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Crystals arising from the representations of
quantum groups in the Gelfand-Tsetlin basis

Hongzhou Wu
In this paper, we consider irreducible finite-dimensional representations of the

Drinfeld-Jimbo quantum group Uq(gln) which are expressible in the Gelfand-Tsetlin
basis. Our first result is that as q → 0, the leading asymptotics of the Chevalley
generators of Uq(gln) under the representations give rise to a gln-crystal structure.
Our second result is an interpretation of the known cactus group symmetry of a gln-
crystal via simple involutions on the representations.
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2.2 Extensions of the operators Ẽk, F̃k to the whole set PGZ(λ) . . . . . . . . 9
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1 Introduction and main results

Quantum groups were first formulated in physics, particularly by the Leningrad school,
from the inverse scattering method. The Drinfeld-Jimbo quantum groupsUq(g), which are
deformations of the universal enveloping algebras of Lie algebras g, were introduced inde-
pendently by Drinfeld and Jimbo around 1985. In the past 20 years, numerous applications
in different branches of mathematics and mathematical physics have been found, such as
solvable lattice models in statistical mechanics, the theory of knot invariants, represen-
tation theory of Lie algebras, topological quantum field theory, geometric representation
theory, C∗-algebras, and others.

The theory of crystal basis, also known as canonical basis, was introduced indepen-
dently by Kashiwara [3, 4] and Lusztig [5]. Apart from being a powerful combinatorial
and geometric tool in studying the representations of quantum groups and the underly-
ing Lie algebras g, it is closely related to many mathematical subjects. In particular, a
g-crystal is a finite set, equipped with crystal operators, that models a weight basis for a
representation of g, where the crystal operators indicate the leading order behaviour of the
simple root vectors on the basis under the crystal limit q → 0 in the quantum group Uq(g).

This paper provides an elementary derivation of a gln-crystal using the q → 0 leading
asymptotics of a q-family of representation of Uq(gln) on a vector space. The representa-
tion used here was introduced by Appel and Gautam [1], and since the q-family of repre-
sentation has rather explicit formulae, we compute their q → 0 leading asymptotics. Our
first main result is to properly characterize the leading asymptotics, and to verify that it is
indeed a gln-crystal. Based on this new realization of the crystals, our second main result
is to interpret the known complicated cactus group action on a gln-crystal, introduced by
Berenstein and Kirillov [2], using simple involution symmetry on representations.

1.1 Quantum group

The Drinfeld-Jimbo quantum group Uq(gln) is a unital associative algebra with generators
q±Hi , Ej, Fj , where 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1, and relations:

• for each 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1,

qHiq−Hi = q−HiqHi = 1,

qHiEjq
−Hi = qδij q−δi,j+1Ej,

qHiFjq
−Hi = q−δij qδi,j+1Fj;

• for each 1 ≤ i, j ≤ n− 1,

[Ei, Fj] = δij
qHi−Hi+1 − q−Hi+Hi+1

q − q−1 ;

1
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• for |i− j| = 1,
E2

i Ej − (q + q−1)EiEjEi + EjE
2
i = 0,

F 2
i Fj − (q + q−1)FiFjFi + FjF

2
i = 0;

• and for |i− j| ̸= 1,
[Ei, Ej] = [Fi, Fj] = 0.

1.2 gln-crystals

As shown byKashiwara [3, 4], q inUq(gln) is a parameter of temperature in the 2-dimensional
solvable model, and q = 0 corresponds to the absolute temperature zero. Because of the
special nature of the absolute temperature zero, we considered a connection to crystal
bases. The combinatorial structure of a crystal base is encoded by a gln-crystal, and inves-
tigation showed that the representations of Uq(gln) have crystal bases at q = 0.

Let P = {a1V1 + · · · + anVn | ai ∈ Z} denote the lattice spanned by n independent
vectors V1, ..., Vn, where ⟨Vi, Vj⟩ := δij are standard inner products. Thus,

Definition 1.1. A gln-crystal is a finite set B along with maps

wt : B → P,

Ẽi, F̃i : B → B ∪ {0}, i ∈ I,

εi, ϕi : B → Z ∪ {−∞}, i ∈ I,

such that for all b, b′ ∈ B and i ∈ I ,

(1) F̃i(b) = b′ if and only if b = Ẽi(b′), in which case

wt(b′) = wt(b)− Vi + Vi+1,

εi(b′) = εi(b) + 1,

ϕi(b′) = ϕi(b)− 1;

(2) ϕi(b) = εi(b) + ⟨wt(b), Vi − Vi+1⟩, and if ϕi(b) = εi(b) = −∞, then Ẽi(b) =
F̃i(b) = 0.

Here wt is the weight map, and Ẽi, F̃i are Kashiwara operators or crystal operators.

