Monotonicity
formula on cigar soliton
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MONOTONICITY FORMULA ON CIGAR SOLITON

RUIZHE WAN

ABSTRACT. In this paper, we prove a monotonicity formula on cigar soliton. Using the
monotonicity we obtain a three-ball type theorem.

keywords: monotonicity, cigar soliton, three-ball theorem

1. INTRODUCTION

Monotonicity formula on cigar soliton contains profound geometrical significance and
would help prove the three-ball theorem on it. Many people studied similar type inequal-
ities, such as [2], [3], [4], [5], [7], [8]. In the paper[2], Tobias H. Celding, Camillo De Lellis,
and William P. Minicozzi II use monotonicity formula to prove the three-ball type theo-
rem for a manifold with finitely many cylindrical ends. In the paper|[3], Tobias H. Colding
and William P. Minicozzi II prove monotonicity of a parabolic frequency on manifolds. In
the paper [4], Tobias H. Colding and William P. Minieozzi II discuss some monotonicity
formula for both parabola and elliptic operators and.their geometrical meaning. In the
paper [5], Tobias Holck Colding proves three monotonicity for manifolds with a lower
Ricci curvature bound. In the paper[8], Jityi=Zhu uses the monotonicity of a frequency
function to prove the three-ball theorem for Sehrodinger equations and higher order ellip-
tic equations. In the paper [7], Jianyu.Ou uses the same method to prove the three-ball
type theorem on gradient shrinking Rieci soliton with constant scalar curvature.

Ricci solitons are generalization-of Einstein metrics, special solutions to Hamilton’s
Ricci flow and they are important in the singularity study of the Ricci flow [1]. A complete
Riemannian manifold (M, g).i$ called a Ricci soliton if

Ric+VV [ = )\g

Cigar soliton is a simple example of steady Ricci soliton which is discovered by Hamilton
[6]. Tts base manifold is R?, and its metric is

B da? + dy?
I =112+

By.integration, we can also get the distance of the point from the vertex,

pzln(\/$%+x§+\/x%+x§—l—l).

For some eigenfunction
Au = —)\u,

we can find the monotonicity formula on cigar soliton using similar method as Jiuyi Zhu
uses in [8],

Theorem 1.1.

(620r+71nrN(7,) + )\631r)/ Z 0’
1
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a+1 u<VuVp2>(r2—p2)*dx
where N(r) = é(a)) = )fo(rz )zz(rg_pp;)idx r) for arbitrary o > 2.
B(r

Furthermore, by the monotonicity formula we find, we can prove the three-ball type
theorem on cigar soliton

Theorem 1.2.

C1+C: 4 200—2 s Cy—C: C C
h(ra)™ 7 < (3r7977) €T R(r) ™ h(rs) ™,

where C1, Cy, C3,Cy are constants depend only on 11,79, 73.

We will prove Theorem 1.1. in Section 1 and Theorem 1.2. in Section 2.

2. MONOTONICITY FORMULA

First, we define

where « is any integer bigger than 1.

To find the monotonicity formula, we need £o,find the maximum value of H'(r). To
prove the three-ball type theorem, we also need the minimum value of H'(r).

When r > rg,

H(r)— H
H'(r) = lim H(r) — H(ro)

ro—r r—1rg
_ lim fB(r)\B(TO) w?(r? — p?)*dx + fB(TO) w?(r? = p*)* = (r§ — p*)*)dx
o rOo—T r— 7’0

2 _ 2\«

S llm UQMCZLU + QOZT/ U/2(T2 . ,02)a_ldl’

T B(r)\B(ro) r—=To B(r)

= 2ar/ u?(r? — p*)* tdx
B(r)

On theother hand, using the same method, we can prove that H'(r) > 2ar fB(T) u?(r? —

pH)e d when r < 7.
Therefore,

H'(r) =2ar /B( )u2(7’2 —p*)* tdx

2 2
_ @ WA (r? — p¥)°dz + P WA(r? — p?)* L
T JB(r) " JB(r)
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Use integral by part for the second term in the right side

