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ABSTRACT. We will explore the group theory of a magic pyramid puzzle
by a group action. We will show the group of a magic pyramid puzzle=is
isomorphic to a subgroup of Coxeter group of type D. We will also consider
generators and relations of the group of a magic pyramid puzzle and lits

subgroups.

CONTENTS

Introduction
Preliminary knowledge
Group action
Coxeter group and length function
Signed permutation group
Facts and notations
Action of the group of‘magie pyramid puzzle
Generators of the subgroups E
Properties of elements.in E
Even-signed permutations:.
Length of'a signed permutation.
Impossible arrangements.
The Pink Face Subgroup
Generators and relations of the pink face subgroup of E
A list of all'the-elements of the pink face subgroup
Generators and Relations of E
Future Work

References
Acknowledgements

1. INTRODUCTION

qOUUR W NN N —

The magic pyramid puzzle consists of corner pieces, edge pieces and face
pieces. There are many tutorials explaining how to recover a scrambled magic
pyramid puzzle. One popular tutorial mentions a type of series of moves: turn
downward on the left, turn downward on the right, turn upward on the left
and turn upward on the right. In this paper, we explained why these series
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of moves definitely recover a scrambled magic pyramid puzzle. Moreover, we
explained why some cases are impossible for a magic pyramid puzzle.

We refer to any 120° turn on any plane by a move. If we apply several moves
one by one, we call it a series of moves. It is not hard to see that all the series
of moves form a group. The operation of this group is composition of series
of moves. For any two series of moves a and (3, their composition « o 3 refers
to another series of moves which applies § first and then «. The identity of
the group is no move. For any series of moves, the inverse is to apply inverse
move in a reverse order.

In this paper, we explored the group theory of the group-of-magic pyramid
puzzle. In section 3, we specified the notations we used through this paper.
In section 4, we defined a group action by which we obtained an important
subgroup E. The group E is isomorphic to a subgroup of §2; the Coxeter group
of type B. And we obtained a generating set of the subgroup E in section 5,
which explained why the popular tutorial works. In section 6; weverified two
important properties of series of moves of E, which explained why some cases
never show up in a magic pyramid puzzle. We talked about a small subgroup,
a group of one face, in section 7. In section 8, we listed the generators and
relations of the group E.

2. PRELIMINARY KNOWLEDGE

2.1. Group action. Liet/(G,0) be a group and S be a set. The group action
of G on S is defined-as follows:
For any element g€ GG and any element x € S, let g.x € S satisfying

idax =x

and
h.(g.x) = (h.g).x

foriany h,g € G and x € S.

[1]*gave’ an equivalent definition of group action. Let Perm(S) be the
collection of all the bijections on set S. With composition o of bijections,
(Perm(S), o) forms a group. Equivalently, the action of group G on a set S is
a homomorphism of group from group G to group Perm(S)

7: G — Perm(S),

with 7(g)(z) = g.x for any ¢ € G and = € S. If the kernel of the group
homomorphism 7 is trivial, then we say that G acts faithfully on the set S.

2.2. Coxeter group and length function. [2] and [3] are good references
for Coxeter group.
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Definition 2.1. A Cozxeter group is a group admitting a finite generating set
W ={s1,52, - ,Sn} and relations

(sis;) ,
where 1 is the identity of the group and m;; is an integer such that
mi; = 1

and for i # j,
m; S {2,3,}U{OO}

For any w in a Coxeter group, w has expressions or words.in the Coxeter
generators. The expressions that can not be further simplified according to.the
relations or words are called reduced expressions or reduced words. In"1.2.1
of [2], the length function ¢(w) is defined to be the number of generators in
a reduced expression of w. Proposition 1.2 in [2] includes’an impertant fact
about the length function.

Proposition 2.2. [2| For an arbitrary element w in the Cozeter group and
S; € y/ 4
l(sw) = Hw) £ 1.