1.3 Representation of quantum groups in the Gelfand-Tsetlin basis

A Gelfand-Tsetlin pattern Λ is a collection of numbers {λx,y}1≤y≤x≤n satisfying the inter-
lacing conditions

λi+1,j+1 − λi,j ∈ Z+ and λi,j − λi+1,j ∈ Z+ for i, j ∈ Z+, 1 ≤ j ≤ i < n, (1)
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as shown in Figure 1.

Figure 1: The Gelfand-Tsetlin pattern Λ

Given any n-tuple λ = (λ1, ..., λn) where λ1 > · · · > λn, let us consider the vector
space L(λ) spanned by the symbols ξΛ, where Λ are all possible Gelfand-Tsetlin patterns
with fixed λn,n+1−i = λi where i = 1, ..., n. Then

Theorem 1.2. [1] φ is a representation of the algebra Uq(gln) on the vector space L(λ)
defined by

φ (Ek) = ℏ
q − q−1

k∑
i=1

∏k−1
a=1 G+

(
ζ

(k)
i − ζ(k−1)

a − ℏ
2

)∏k+1
b=1 G+

(
ζ

(k)
i − ζ

(k+1)
b − ℏ

2

)
∏

c ̸=i G+
(
ζ

(k)
i − ζ

(k)
c

)
G+

(
ζ

(k)
i − ζ

(k)
c − ℏ

) · α(k)
i ,

φ (Fk) = ℏ
q − q−1

k∑
i=1

∏k−1
a=1 G−

(
ζ

(k)
i − ζ(k−1)

a + ℏ
2

)∏k+1
b=1 G−

(
ζ

(k)
i − ζ

(k+1)
b + ℏ

2

)
∏

c̸=i G−
(
ζ

(k)
i − ζ

(k)
c

)
G−

(
ζ

(k)
i − ζ

(k)
c − ℏ

) · β(k)
i ,

φ(Hk) = hk,

where ℏ is a real number such that q = eℏ/2, G±(x) are any functions such that

G−(x) = G+(−x),

G+(x)G−(x) = ex/2 − e−x/2

x
,

and hk, ζ
(k)
i , α

(k)
i , β

(k)
i ∈ End(L(λ)) are operators acting on the basis ξΛ of L(λ),

hk · ξΛ =
(

k∑
i=1

λk,i(Λ)−
k−1∑
i=1

λk−1,i(Λ)
)

ξΛ, (2)

ζ
(k)
i · ξΛ = ℏ

(
λk,k+1−i(Λ)− i + (k + 1)/2

)
ξΛ, (3)

α
(k)
i · ξΛ =

√√√√√− ∏k
l=1,l ̸=i(ζ

(k)
i − ζ

(k)
l )∏k+1

l=1 (ζ(k)
i − ζ

(k+1)
l − 1

2)

∏k
l=1,l ̸=i(ζ

(k)
i − ζ

(k)
l − 1)∏k−1

l=1 (ζ(k)
i − ζ

(k−1)
l − 1

2)
· ξΛ+δk,k+1−i

(4)

β
(k)
i · ξΛ =

√√√√√− ∏k
l=1,l ̸=i(ζ

(k)
i − ζ

(k)
l )∏k+1

l=1 (ζ(k)
i − ζ

(k+1)
l + 1

2)

∏k
l=1,l ̸=i(ζ

(k)
i − ζ

(k)
l − 1)∏k−1

l=1 (ζ(k)
i − ζ

(k−1)
l + 1

2)
· ξΛ−δk,k+1−i

. (5)
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Here, the pattern Λ± δk,i is obtained from the pattern Λ by replacing λk,i with λk,i ± 1.

Note that λk,k+1−i is seen as a function on the set of patterns Λ. In the following,
λk,k+1−i is understood as λk,k+1−i(Λ) for the sake of simplicity.

1.4 gln-crystals arising from the ℏ→ −∞ asymptotics of φ

In this paper, we studied the ℏ→ −∞ asymptotics of the representation φ. Our first main
result shows that

Theorem 1.3. For each k = 1, ..., n − 1, there exist operators Ẽk and F̃k acting on the
basis vectors {ξΛ} of L(λ), such that for any ξΛ there exist two constants c1, c2 and

lim
ℏ→−∞

ec1ℏφ(Ek) · ξΛ = Ẽk(ξΛ), (6)

lim
ℏ→−∞

ec2ℏφ(Fk) · ξΛ = F̃k(ξΛ). (7)

Furthermore, let PGZ(λ) denote the set of all basis vectors ξΛ in the vector space L(λ).
Then, the finite set PGZ(λ) with the maps wt and Ẽk, F̃k, εk, ϕk for k = 1, ..., n − 1, is a
gln-crystal. Here

wt (ξΛ) =
n∑

k=1

(
k∑

i=1
λk,i −

k−1∑
i=1

λk−1,i

)
· Vk, (8)

and

εk(ξΛ) = max{j ∈ Z≥0 | Ẽj
k(ξΛ) ̸= 0}, (9)

ϕk(ξΛ) = max{j ∈ Z≥0 | F̃ j
k (ξΛ) ̸= 0}. (10)

1.5 Cactus group actions on gln-crystals

Definition 1.4. The Cactus group Cactn is generated by elements σij , 1 ≤ i < j ≤ n,
subject to the relations

σ2
ij = 1 if 1 ≤ i < j ≤ n,

σijσkl = σklσij if j < k,

σijσklσij = σi+j−l,i+j−k if i ≤ k < l ≤ j.

