(A,B,−2)´Ý
�§X3 + Y 3 = λ3I (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)��|�²�).

íØ6. ��Ý
�§X4 + Y 4 = λ4I (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)kÃ¡õ|�²

�).

y²: �Ý


A =

[
a11 a12

a21 a22

]
∈M2(Z)
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3 ��Ý
�§XN + Y N = λNI(N ∈ N, N ≥ 3, λ ∈ Z, λ 6= 0, X, Y ∈M2(Z))�) 32

b�Ý
A�A���λ1, λ2 (λ1 6= λ2),u´Ý
A3Eê�þ�±é�z,=�3E

�_Ý
P ∈M2(C),¦�

A = P

[
λ1 0

0 λ2

]
P−1

�Ý


B = P

[
λ2 0

0 λ1

]
P−1

²L'�Ý
A,B�����,

B =

[
a22 −a12
−a21 a11

]
∈M2(Z)

5¿�

A4 +B4 =

[
α 0

0 α

] (
α = 2 (a12a21)

2 + 4a12a21
(
a211 + a222 + a11a22

)
+ a411 + a422

)
-

α = λ4

=

2 (a12a21)
2 + 4a12a21

(
a211 + a222 + a11a22

)
+ a411 + a422 = λ4 (3.86)

rªf3.86w�´a12a21����g�§,K

∆

4
= 2

[
(a11 + a22)

4 + λ4
]

dua12a21´���ê,Ïd
∆

4
´����²�ê,-

∆

4
= 2

[
(a11 + a22)

4 + λ4
]

= X2
1 (3.87)

-X1 = 2X,Kªf3.87C�

(a11 + a22)
4 + λ4 = 2X2 (3.88)

5¿�Ø½�§Y 4 + Z4 = 2X2(X, Y, Z ∈ Z)k)(t, t, t2)(t ∈ Z) Ïd,-
a11 + a22 = t

λ = t

X = t2
(t 6= 0)
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Ïd 
a11 + a22 = t

λ = t

X1 = 2t2
(t 6= 0)

´�§3.87��|),d�§3.86��,{
a11 + a22 = t

a12a21 = −
(
a211 + a222 + a11a22

)
± t2

(t 6= 0)

dut´?¿�,ÏdÝ
�§X4 + Y 4 = λ4I (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)kÃ¡õ

|�²�). �

~2. � 

t = 1

a11 = 1

a22 = 0

a12 = 1

a21 = −2

KÝ


A =

[
1 1

−2 0

]
, B =

[
0 −1

2 1

]
u´(A,B, 1)´Ý
�§X4 + Y 4 = λ4I (X, Y ∈M2(Z), λ ∈ Z, λ 6= 0)��|�²�).
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4 n�Ý
�

§Xn + Y n = λnI(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈Mn(Z))�
)

½n4. n�Ý
�§Xn + Y n = λnI(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈ Mn(Z))kÃ¡õ

|�²�).

y²: ∀µ, λ ∈ Z, λ 6= 0,��
A = µIn×n,

B =



0 0 0 · · · 0 λn − µn

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · 0 0

0 0 0 · · · 1 0


n×n

d Ú n6�,Ý 
B� A � õ � ª �f(x) = xn + µn − λn,d Ú n7� �,

Bn + (µn − λn)I = 0,=Bn = (λn − µn)I. Ïd,An +Bn = µnI + (λn − µn)I = λnI ,du

´µ, λ?¿�§ÏdÝ
�§Xn + Y n = λnI(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈Mn(Z))kÃ¡

õ|�²�)(A,B, λ). �

~3. éun�Ý
�§X3 + Y 3 = λ3I (X, Y ∈M3(Z), λ ∈ Z, λ 6= 0):

� {
µ = 1

λ = −2

d½n4�,�Ý


A =


1 0 0

0 1 0

0 0 1

 , B =


0 0 −9

1 0 0

0 1 0


u´(A,B,−2)´Ý
�§X3 + Y 3 = λ3I (X, Y ∈M3(Z))��|�²�).
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5 n�Ý
�

§X3 + Y 3 = λ3I(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈Mn(Z))�)

½n5. n�Ý
�§X3 + Y 3 = λ3I(n ∈ N, λ ∈ Z, λ 6= 0, X, Y ∈Mn(Z))kÃ¡õ|

�²�).

y²: -

A =

[
1 −1

3 0

]
, B =

[
0 1

−3 1

]
, C =


1 0 0

0 1 0

0 0 1

 , D =


0 0 −9

1 0 0

0 1 0


d~3Ú~1��, {

A3 +B3 = (−2)3I2×2

C3 +D3 = (−2)3I3×3
(5.1)

(1) �n = 2m(m ∈ N)�,�Ý


A =


A1

A2 0
0

. . .

Am


2m×2m

Ù¥Ý
Ai = A(i = 1, 2, · · ·m) Ón,�Ý


B =


B1

B2 0
0

. . .

Bm


2m×2m

Ù¥Ý
Bi = B(i = 1, 2, · · ·m) dª5.1�,

A3+B3 =


(A1)

3 + (B1)
3

(A2)
3 + (B2)

3

0
0

. . .

(Am)3 + (Bm)3


2m×2m

= (−2)3In×n
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=(A,B,−2)´�§X3 + Y 3 = λ3I(X, Y ∈Mn(Z), n ∈ N, λ ∈ Z, λ 6= 0)��|�²

�).

dÚn9�,�§X3 + Y 3 = λ3I(X, Y ∈ Mn(Z), n ∈ N, λ ∈ Z, λ 6= 0)kÃ¡õ|�

²�).

(2) �n = 2m+ 1(m ∈ N)�,�Ý


A =


A1 0. . .

0 Am−1

C


(2m+1)×(2m+1)

Ù¥Ý
Ai = A(i = 1, 2, · · · ,m− 1) Ón,�Ý


B =


B1 0. . .

0 Bm−1

D


(2m+1)×(2m+1)

Ù¥Ý
Bi = B(i = 1, 2, · · ·m− 1) dª5.1�,

A3 +B3 =


A3

1 +B3
1 0. . .

0 A3
m−1 +B3

m−1

C3 +D3


(2m+1)×(2m+1)

= (−2)3In×n

=(A,B,−2)´�§X3 + Y 3 = λ3I(X, Y ∈Mn(Z), n ∈ N, λ ∈ Z, λ 6= 0)��|�²

�).

dÚn9�,�§X3 + Y 3 = λ3I(X, Y ∈ Mn(Z), n ∈ N, λ ∈ Z, λ 6= 0)kÃ¡õ|�

²�).

�
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