2.3. Signed permutation group. Section 8.1 of [3] gave a detailed definition
of the signed permutation group. Let w be.a bijection or a permutation on
{£1,£2,--- ,£n} such that

w(—i) = —w(i)

fori € {£1,£2,--- y&n}. Then we call w is a signed permutation of {1,2,--- ,n}.
Let SB be the group of‘all the'signed permutations on {1,2,--- ,n}. For an
integer i such that 1.< i < n,let.s;= (i,i+ 1), the transposition of i and i + 1.
Let so = (=1,1), the transposition of —1 and 1. Then {sg, $1, - ,S,_1} is a
generating set of SP with relations

2 s
s;=1i=0,1,--- ,n—1),
50515051 = S1505150,

8i8i415; = 8i418:8i41(1 = 1,2,--- ,n — 1)
and
$iS; = SjSi(|i —] > ]_|)

Hence the structure above is a Coxeter structure. The group S is called the
Coxeter group of type B.

Moreover, for each signed permutation, we have a window notation [3]. If the
number of negative signs in the window notation is an even number, then we
say this permutation is an even-signed permutation. The collection of all the
even-signed permutations is a subgroup of SZ, which is the Coxeter group of
type D and is denoted by SP.



4 NUO CHEN, ZHANRUI YANG, JIAXUAN XIE

3. FACTS AND NOTATIONS

For this paper, we use a magic pyramid puzzle with four colors, yellow,
blue, pink and green. If we take the yellow face as the bottom and check from
above, the colors faces are blue, pink and green counterclockwise. To refer a
face color, we use a capitalized alphabet. Namely, Y refers to yellow, B refers
to blue, P refers to pink and G refers to green.

There are three types of pieces in a magic pyramid puzzle. A corner piece
involves 3 colors, there are 4 corner pieces in a magic pyramid puzzle.? One
edge piece lies on each edge and an edge piece involves 2 colors. | There are 6
edge pieces since there are six edges. Moreover, for each facey there are 3 face
pieces, each of which involves only one color. There are 12 fage pieces in total.

An easy fact is that, for a fixed corner piece, the color of face oppesite to
this corner piece is fixed. Namely, the face opposite to the-corner. piece BPG
is the yellow face.

The identity of the group of magic pyramid puzzle is no, move, which we
denote by 1. A move turning only one eorner piece is trivial, which commutes
with all other moves. So in this paper,<by the groupof magic pyramid puzzle,
we only consider the moves turning tep two layers:.Namely a move turns a
corner piece and the middle layer below it. We.refer this kind of moves by
moves of big corners.

We use the following notations to denote this kind of moves. For the cor-
ner piece BPG oppositeto the yellow face, let y denote the move turning this
corner and the middle layer beneath, by 120° clockwise. Since 3® = 1, 3/ is the
inverse move of y, i.e."the move.of this big corner counterclockwise. For the
corner opposite to the green face, let ¢ denote the move of this corner clock-
wise and g% is the move of the same big corner counterclockwise. For corner
opposite to the blue face; let b denote the move of this corner clockwise and
b? is the move of the same big corner counterclockwise. For corner opposite
ta the pink face, let p denote the move of this corner clockwise and p? is the
move of the same big corner counterclockwise.

It is easy to see that the group of magic pyramid puzzle is generated by y, b, p, g.
Let<(P, o) denote the group of magic pyramid puzzle. We call each of y, b, p, g
a move. By yb we mean apply move b first and then y. And we call any word
using y, b, p, g a series of moves. Let « and 8 be two series of moves. Namely
o/and [ are two words. The product a0 § is the new word obtained by con-
catenation of the two words, which is a new series of moves. For a series of
moves g2yb, the inverse is b*y?g.
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4. ACTION OF THE GROUP OF MAGIC PYRAMID PUZZLE

The way we express a series of moves is to consider the action of the group
of magic pyramid puzzle on the signed edge set defined below.

Let Y denote the yellow face, B denote the blue face, P denote the pink
face and G denote the green face. We will refer to Y-face, B-face, P-face and
G-face in this paper. Let PY denote the edge piece position involving pink
and yellow colors. The notation Y P refers to the same position, but-we will
keep both notations and set YP = —PY (or PY = —Y P). The signediedge
position set . & is

{+PY,+GP, +BP,+BG,+Y B, +GY'}

Consider the following action: Let o € P and XU & &4 where X U €
{Y, B, P,G}. Apply a on the magic pyramid puzzle, the resulting position of
the edge piece originally lying at the position XU is represented by arunique
element in .#&. Set

a.(XU)=WZ,
if the resulting position after applying « is.the edge piece position W27, the
face originally on the X-face is moved to W-face and'the face originally on the
U-face is moved to Z-face. By this definition, it follows.that

a.(—XU)=—a.(XU).
For instance, for y € P and BP € #&,
y(BP) = GB.==BG,

since the piece originally/lying at the edge piece position BP, after applying
y, is moved to the edge piece position GB with the face on B-face moved to
G-face and the face on P-face. moved to B-face.