(11)

Let σi := σ1,i+1 for 1 ≤ i ≤ n − 1, so σ2
i = 1. Also, the elements σ1, ..., σn−1 generate

the Cactus group.

In [2], Berenstein andKirillov found an action of the cactus group on the set of Gelfand-
Tsetlin patterns, so

4
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Theorem 1.5. [2] Let us define the actions tj for j = 1, ..., n − 1 on the set of Gelfand-
Tsetlin patterns

tj(λk,i) = λk,i for k ̸= j, (12)

tj(λj,i) = min(λj+1,i+1, λj−1,i) + max(λj+1,i, λj−1,i−1)− λj,i, (13)

where λj,0 = −∞ and λj,j+1 = +∞. Then qj := t1t2t1t3t2t1...tjtj−1...t1 defines an
action of the cactus group Cactn on the finite set of Gelfand-Tsetlin patterns.

Since the set of patterns and the set of basis vectors have a one-to-one correspondence,
we will not distinguish between a pattern Λ and its corresponding basis vector ξΛ in the
rest of this paper. Similarly, we will not distinguish between the operators on the patterns
{Λ} and on their corresponding basis vectors {ξΛ}. For example, we can think of tj as
elements in End(L(λ)), defined by

tj(ξΛ) := ξtj(Λ) for any basis vector ξΛ ∈ L(λ),

where the numbers of the pattern tj(Λ) are given on the right-hand sides of (12) and (13).
Thus, equivalent to Theorem 1.5, qi := t1t2t1t3t2t1...titi−1...t1 for i = 1, ..., n− 1 defines
an action of the cactus group Cactn on the set PGZ(λ) of basis vectors.

1.6 The lift of cactus group actions on the representations

Motivated by Theorem 1.3, we introduce

Definition 1.6. Given any continuous family of representation ρ : Uq(gln)→ End(L(λ))
for q = e

ℏ
2 ∈ (0,∞), if for each k = 1, ..., n − 1, there exist operators Ẽρ

k and F̃ ρ
k acting

on the basis vectors {ξΛ} of L(λ), such that for any ξΛ there exist two constants c1, c2 and

lim
ℏ→−∞

ec1ℏρ(Ek) · ξΛ = Ẽρ
k(ξΛ), (14)

lim
ℏ→−∞

ec2ℏρ(Fk) · ξΛ = F̃ ρ
k (ξΛ), (15)

then we define the operators Lead(ρ(Ek)) := Ẽρ
k and Lead(ρ(Fk)) := F̃ ρ

k as the leading
asymptotics operators.

Theorem 1.7. The maps

φτ (Ej) := −φ(Fn−j) for j = 1, ..., n− 1,

φτ (Fj) := −φ(En−j) for j = 1, ..., n− 1,

φτ (Hi) := −φ(Hn+1−i) for i = 1, ..., n,

5
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define a representation of Uq(gln) on the vector space L(λ). Furthermore, the leading
asymptotics operators Lead(φτ (Ej)) and Lead(φτ (Fj)) exist, and we have

Lead(φ(Ej)) ◦ qn−1 = qn−1 ◦ Lead(φτ (Ej)), (16)

Lead(φ(Fj)) ◦ qn−1 = qn−1 ◦ Lead(φτ (Fj)). (17)

2 The proof of Theorem 1.3

2.1 The leading asymptotics of φ(Ek) and φ(Fk)

Consider the functions

G±(±x) =
√

ex/2 − e−x/2

x
,

which can be easily verified to satisfy

G−(x) = G+(−x),

G+(x)G−(x) = ex/2 − e−x/2

x
.

By Theorem 1.2, we have an explicit representation of Uq(gln) on the vector space L(λ).
Thus, let us directly compute the leading asymptotics of the actions of φ(Ek), φ(Fk) on
the basis vector ξΛ.