2 1
H@)  ="2H@r)+ _/ u < VuVp® > (r? — p*)*da
r r B(r)
1
4+ UQApQ(TQ o p2)ad$
2r Jae)
2 1 1
T )+ - / u < VuVp® > (r* = p)de
T T JB(r)
1 / 9 P 2 2
4= U re— p*)*dx.
T JB(r) \/$%+x§\/13%+33§+1( )

The second term in the right side would later be used in the frequency function,) Therefore,
we only need to find the minimum and maximum values of the third.-term in the right

hand side.
1 p
0 < —/ u? (r* ="p2)¥dx
rJBe) Vat+ady/at +af + 1

1 4
_ _/ u22—p(r2 — %)l
B(r)y €7

r —e 2
1 2
< —/ U (K )
r B(r) e<Po _|_ e—4pPo
1
<-H
< (1),

where py is one of the solutions of (%5,4%;)" = 0 and where "2~ has its maximum

value.

So we find the minimum/and’maximum values of H'(r) now

200+ 1

1
H(r) + —/ u < VuVp® > (r* — p*)%dx
" JB(r)

2 2 1
<H'(r)< o H(r)+ ;/ u < VuVp? > (r* — p*)%dz.
B(r)
Let,
I(r) = (a+ 1)/ u < VuVp® > (r* — p?)*dx,
B(r)
and we get

200+ 1 1 20 + 2 1
H —— I < H(r)< H —I(r). 2.1
P04 0 < 1) < 200+ . e

Also, we let N(r) = L) 1 ater we will try to prove the monotonicity of the transformation
H(r) y y
of N(r).
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Integrate by part to transform I(r)

I(r) =(a+ 1)/ u < VuVp® > (r* — p*)%dx
B(r)
= / |Vul?(r* — p?)*dx + / uAu(r* — p*)*de
B(r) B(r)
— / |VU’2(T2 _ pz)a+1d$ _ /\/ UQ(TQ _ pQ)OH_ld.Z'.
B(r) B(r)

To find the monotonicity formula, we need to find the minimum value of<#'(r)

I''ry =2(a+ 1)r/ \Vul*(r* — p?)*da
B(r)

—2(a + 1)7’/\/ u?(r¥s p*%dx

B(r)
— M/ |Vu|2(7~2 _ p2)°‘+1dx
r B(r)
2 1
i (o + )/ |Vu|2(r2 —p2)"‘p2dx
T B(r)
—2(a * 1)r>\/ u?(r® — p?)*dax.
B(r)

Since |[Vp|? = 1, we can_add-it to the second term in the right hand side

v =20 g - 2
B(r)

r

20 +1 o
SO [ R - s
r B(r)

—2(a+ 1)r)\/ uw?(r® — p?)*dx

B(r)
2 1
— 2Aa+l) / (Vul?(r? — p*)*tdx
r B(r)
1
-—— |Vul> < Vp*V(r? — p?)*t > da
2r B(r)

—2(a+ 1)7“)\/ u?(r? — p*)du.
B(r)
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Use integral by part for the second term in the right hand side, we get

2(a+1)

[/<7n) _ T/B( ) ‘vu‘2(r2 - p2)a+1d£13

1
+—/ < V|Vul*’Vp? > (r* — p*)*Hdx
2r B(r)

1

+— (Vul*(r* — p*)* " Apdx
2r B(r)

—2(a+ 1)r)\/ u?(r? — p?)*dx,

B(r)
Since Ap? = 2pAp +2|Vp|? > 2
2 3
'y > @ / |Vul?(r* — p*)*Tda

r B(r)

1
+—/ < V|Vul*’Vp? > (r2—p*)% dx
2r B(r)

—2(a+ 1)7"/\/ w?(r? —p*)*dx.
B(r)

Now we divide the second term in the right side to find its minimum value

1
2r < VIVul’Vp? >.(12 —p*)**da
2r g
1
~ 9 (14 27 +%2)0, [ + 27 + 23)0;ud;iu]0;p° (r* — p*)*Fda
"B
1
~ o (1 +a e 23)0;(1 + af + 23)0udud; p*(r* — p*)*tdx
"B
1
—i—; /B( )(1 +z] + x§)26iuaijuajp2<rg _ ety

Because

(1+af +3) >0, Qudu >0, 0;(1+ a7 +3)0;p> >0, (r* — p*)*T > 0.