The identity 1 of the magic pyramid group P is no move, which keeps every
piece at original position. Namely, for any element XU € .#&,

1.(XU) = XU.
Letaf €P and XUWZ, SV € /&, if

a.(XU)=WZ
and

B.(WZ)= 25V,

i.e. asbring the piece originally at XU to the edge piece position W27 with
the face originally at X-face moved to W-face and the face originally at U-face
moved to Z-face; 8 bring the piece originally at W Z to the edge piece position
SV with the face originally at WW-face moved to S-face and the face originally
at Z-face moved to V-face. So applying « first and then g brings the piece
originally at the edge piece position XU to the edge piece position SV with
the face originally at X-face moved to S-face and the face originally at U-face
moved to V-face, i.e.

(Boa).(XU) =SV = B.(a.(XU)).
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Hence the action of P defined on the signed edge position set & is well-
defined. Equivalently, this action is expressed by the group homomorphism:

F:P — Perm(S&),
for any a« € P and XU € /&,
F(a)(XU) = a.(XU).

We express a bijection in Perm/(&) by two-line notation. The first/line is
{BP,BG,GP,PY,Y B,GY'} and each entry on the second line is the image of
the entry above it in the first line. The order of the columns doesn’t matter.
For instance, the move y is represented as follows,

Fy) BP PY GP BG YB GY
Y=\ —_Bg PY —-BP GP YB.'GY/:

Let F denote the collection of all series of moves fixing, every ‘edge piece.
Obviously, F is a subgroup of the magic pyramid/greup P. Moreover, F is the
kernel of the group homomorphism F. Thus F‘is.a normal subgroup of P.
Hence we could consider the quotient group-P/F.

Let E be the collection of all series ofiumoves fixing.every face piece. It is
easy to see that E is also a subgroup.of‘P.*Furthermore, since elements of E
and F moves two disjoint subsets of'pieces of all the pieces of a magic pyramid
puzzle, we have the following.Conclusion.

Proposition 4.1. Forany o€ F and B.€ E, o and B commute, i.e.
o = foa.

Moreover, a.stronger fact follows:

Proposition 4.2. We have the following splitting short exact sequence
1-F5P4P/Fo1

Proof. For any element oF € P/F, it is a coset in P. There is an element
o € F such that ¢ = a oo is an element in P fixing every face piece, i.e. € € E.
Moreover, for any € € E such that € lies in the coset aF, ¢ = € o 7 for some
v € E. If v # 1, this implies 7 must move some of the face pieces since v € F
fixes every edge piece, which forces v = 1 considering both € and ¢ are in E.
Hence, we have € = ¢/, i.e. in a coset aF, there exists a unique element & € E.
Define the following map

h:P/F—E
a— Q.

For any two cosets aF and SF, let & and 3 be the images of aF and [F
respectively. Then a = & oo and § = S o, for some 0,7 € F. By Proposition
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4.1,
aof=doccofor
:doBoaoT

i.e. (aF)(BF) = (&@o f)F. Hence h((aF)(8F)) = @o f = h(a)oh(S). The map
h is a group homomorphism.
For any aF € P/F, q(h(aF)) = q(&@) = aF = aF, i.e. go h is the identity.map.
Hence h is an isomorphism

P/FXE
and, by Theorem 2.1 in [4], the short exact sequence splits.
0]

Corollary 4.3. The group of magic pyramid puzzle P is the direct sum of.the
subgroups E and F, i.e.

P=EcGF.

The group homomorphism F' : P — Perm(&") induces a'group homomor-
phism
F :P/F — Perm(.S&),
where F(aF) = F(a). According to thé first isomorphism theorem 2.12.10 and
its corollary 2.12.11 in [5], F is injective. Let f &= F"6 h~'. Namely,

FiE = Perm(FE),
where f(a) = F(«) for any o€ E.