Lemma 2.1. For i = 1, ..., k,

4 lim
ℏ→−∞

1
ℏ

ln
∏k−1

a=1 G+
(
ζ

(k)
k+1−i − ζ(k−1)

a − ℏ
2

)∏k+1
b=1 G+

(
ζ

(k)
k+1−i − ζ

(k+1)
b − ℏ

2

)
∏

c ̸=k+1−i G+
(
ζ

(k)
k+1−i − ζ

(k)
c

)
G+

(
ζ

(k)
k+1−i − ζ

(k)
c − ℏ

) · ξΛ+δk,i

=−

k−1∑
j=i

λk−1,j −
i−1∑
j=1

λk−1,j +
k+1∑

j=i+1
λk+1,j −

i∑
j=1

λk+1,j − 2
k∑

j=i+1
λk,j + 2

i−1∑
j=1

λk,j + 1

 ,

and

4 lim
ℏ→−∞

1
ℏ

ln
∏k−1

a=1 G+
(
ζ

(k)
k+1−i − ζ(k−1)

a + ℏ
2

)∏k+1
b=1 G+

(
ζ

(k)
k+1−i − ζ

(k+1)
b + ℏ

2

)
∏

c ̸=k+1−i G+
(
ζ

(k)
k+1−i − ζ

(k)
c

)
G+

(
ζ

(k)
k+1−i − ζ

(k)
c − ℏ

) · ξΛ−δk,i

=−

k−1∑
j=i

λk−1,j −
i−1∑
j=1

λk−1,j +
k+1∑

j=i+1
λk+1,j −

i∑
j=1

λk+1,j − 2
k∑

j=i+1
λk,j + 2

i−1∑
j=1

λk,j + 1

 .

Proof. Since G±(x) =
√

eℏx/2−e−ℏx/2

ℏx
,

4 lim
ℏ→−∞

1
ℏ

ln G±(ℏx) = 4 lim
ℏ→−∞

1
ℏ

ln
√

eℏx/2 − e−ℏx/2

ℏx
= −|x|
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Thus, by the defining identities (3), (4), (5), direct computation yields

4 lim
ℏ→−∞

1
ℏ

ln
∏k−1

a=1 G+
(
ζ

(k)
i − ζ(k−1)

a − ℏ
2

)∏k+1
b=1 G+

(
ζ

(k)
i − ζ

(k+1)
b − ℏ

2

)
∏

c ̸=k+1−i G+
(
ζ

(k)
i − ζ

(k)
c

)
G+

(
ζ

(k)
i − ζ

(k)
c − ℏ

) · ξΛ+δk,k+1−i

=−
k−1∑
a=1

∣∣∣∣λk,k+1−i − i− λk−1,k−a + a− 1
2

∣∣∣∣− k+1∑
b=1

∣∣∣∣λk,k+1−i − i− λk+1,k+2−b + b− 1
2

∣∣∣∣
+

k∑
c=1
|λk,k+1−i − i− λk,k+1−c + c|+

k∑
c=1
|λk,k+1−i − i− λk,k+1−c + c− 1|

=−
i−1∑
a=1

(
λk−1,k−a − a− λk,k+1−i + i + 1

2

)
−

k−1∑
a=i

(
λk,k+1−i − i− λk−1,k−a + a− 1

2

)

−
i∑

b=1

(
λk+1,k+2−b − b− λk,k+1−i + i + 1

2

)
−

k+1∑
b=i+1

(
λk,k+1−i − i− λk+1,k+2−b + b− 1

2

)

+ 2
i−1∑
c=1

(
λk,k+1−c − c− λk,k+1−i + i− 1

2

)
+ 2

k∑
c=i+1

(
λk,k+1−i − i− λk,k+1−c + c− 1

2

)

=
k−i∑
j=1

λk−1,j −
k−1∑

j=k−1+i

λk−1,j −
k+1∑

j=k+2−i

λk+1,j +
k+1−i∑

j=1
λk+1,j + 2

k∑
j=k+2−i

λk,j − 2
k−i∑
j=1

λk,j − 1,

where the second identity follows from the interlacing conditions (1). Similarly,

4 lim
ℏ→−∞

1
ℏ

ln
∏k−1

a=1 G+
(
ζ

(k)
k+1−i − ζ(k−1)

a + ℏ
2

)∏k+1
b=1 G+

(
ζ

(k)
k+1−i − ζ

(k+1)
b + ℏ

2

)
∏

c ̸=k+1−i G+
(
ζ

(k)
k+1−i − ζ

(k)
c

)
G+

(
ζ

(k)
k+1−i − ζ

(k)
c − ℏ

) · ξΛ−δk,k+1−i

=
k−i∑
j=1

λk−1,j −
k−1∑

j=k−1+i

λk−1,j −
k+1∑

j=k+2−i

λk+1,j +
k+1−i∑

j=1
λk+1,j + 2

k∑
j=k+2−i

λk,j − 2
k−i∑
j=1

λk,j − 1.