Therefore,
2_17’ B(T)(l + 27 + 23)0;(1 + 27 + 23)Oudud; p*(r* — p*)*Tdx > 0,
and
% by VIVulVp? > (r* = p*)* " da

1
> - / (1+ a7+ $§)23iu8iju6jp2(r2 — p?)*d.
" JB(r)
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Use integral by part, we get

1
- < V|Vul|*Vp* > (r? — p*)*dx
2r B(r)

A
> —/ u < VuVp? > (r* — p*)*tdx
T JB(r)

1
__/ (1 + l% + x%)QajUaaniij(TQ — p2>a+1dx
" JB(r)
1
+2 i / < VuVp? >2 (r* — p*)%dx
o JBw
2
——/ < Vqu2 > 81-1@2.(1 + x% + x%)(rz . pQ)Qde
" JB(r)
A
= —— UQA,OQ(TQ . p2)a+1dx
2r Jp@m
2 DA
+M/ U2p2(7’2 . p2)adx
" B(r)
1

_;/( )(1 + ‘T% + $§)26’ju8iu0¢jp2(7’2 — pz)aJrldgj
B(r
a+1
+
r

2
o / < VaVp* > g1+ oi + a3)(r* — p)" i de.
" JB(r)

/ < VuVp® >* (iiop’) do
B(r)

Put it back into I'(r), and we get

2 1 1
r'ry > M[(T)jL_/ IVul2(r2 — p?)**ld
" " JB@)
_i UQApQ(TQ o p2)o‘+1dx
2r B(r)
1

__/ (1 + ZC% + :Cg)23ju(9luawp2(r2 — p2>a+1dl’
" JB()

a—+1
r

/ < VuVp? >* (r* — p)"da
B(r)

2
T JB(r)

Since the third term in the right side has a negative coefficient, we need to find its
maximum value
2\

A
- U2Ap2(7”2 . p2)a+1dﬂf <2 ’LL2(7"2 —p2)a+1
2r Ja() T JB@

< 2”/ u?(r? — p*)".
B(r)
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Also, we need to find the maximum value for the fourth term in the right side for its

negative coefficient.

1
. / (1 + 23 + 23)?0;udud;;p*(r* — p*)*da
B(r)

1
- ;/ (14 2% + 23)201udyudy p* (r* — p?)*dx
B(r)

1
+; / (14 27 4 23)202udsudanp®(r* — p*)* T dx
B(r)

2
—I—; / (14 27 + 23)201udoudiop*(r® — p?)* dz.
B(r)

np?  =2(0up)? + 2p0u1p
B 223
(2 a)(1+ a2} + )

+21n(\/x% + 23 + \/1+x2{ + 23)

—x‘ll +x§ —i—x%

(22 +23)2 (1 + 22 + 22)

3
2

2r +4
T 1+t +ad

We can also prove that

2r +4 2r +4
O < —2 T2 pgLpt< T
2P T 1+ a4 a3 120 ~ 1+ a2 + 22

using the same method
Therefore,

1
. /( )(1 + 23 + 23)?0;ududiip*(r* — p*)*Mda
B(r

dr + 8
< / |Vul*(r* — p*)* da.
B(r)

- r
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Now to find the maximum value for the last term in the right side

2
‘/ < VuVp? > dudi(1+ 2t +a3) (r* = p*)*do
" JB(r)