Corollary 4.4. The induced group, homomorphism f : E — perm (&) is
injective. Hence the action of Pon set /& induces a faithful action of E on
the signed edge piece position set .F& .

Since {y,b,p,g} generates the group P, we get a generating set of the sub-
group-E.

Corollary 4.5. Let gj,i),ﬁ,g be the images of y,b,p, g respectively under the
group homomorphism h. Then {7,b,p, g} generates the subgroup E.

5. GENERATORS OF THE SUBGROUPS E

In many tutorials about the magic pyramid puzzle, a popular way to recover
a magic pyramid puzzle is to repeat a series of moves: take a face of the magic
pyramid puzzle as bottom and face another face of the puzzle, apply four 120°
moves, left down, right down, left up and right up. In this section, we will
explain why this type of moves can be applied to recover the magic pyramid
puzzle. Let Py denote the series of moves

Py = bg?bg.



8 NUO CHEN, ZHANRUI YANG, JIAXUAN XIE

The series Py of moves is obtained as follows: take the yellow face as the bot-
tom and face the pink face, turn downward on the left by 120°, turn downward
on the right by 120°, turn upward on the left by 120° and turn upward on the
right by 120°. So the series Py of moves is the series of moves we mentioned
above. Similarly, define other eleven series of moves, let

Ps =gy*9*y,  Pg=yb’y°b,
Bp =yg*y’9, By =gp°¢°p,  Bg = py*p’y,
Gp=by’b*y, Gy =pb’p’b,  Gp=yp’y’p,

Yp =gb’g’h,  Yp=pg*p’g, </ Yarmpb’ph.
We denote the set consisting of these twelve séries of moves by

G = {Xjleach of X, I is one of the four colors Y, By P,G and X # I}

Lemma 5.1. Fach X is an_element in the subgroup E.

Proof. According to the definitions above,
X, = wzw?z,

where w, z € {y;b,p, g} and each-of w, z is rotate some big corner, a corner
piece and middledayer below it, by 120° clockwise. Then w and w? rotate the
corresponding big corner by a full circle and thus keep the face pieces involved
in original/positions. Similarly, z and 2?2 rotate the corresponding big corner by
a full circle. Hence X} = wz?w?z keeps every face piece in its original position,
i.e.X; €E.

1

Now we have a new generating set of the subgroup E as follows.
Theorem 5.2. The subgroup E is generated by 9.

Proof. Now we show that each of , b, P, g is generated by ¥.
By the action of P on .#& defined in section 4, we have

f@):( PY YB GP BG BP GY

Moreover, we have

BP PY GP BG YB GY)

(V) = BP PY GP BG YB GY
B) = BP YB GP BG GY PY
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and

F(By) = BP PY GP BG YB GY
Y;= BG PY GP YB BP GY )

Then we have f(g) = f(By)f*(Ys)f*(By)f(Yp) and thus

G = ByY;BiYg,

since the group homomorphism f is injective. Similarly, we could show" 7, b, P
are also generated by ¢.

So ¢ is a generating set of the subgroup E.

O

6. PROPERTIES OF ELEMENTS IN E

From the action of E on the signed edge.piece position set/ .7 &, it is easy to
observe that E is a subgroup of the signed permutation group.

Proposition 6.1. The group E, consisting of all series of moves fizing corner
pieces and face pieces, is isomorphic to a subgroup of the Coxeter group SP of
type B.

Proof. Set £BP =41, £PY = +2 £GP = +3, £BG = +4, £YB =
+5 and =GY = +£6. Then the injective group homomorphism f : E —
Perm(.#&) becomes an injective group homomorphism

f:E — Perm({£1,+2, £3, +4, £5, +6}).