To simplify, we introduce

Definition 2.2. For i = 1, ..., k, define function gΛ(k, i) as

gΛ(k, i) =
k−1∑
j=i

λk−1,j−
i−1∑
j=1

λk−1,j +
k+1∑

j=i+1
λk+1,j−

i∑
j=1

λk+1,j−2
k∑

j=i+1
λk,j + 2

i−1∑
j=1

λk,j + 1.

The function gΛ(k, i) is a linear combination of the numbers in rows k + 1, k, k− 1 of
Λ, where the sign of each number is determined by its position relative to λk,i, as shown
in Figure 2.

7

仅
用
于

20
22
丘
成
桐
中
学
科
学
奖
公
示

20
22

 S.-T
. Y

au
 H

igh
 Sch

oo
l S

cie
nc

e A
ward

s



Figure 2: A graphical representation of gΛ(k, i) (Red:+; Blue:−)

Proposition 2.3. If l is the only index such that gΛ(k, l) is maximized:

gΛ(k, l) = max{gΛ(k, k), ..., gΛ(k, 1)},

then

lim
ℏ→−∞

eℏgΛ(k,l)/4φ(Ek) · ξΛ = ξΛ+δkl
, (18)

lim
ℏ→−∞

eℏgΛ(k,l)/4φ(Fk) · ξΛ = ξΛ−δkl
. (19)

Proof. By Theorem 1.2 and Lemma 2.1, as ℏ→ −∞, we have

φ(Ek)ξΛ →
k∑

i=1
e−ℏgΛ(k,i)/4ξΛ+δki

,

φ(Fk)ξΛ →
k∑

i=1
e−ℏgΛ(k,i)/4ξΛ−δki

.
(20)

If gΛ(k, i) < gΛ(k, j), then as ℏ→ −∞,

e−ℏgΛ(k,i)/4

e−ℏgΛ(k,j)/4 = eℏ(gΛ(k,j)−gΛ(k,i))/4 → 0. (21)

Therefore, the identities (18) and (19) follow from (20) and the assumption that l is the
only index such that gΛ(k, l) is maximized.

Motivated by the above proposition, let us define the function gk, where k = 1, ..., n−
1, on the finite set PGZ(λ) as

gk(Λ) = max{gΛ(k, k), ..., gΛ(k, 1)}.

Definition 2.4. If there only exists one index lk such that gΛ(k, lk) = gk(Λ) for k =
1, ..., n− 1, then a pattern Λ ∈ PGZ(λ) is referred to as generic. Then, the leading asymp-
totics of φ(Ek) and φ(Fk) given in Proposition 2.3 define operators Ẽk and F̃k on the set
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of generic patterns as

Ẽk(ξΛ) = ξΛ+δk,lk
, (22)

F̃k(ξΛ) = ξΛ−δk,lk
. (23)

2.2 Extensions of the operators Ẽk, F̃k to the whole set PGZ(λ)

Consider the difference between gΛ(k, i) and gΛ(k, i + 1):

gΛ(k, i + 1)− gΛ(k, i) = −2λk−1,i + 2λk,i + 2λk,i+1 − 2λk+1,i+1.

Thus, gΛ(k, i + 1) = gk(Λ) ≥ gΛ(k, i) only if λk,i + λk,i+1 ≥ λk−1,i + λk+1,i+1. Also,
if gΛ(k, i) < gk(Λ), then gΛ(k, i) ≤ gk(Λ) − 2, because λk,i+1 − λk+1,i+1 ∈ Z+ and
λk−1,i − λk,i ∈ Z+. When either gΛ(k, i + 1) = gk(Λ) or gΛ(k, i) = gk(Λ), consider the
effects of Ẽk and F̃k on the pattern Λ, as shown in Figure 3.

(a) The effect of Ẽk when gΛ(k, i + 1) = gk(Λ) (b) The effect of Ẽk when gΛ(k, i) = gk(Λ)

(c) The effect of F̃k when gΛ(k, i + 1) = gk(Λ) (d) The effect of F̃k when gΛ(k, i) = gk(Λ)

Figure 3: The effects of Ẽk, F̃k on the pattern Λ (the number line←− goes from right to
left)

Suppose that gΛ(k, x) = gΛ(k, y) = gk(Λ) for some x, y ∈ Z+, 1 ≤ x < y ≤ k.
Thus, consider the constituent patterns Λ1 = Λ + δk,y and Λ2 = Λ + δk,x of Ẽk(ξΛ).
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For both Λ1 and Λ2,

gΛ1(k, y) = gΛ(k, y), gΛ1(k, x) = gΛ(k, x)− 2 =⇒ gΛ1(k, y) > gΛ1(k, x),
gΛ2(k, y) = gΛ(k, y) + 2, gΛ2(k, y) = gΛ(k, y) =⇒ gΛ2(k, y) > gΛ2(k, x),

so Ẽk(ξΛ1) and Ẽk(ξΛ2) will move (+δk,y or some other numbers) together. Thus, to
maintain stability, let Ẽk(ξΛ) = ξΛ+δk,l

where l is the largest index such that gΛ(k, l) is
maximized.