1
= —/ 0;ud;p*0;ud;(1 + a7 + 23)*(r* — p*)*da
" JB(r)

1
= ; B )31u01p261u81(1 + x% + $§)2(T2 _ 02)a+1d.7:
1
T / OouDap* Oouda (1 + 23 + 23)2(r* — p*)*Mdw
B(r)

1
1 / Oudh 2 opuds(1 + 2 + 22)2(r? — p?)*da
T JB(r)

1
+- / Ooudyp*O1udy (1 + 22 + 22)2(r* — pH*§du.
" JB(r)

ol
Va2 + xd A+ 22 + a3
< 8r(1+ »FH 13).

O p*on(1+ af + 23)° 2(1 4 2% + 22)21,

Similarly, we can prove that

0op* Do (1 + 2} + 23)2\ < 8r(1 + af +23), Oip*ds(1 +af +13)* < 8r(1+ ] + 23),
and
Dop?01 (1 + a7 + 23)” < 8r(1 + af + 23).

using the same method.

Therefore,

2

;/ < VuVp? > (r? — p?)* M oud;(1 + 22 + 23)dx
B(r)

< 16/ (Vul?(r* — p?)*da.
B(r)



MONOTONICITY FORMULA ON CIGAR SOLITON 9

Put them back to I'(r), we obtain

2 1 1
> M](r) + —/ |Vul*(r* — p*)*dz
B(r)

r r

—27’)\/ u?(r? — p*)*dx
B(r)

I'(r)

_20T+8/ IVul2(r? — p?)*+lda
r B(r)
1
+2 i / < VuVp? >? (r* — p*)%dzx
r B(r)
2 1 20r + 7
> M[(r) — 2r)\/ u?(r? — p*)%dx — T I(r)dz
r B(r) r
__(20T + 7>)\ / u2(r2 o p2)a+1d$
r B(r)
1
+2 i / < VuVp? >? (r* — p*)%dx
r B(r)
2 1 2
> M](r) _20r+ 7](7~)
r
a+1

—(20r% + 9r)AH (r) + "

/ < VuVp? >2 (r* — p*)dz.
B(r)

To find the monotonicity of N (r) or its transformation, we need to prove that its derivative
is always positive.
H(r)I'(r) — () H(v)
H>(r)
1 2(a+1)

200+ 7
> HQ—W{H(T)[T[(T) Sl

1
@ / < VuVp? >% (r* — p*)*da]
B(r)

2+ 1)

—1(r)]

1
> H2—<7,){H(7’)[—

a—+1
T

N'(r)y =

I(r) — (20r* + 9r)\H (1)

H(r) + I(r)]}

I(r) — (200 + 9r)\H (r)

(a+1)r
20r +7

! le(r)}.

< VuVp? >? (r* — p*)%ds] — ————
/Bm P2 0 = )] - s

According to Cauchy-Schwarz inequality,

/ < VuVp* >? (r? — p2)o‘da:/ u?(r® — p?)*dx
B(r) B(r)
>

(/( )u < VuVp? > (r? — p?)*dx)>.
B(r
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Thus,

1 20r + 7
> ——AH(r)|——m—
> g ==

200+ 7

r

N'(r) I(r) — (20 + 9r)AH (r)]}

> — N(r) — (20r* 4 9r)\.

That means

0  <rN'(r)+ (20r + 7)N(r) + (207 + 9r?) A
1 A nr . nr
= o (TN () + (200 4 9r%) AR
1
o
1

6207"+7lnr (

S [(620r+71nrN(,r))/ + 29)\6307"]

S 620r+7lnrN(T,) + )\6317')/‘

Therefore,

(620r+71nrN(T) + )\631r)/ Z 0.

Theorem 1.1 is proved.