Moreovers for'any a. € E and XU € /&, the fact a.(—XU) = —a(XU)
implies‘that
f(e)(=XU) = F(a)(=XU)

=a.(—XU)

= —a.(XU)

= —F()(XU)

= —f(a)(XU)
and hence f(a)(—i) = —f(a)(i) for ¢ € {£1,£2, £3, +4, £5,+6}.
So the map h is an injective group homomorphism from E to the Coxeter group

SE of type B.
O

Now let us explore more properties of elements in E.
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6.1. Even-signed permutations. We want to show that the image of any
element in E is an even-signed permutation.
Let a be an arbitrary element in E. We have f(«) is a signed permutation of

& = {BP, PY,GP,BG,Y B,GY}.

If f(a)(XU)=WZ, this means the series of moves take the edge piece origi-
nally at XU to the edge piece position W Z. And we have UX = —XU. Hence,
if we express f(a) in a two-line notation, the second line of the notation may
contains negative signs.

If we change the order of the alphabets of one element of &, for instance, re-
place BP by PB, we will get a new two-line notation of f(a). Thenumber
of negative signs of the new second line differs by two, or keeps unchanged.
If f(a)(BP) # £BP, then sign of f(a)(BP) changes and the #BP in the
original second line changes to F+PB. For example,

(By) = BP PY GP BG YB GY
Y=\ BG PY GP YB BP \GY

( PB PY GP BG ¥B GY
~\ -BG PY GPANB -PB GY/

If f(a)(BP) = £BP, then the numbeér of.negative'signs of the second line
keeps unchanged. For example,
F(Vy) = BP «PY > GP BG YB GY
B/ \ BP ¥B-GP ‘BG. GY PY

PB PY GP.BG YB GY
PB YB 'GP BG GY PY)’

Proposition 6.2. The image of ‘E wnder the group homomorphism f is a
subgroup of the Cogetersgroup S of type D.

Proof. Forlanarbitrary element o € E, we could find a set &, consisting of
all six edge pieece-positions, such that for each edge piece position XU, either
XU € & or UX € &y, and there is no negative sign on the second line of the
notation‘of f(«) in‘texms of &.

Start, with an edge piece position XU and let XU € &. If f(a)(XU) =W Z,
then let WZ € &, and repeat the previous step. Let f(a) denote the two line
notationof f(«) in terms of &. Then the second line of f(a)y contains no
negative sign.

For-each XU € &, if XU ¢ &, replace XU by UX. Denote the new set by
&1~and denote by f(a); the two-line notation of f(«) in terms of &;. Then
the mumber of negative signs of f(«); differs from that of f(«a)g by 2. Repeat
this process until & = & for some integer k. For any 0 < ¢ < k, the number
of negative signs of f(«);_; differs from that of f(a); by 2. Hence the number
of negative signs of f(a) differs from that of f(a)p by an even number. Note
that f(a)y is the two-line notation of f(«) in terms of &. So we conclude that,
in terms of &, any element o € E corresponds to an even signed permutation
f(a).

O
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Therefore, we showed that the group E is isomorphic to a subgroup of SZ,
the even-signed permutation group or the Coxeter group of type D.

6.2. Length of a signed permutation. Fix the setting +BP = +1, +PY =
+2, +GP =43, £BG = +4, £Y B = 45 and £GY = +6. Consider the'Cox-
eter structure of SP, for an arbitrary element a € E, f(a) has a reduced
expression and a length. We are going to show f(«) has an even length.

Lemma 6.3. For any two signed permutations with even lengthsy their product
also has a reduce expression with even length.

Proof. Let w be a signed permutations of even length and admit.the reduced
expression

W = 84 Siy " S

where k is an even positive number. Let 7. be a signed permutation of length
2 and with reduced expression 7 = s}, 54"

Let 0 = sj,w. By Proposition 2.3 ]2]<he length function, (o) = ¢(w) £ 1 and
thus o is of odd length.

Similarly, 7 o w = s;,0. By Proposition 2.3 [2] the length function, {(7 o w) =
¢(o) £ 1. So T ow is of even length.

O

Proposition 6.4.. For any « € E} the reduced expression of f(«) has an even
length.

Proof. Consider the generatorsin ¢. It is sufficient to consider By, Pg, Py, Y5.
In Theorem 81, we preve these four elements generate the group E.

F(By) = BP PY GP BG YB GY
Y;= BG PY GP YB BP GY

B 1 23 456
o 4 2 3 516
The reduced expression of f(By) is $35251528354.