Similarly, consider the constituent patterns Λ3 = Λ− δk,y and Λ4 = Λ− δk,x of F̃kξΛ.
For both Λ3 and Λ4,

gΛ3(k, x) = gΛ(k, x) + 2, gΛ3(k, y) = gΛ(k, y) =⇒ gΛ3(k, x) > gΛ3(k, y),
gΛ4(k, x) = gΛ(k, x), gΛ4(k, y) = gΛ(k, y)− 2 =⇒ gΛ4(k, x) > gΛ4(k, y),

so F̃k(ξΛ3) and F̃k(ξΛ4) will move (−δk,x or some other numbers) together. Thus, to main-
tain stability, let F̃k(ξΛ) = ξΛ−δk,r

where r is the smallest index such that gΛ(k, r) is
maximized.

Therefore, for the sake of stability,

Definition 2.5. Extend the operators given in Definition 2.4 to the whole set PGZ(λ) as

Ẽk(ξΛ) = ξΛ+δk,l
, where l is the largest index such that gΛ(k, l) is maximized,

F̃k(ξΛ) = ξΛ−δk,r
, where r is the smallest index such that gΛ(k, r) is maximized.

2.3 The datum (PGZ(λ) = {ξΛ}, wt, Ẽk, F̃k, εk, ϕk) is a gln-crystal

Recall that Ẽk and F̃k are given in Definition 2.5, and εk, ϕk and wt are given by

εk(ξΛ) = max{j ∈ Z≥0 | Ẽj
k(ξΛ) ̸= 0},

ϕk(ξΛ) = max{j ∈ Z≥0 | F̃ j
k (ξΛ) ̸= 0},

wt (ξΛ) =
n∑

k=1

(
k∑

i=1
λk,i −

k−1∑
i=1

λk−1,i

)
· Vk.

Then, we will prove that they satisfy the conditions (1) and (2) in Definition 1.1.

2.4 The proof of Condition (1) in Definition 1.1

For pattern X , consider a pattern Y such that ξY = Ẽk(ξX). Let l ∈ Z+, 1 ≤ l ≤ k be the
largest index where gX(k, l) is maximized, so yk,l = xk,l + 1. Thus, gY (k, l) = gX(k, l),
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and for i = 1, ..., k, i ̸= l,

gY (k, i) =

gX(k, i) + 2 if i > l,

gX(k, i)− 2 if i < l.

Also,gX(k, i) < gX(k, l) if i > l,

gX(k, i) ≤ gX(k, l) if i < l,
=⇒

gX(k, i) + 2 ≤ gX(k, l) if i > l,

gX(k, i)− 2 < gX(k, l) if i < l,

so gY (k, i) = gX(k, i) + 2 ≤ gX(k, l) = gY (k, l) if i > l,

gY (k, i) = gX(k, i)− 2 < gX(k, l) = gY (k, l) if i < l.

Thus, i = l is the smallest index where gY (k, i) is maximized, so F̃k(ξY ) = ξX .
Similarly, consider a pattern Z such that F̃k(ξZ) = ξX . Let r ∈ Z+, 1 ≤ r ≤ k be the

smallest index where gZ(k, r) is maximised, so xk,r = zk,r−1. Thus, gX(k, r) = gZ(k, r),
and for i = 1, ..., k, i ̸= r,

gX(k, i) =

gZ(k, i)− 2 if i > r,

gZ(k, i) + 2 if i < r.

Also,gZ(k, i) ≤ gZ(k, r) if i > r,

gZ(k, i) < gZ(k, r) if i < r,
=⇒

gZ(k, i)− 2 < gZ(k, r) if i > r,

gZ(k, i) + 2 ≤ gZ(k, r) if i < r,

so gX(k, i) = gZ(k, i)− 2 < gZ(k, r) = gX(k, r) if i > r,

gX(k, i) = gZ(k, i) + 2 ≤ gZ(k, r) = gX(k, r) if i < r.

Thus, i = r is the largest index where gX(k, i) is maximized, so Ẽk(ξX) = ξZ .
Both i = l and i = r are the largest index where gX(k, i) is maximized, so l = r. Thus,

yk,l = xk,l + 1 = xk,r + 1 = zk,r, so Y = Z. Therefore, Ẽk(ξX) = ξY ⇐⇒ F̃k(ξY ) = ξX .