3. THREE-BALL TYPE THEOREM

Here, by using the monotonicity formula we find in section 2, we aim to prove the

three-ball type theorem on cigar soliton.
By (?7)

H'(r) 2a+2 1
H(r) = r + (v + 1)r

1
In H(r)) < (2 2)(lnr) + ———
(nH() < o+ D) +
That means integral from r; to 27
2ro 1

/ ’ (In H(r))'dr < / 27"2(204 +2)(Inr) dr + /

T1 T1 T1

So
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Now we use the monotonicity formula

2re _20r+TInr 31r
lnH(2r2) §(2a+2)ln@+ 1 / e N(r)+ Xe
H(Tl) ) a+1 " 620r+71nr7a
)\631r
- 20r7+T7Inr dr
e T
2
<(2a+2)ln ik
A
+€40T2+7ln 2T2N(2?"2) + )\6627"2 /2T2 1
—Aar
o+ 1 . e20r+7lnr‘r
)\6117”1
(27“2 — 7’1).

256(a + 1)1}

Similarly, because

H'(r) _ 2a+1 1
SR (r).
H{r) r (a+ 1)r
we can derive that
H(T:z) -
! > (20 + 1) In -2
Y, 2 et s
e40r2+71n2r2N<2r2) + )\662r2 r3 1
' st L 2y 620T+71nr7a r
)\6117“3
B P W
256(a 0 2 T 2
Therefore,
N(2rs) > (a + 1)7”%8 . H(2rs) - (o + 1)26167~2 ln%
2 (12820l (2ry —ry)  H(ry) 6473 (2ry — 1)
2272 . Aellr1p28
12877 1 215¢40r2y:15
(Oé -+ 1)7"%8 . H(QTQ) B (CY + 1)26167"2 In 27%
— 128et0r2rf(2ry — ) H(ry) 64r3(2ry —ry)
)\6227'2
“TsT

Onthe other hand,

< (o +1)e?8rs In H(rs) 221(2a% + 3a+ 1)r3t In
 128e%0m2pl(rg — 219)  H(2r3) e1072 (rg — 2ry)
)\6221"2 )\639r3
T18 | 2Beton
(a+1)e®rs In H(rs3) N \e39rs
= 128e40m2pl(r3 — 2ry)  H(2ry)  215e0r2pl5

N(2r)
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2 167 2rg
Lot O — (a+1)r28 _ _(a+1) e QIHT e
L™ 128e%0r277 (27 —rp) 0 2 6473 (2r2—71) 12813
o (at1)e?873 —2e3973
03 - 128640r2r'27(r3_27.2)7 04 - 2156407"_27.%5'
Then,
H(QTQ) H(Tg)
Olhl +02 SOglIl +C4
H H ’
(1) (2r2)

(Cl —+ Cg) In H(27’2) S Cl th(T’l) + 03 In H('f’g) -+ (04 - Cg)
Here we define

It’s clear that:
H(r) < / w*r**dx = r**h(r).
B(r)

Let 0 <t <,

h(t):/B(t) u2da:§/ u2(r2_p2)ad:z;: H(r) < A(r)

(7,2 _ t2)°‘ = 7“2 _ t2'

Let t = 5, then
%ﬂh(g) < H(r) < r2hie)
Thus,
(C1+ C3)1n %72 + (C1 4+ C3) Inh(ry).  <(Cy+ Cs)Inr*™ + CyInh(ry)
+C31Inh(rs) + (Cy — Cy).
We obtain

4
(C1+ C3)Inh(ry) < Cylnh(ry) + C3lnh(rs) + (C1 4+ Cs) In 57“20‘_2 + (Cy — Cy),

which implies

Or+C: 4 500" e c @
h(ry)rtes < (gr “) e T2 h(ry) " h(rs)™?,
2
here C . (a—i—l)r%s . _(()é+1)2@16"'2 ln%f . )\6227‘2 C - (Oé+1)€28T3 .
w L7 12807217 (2r—1r1) ) T2 T 6473 (2r2—71) 12877 * 3 T 128e®0r2rl(r3—2rp)7 T4 T
23973
2154072 7“%5 .

Thus,, Theerem 1.2 is proved.
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