(Py) = BP PY GP BG YB GY
Y;= PY GP BP BG YB GY

/123456
“\ 231456
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The reduced expression of f(Py) is $1$s.

F(Py) — BP PY GP BG YB GY
(Ps) = PY —-GP —-BP BG YB GY

(1 2 3 456
o 2 -3 -1 4 5 6
The reduced expression of f(Ppg) is $9$152515051.

(¥y) = BP PY GP BG YB GY
B)=\ BP YB GP BG GY PY

(123456
o 1 53 4 6 2
The reduced expression of f(Yp) is $45352838485.

We could check that all these generators correspond to_signed permutations
with even lengths. By Lemma 6.3, for any o € E, « is a'product of generators

and thus is of even length.
O

6.3. Impossible arrangements. Using Preposition 6.2 and Proposition 6.4,
we could show that somedarrangements are impossible in a magic pyramid
puzzle. For instance, it is.impossible to have three edge pieces on the pink face
in the order BP, GP, PY and with other pieces in place, which is expressed by

BPPY~“GP BG YB GY
BP GP PY BG YB GY

{1 23456
132456
=S9.

It is a permutation of odd length. Hence it is impossible for this arrangement
to'show up in a magic pyramid puzzle.

7. THE PINK FACE SUBGROUP

Consider the three series of moves Pg, Py, Pg.

F(Py) = BP PY GP BG YB GY
B = PY —-GP —-BP BG YB GY

(1 2 3 456
“\2 3 -145%6
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Py = BP PY GP BG YB GY
Y=\ PY GP BP BG YB GY

(123456
“\ 231456

(P BP PY GP BG YB GY
G) = -PY GP —-BP BG YB GY

B 1 2 3 456

- ( -2 3 -1 4 5 6)
Note that Pg, Py, P move merely the edge pieces BP, PY,GP on the pink
face and fix edge pieces at other three edge piece positions BGs/GY,Y B.. So
f(Pg), f(Py), f(Pg) are also signed permutations of { BP; PY, G P} or {1,2, 3}.
Hence {Pg, Py, Pg} generates a group isomorphic to-a subgroup of Coxeter

group S¥. Since this group corresponds to the permutations of the edge pieces
on the pink face; we call this group by the pink face subgroup of E.in this paper.

7.1. Generators and relations of the pink face subgroup of E. The pink
face subgroup of E is generated by {Pgs Py, Pe}. But'we could reduce to two
generators.

Proposition 7.1. The pink face subgroup of Evis-generated by Pg and Py.
Proof. From the computation

e ./ (- 'BP P¥Y GP BG YB GY\’
J(Fe) = J(Ee) _< ~-PY\GP -BP BG YB GY)

BP PY GP BG YB GY
-GP —-BP PY BG YB GY
= f(P)f(FPy) = f(PsPy),

it follows that (Pg)*="PgPy. So the pink face subgroup is generated by
Py \Py.

tJ

Next we explore the relations of these two generators. First, each of these two
generators is of order 3, i.e.

(Pp)® =1 and (Py)® = 1.
Next; we could check that

Pg = Py(Pg)*Py,
which is equivalent to the relation
Py = Pp(Py)*Pg.

The last relation is
Py PgPy = PPy Pg.
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The pink face subgroup is

(Pg, Py|(Pg)’ = (Pv)’ = 1, Py = Py(Pg)’ Py, Py PgPy = PpPy Pg).

7.2. A list of all the elements of the pink face subgroup. By the gen-
erators and relations above, we list all the elements of the pink face subgroeup.
First, we have the identity 1 in the subgroup

BP PY GP
fm:(<m3pycm)

(123
12 3)

BP PY./.GP
fU%):< PY « £GP —BP)

23
~ W3 1

=/505152515051,

We also have Pg, Py

) =\~py cp BP

G123
=231

= 5182,

_( BP.PY GP)

and their inverses (Pp)?; (Py)?

BP PY GP
f“%):( ~GP BP —PY)
(1 2 3
- -3 1 =2
= 515051525150,

BP PY GP
fgﬁy—( GP BP PY)

(123
312

= S§951.
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We also have PgPy

BP PY GP
f<PBPY):( GP -BP —PY)

B 1 2 3

N 3 -1 =2

= 515051505251,
and Py Pg in the pink face subgroup

BP PY GP
f(PYPB):( ~GP -BP PY)

(1 2 3
N -3 -1 2
= S50525150-

The series of moves PgPy PPy is as follows.