2.5 The proof of Condition (2) in Definition 1.1

First, by the definition of wt(ξΛ) given in (8),

⟨wt (ξΛ) , Vk − Vk+1⟩ = 2
k∑

i=1
λk,i −

k−1∑
i=1

λk−1,i −
k+1∑
i=1

λk+1,i.
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Then, letλi,0 = −∞ andλi,i+1 = +∞ for i = 1, ..., n, and let xj = min(λk+1,j+1, λk−1,j)
and yj+1 = max(λk+1,j+1, λk−1,j) for j = 0, ..., k. Since xj + yj+1 = λk+1,j+1 + λk−1,j ,

gΛ(k, j + 1)− gΛ(k, j)
=2(−λk−1,j + λk,j + λk,j+1 − λk+1,j+1)
=2
(
(λk,j+1 − yj+1)− (xj − λk,j)

)
.

Also, λk+1,j+1−λk,j, λk,j+1−λk−1,j ∈ Z+ and λk,j+1−λk+1,j+1, λk−1,j−λk,j ∈ Z+, so
λk,j+1−yj+1 ≥ 1 and xj−λk,j ≥ 1. Thus, if λk,j = xj−1, then gΛ(k, j+1)−gΛ(k, j) ≥ 0,
so Ẽk(ξΛ) = 0 if and only if gΛ(k, k) = gk(Λ) and λk,k = λk+1,k+1 − 1. Similarly, if
λk,j+1 = yj + 1, then gΛ(k, j + 1)− gΛ(k, j) ≤ 0, so F̃k(ξΛ) = 0 only if gΛ(k, 1) = gk(Λ)
and λk,1 = λk+1,1 + 1.

Let l1 be the largest index such that gΛ(k, l1) = gk(Λ), and let r1 be the smallest index
such that gΛ(k, r1) = gk(Λ). For i ∈ Z+, let li+1 ∈ [k, li) be the largest index such that

gΛ(k, li+1) = max{gΛ(k, k), ..., gΛ(k, li + 1)},

and let ri+1 ∈ (ri, 1] be the smallest index such that

gΛ(k, ri+1) = max{gΛ(k, ri − 1), ..., gΛ(k, 1)}.

Thus, let X(j+1) be the pattern such that ξX(j+1) = Ẽk(ξX(j)), where X(0) = Λ. Con-
sider row k of patternX(j): x

(j)
k,k, ..., x

(j)
k,2, x

(j)
k,1, and row k of patternX(j+1): x

(j+1)
k,k , ..., x

(j+1)
k,1 .

If x
(j+1)
k,li

= x
(j)
k,li

+ 1, then for t = 1, ..., k,

gX(j+1)(k, t) =


gX(j)(k, t) + 2 if t > li,

gX(j)(k, t) if t = li,

gX(j)(k, t)− 2 if t < li,

so gZ(k, li+1) = gZ(k, li) for a pattern Z such that ξZ = Ẽ
(g

X(j) (k,li)−g
X(j) (k,li+1))/2

k (ξX(j)).
Since lm+1 exists if lm < k and m is finite, lm = k for some m ∈ Z+, so

εk(ξΛ) = λk+1,k+1 − λk,k + 1
2

m−1∑
i=1

(
gΛ(k, li)− gΛ(k, li+1)

)
= 1

2
(
gk(Λ)− gΛ(k, k)

)
− λk,k + λk+1,k+1.

Similarly, let Y (j+1) be the pattern such that ξY (j+1) = F̃k(ξY (j)), where Y (0) = Λ. Con-
sider row k of pattern Y (j): y

(j)
k,k, ..., y

(j)
k,2, y

(j)
k,1, and row k of pattern Y (j+1): y

(j+1)
k,k , ..., y

(j+1)
k,1 .
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If y
(j+1)
k,ri

= y
(j)
k,ri

+ 1, then for t = 1, ..., k,

gY (j+1)(k, t) =


gY (j)(k, t) + 2 if t > ri,

gY (j)(k, t) if t = ri,

gY (j)(k, t)− 2 if t < ri,

so gZ(k, ri+1) = gZ(k, ri) for a patternZ such that ξZ = F̃
(g

Y (j) (k,ri)−g
Y (j) (k,ri+1))/2

k (ξY (j)).
Since rm+1 exists if rm > 1 and m is finite, rm = 1 for some m ∈ Z+, so

ϕk(ξΛ) = λk,1 − λk+1,1 + 1
2

m−1∑
i=1

(
gΛ(k, ri)− gΛ(k, ri+1)

)
= 1

2
(
gk(Λ)− gΛ(k, 1)

)
+ λk,1 − λk+1,1.

Therefore,

ϕk (ξΛ)− εk (ξΛ) = 1
2
(
gΛ(k, k)− gΛ(k, 1)

)
+ λk,1 + λk,k − λk+1,1 − λk+1,k+1

= 2
k∑

i=1
λk,i −

k−1∑
i=1

λk−1,i −
k+1∑
i=1

λk+1,i,

so ϕk (ξΛ)− εk (ξΛ) = ⟨wt (ξΛ) , Vk − Vk+1⟩.