BP PY GP
f(PBPYPBPY):< “pPY  —GP BP)

4 1 2 3

¢ =2 —3u1

= 8515052515081 -
The series of moves Py Py Pg is as follows.

BP PY GP
f(PYPBPYPB):< —-PY GP —BP)

“( 1 2 3
-2 3 1

= 50S515250.

15

Theelements Pg Py, Py Pg, Pg Py Pg Py, Py Pg Py Pg are of order 3. Moreover,

(PgPy)™' = PyPyPgPy
and

(PyPg)~!' = Py PgPy Pp.
The series of moves PPy Py is as follows.

BP PY GP
f(PBPYPB>_< _BP —PY GP)

(1 2 3
-1 203

= 51505150-
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The series of moves (Pg)?Py is as follows.

BP PY GP
f<P§PY):( —BY PY —BP)

(1 2 3
a -1 2 =3
= 5059251525051 -

The series of moves Pg(Py)? is as follows.

BP PY GP
f(PBpﬁa):( BP —-PY —GP)

(1 2 3
- 1 -2 -3
= 8§15950515250S5152.

The three elements, PPy Py, (Pg)*Py, Pp(Py)?,sate of order 2

In summary, the pink face subgroup consists of- 12" elements, which are all
the even-signed permutations of {1,2,3} of even length.

8. GENERATORS AND RELATIONS OF E

By Theorem 5.1, we showed«that the-subgroup E is generated by ¢. In this
section, we are going toreduce the number of generators to four.

Theorem 8.1. The-group E is generated by { By, P, Py,Ygp}.

Proof. Let X, Z, UW € {¥,B,P,G} and X, Z, U, W are distinct. From
section 7, we know { X7, Xy, Xw} generates the X face subgroup of E. For
each color X' ituis/sufficient to use two generators of { Xz, Xy, Xy} to generate
the third one.

Moreover, we haye

(1) Ba = PPy PpBy PPy P,

(2) Yo = Py PpPyYpPy PpPy

and

(3) Gp = Py(By)*(Ys)*By(Py).

In section 7, we verified P; = PPy PgPy. Hence we have
(4) Gy = PoPpPcGpPsPpFs.

Now we verified that { By, Pg, Py, Yp} generates two generators for each color
and thus generates the group E.
O

We explore the relations among {By, Pg, Py,Yg} in the following. We will
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use X, W, I,J € {Y,B,P,G}

(i) We have the elements in the following form are of order 2. For X # W,
X #Tand W #£ J,
((XI)711/1/:])(11/1/:])2 =1.
(ii) We have relations in the following form, for X # W, X # I and W # J,
X (WHEX (WH)EX = (W)EX (W) EX(W,)~.
For example, we have the relations
Py(By)*Py(By)*Py = (By)*Py(By)*Py(By)*
Pg(By)*Pg(By)*Pg = (By)*Pg(By)*Pg(By)*
(iii) We have relations in the following form, for X # W, X # Land W% J,
(X)W (X)) TW(X0)* = (W) (X )W)
For example, we have the relation
By (Pg) Y (By) '(Pg) 'By.= PgBy Pg.
(iv) We have
PpBy(Pp)? = Py By (Py)*< (Y5)*(By)*YsBy,
and
(Pp)*YpPp = (Py ) YsPy = YpBy (Y5)*(By)>.
(v) In addition, we have the relations

By (Yp)*(By)*Ys <R (By)APy)’By = Y5(Pg)*(Y5)*Pp

and
ByYBBYyBByYB = YBPBYBPB'

9. FUTURE WORK

We'haye showed that-the pink face subgroup is isomorphic to the subgroup
of Coxeter group S, which consists of all the even-signed permutations of
even length. Coxeter groups of type B and type D are related to many top-
ics, for instance Weyl groups of Lie algebras and Hecke algebras [6]. We will
explore theirelations between the group of magic pyramid group or the pink
face subgroup and other areas of mathematics.
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