3 The proof of Theorem 1.7

Recall that for i = 1, ..., n− 1, we have defined action ti on the set of patterns Λ (equiva-
lently on the set PGZ(λ) of basis vectors ξΛ):

ti(λk,j) = λk,j for k ̸= i,

ti(λi,j) = min(λi+1,j+1, λi−1,j) + max(λi+1,j, λi−1,j−1)− λi,j.

Before giving a proof of Theorem 1.7, let us study the commutative relations between
tk, qk and Ẽj, F̃j .

3.1 The commutative relation between tk and Ẽj

In this subsection, we prove that

Proposition 3.1. The operators satisfy

tk−1Ẽktk−1 = tkẼk−1tk.
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Proof. For k = 2, ..., n− 1, consider rows k + 1, k, k− 1, k− 2 of pattern Λ, as shown in
Figure 4.

Figure 4: Rows k + 1, k, k − 1, k − 2 of the pattern Λ

In the following, we will compute tkẼk−1tk(ξΛ) and tk−1Ẽktk−1(ξΛ) respectively, and
then show that the results coincide.
Step One: the computation of tkẼk−1tk(ξΛ)

First, consider tk(ξΛ). Let Zk,1 be the pattern such that ξZk,1 = tk(ξΛ), as shown
in Figure 5. For j = 1, ..., k, let βj = min(aj+1, cj) and γj = max(aj, cj−1). Thus,
γj+1 = max(aj+1, cj), so βj + γj+1 = aj+1 + cj .

Figure 5: Rows k + 1, k, k − 1, k − 2 of the pattern Zk,1

Second, consider Ẽk−1tk(ξΛ), as shown in Figure 6. Let i ∈ Z+, 1 ≤ i ≤ k− 1 be the
largest index where gZk,1(k − 1, i) is maximised, so c′

i = ci + 1 and c′
j = cj for j ̸= i.

Figure 6: Rows k + 1, k, k − 1, k − 2 of the pattern of Ẽk−1tk(ξΛ)

Let β′
j = min(aj+1, c′

j) and γ′
j = max(aj, c′

j−1).
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• If j ̸= i, then β′
j = βj and γ′

j+1 = γj+1.

• If ai+1 > ci, then β′
i = c′

i = ci + 1 = βi + 1 and γ′
i+1 = ai+1 = γi+1.

• If ai+1 ≤ ci, then β′
i = ai+1 = βi and γ′

i+1 = c′
i = ci + 1 = γi+1 + 1.

Third, consider tkẼk−1tk(ξΛ), as shown in Figure 7.

Figure 7: Row k of the pattern of tkẼk−1tk(ξΛ)

Let X be the pattern such that ξX = tkẼk−1tk(ξΛ), so

xk−1,j = c′
j for j = 1, ..., k − 1,

xk,j = λk,j + (β′
j − βj) + (γ′

j − γj) for j = 1, ..., k.

Step Two: the computation of tk−1Ẽktk−1(ξΛ)
First, consider tk−1(ξΛ). Let Zk,2 be the pattern such that ξZk,2 = tk−1(ξΛ), as shown

in Figure 8. For j = 1, ..., k − 1, let ηj = min(bj+1, dj) and θi = max(bj, dj−1). Thus,
θj+1 = max(bj+1, dj), so ηj + θj+1 = bj+1 + di.

Figure 8: Rows k + 1, k, k − 1, k − 2 of the pattern Zk,2

Second, consider Ẽktk−1(ξΛ), as shown in Figure 9. Let i ∈ Z+, 1 ≤ i ≤ k be the
largest index where gZk,2(k, i) is maximised, so b′

i = bi + 1 and b′
j = bj for j ̸= i.

Figure 9: Rows k + 1, k, k − 1, k − 2 of the pattern of Ẽktk−1(ξΛ)
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Let η′
j = min(b′

j+1, dj) and θ′
j = max(b′

j, dj−1).

• If j ̸= i, then η′
j = ηj and θ′

j+1 = θj+1.

• If bi+1 ≥ di, then η′
i = di = ηi and θ′

i+1 = b′
i+1 = bi+1 + 1 = θi+1 + 1.

• If bi+1 < di, then η′
i = b′

i+1 = bi+1 + 1 = ηi + 1 and θ′
i+1 = di = θi+1.

Third, consider tk−1Ẽktk−1(ξΛ), as shown in Figure 10.

Figure 10: Row k − 1 of the pattern of tk−1Ẽktk−1(ξΛ)

Let Y be the pattern such that ξY = tk−1Ẽktk−1(ξΛ), so

yk−1,j = λk−1,j + (η′
j − ηj) + (θ′

j − θj) for j = 1, ..., k − 1,

yk,j = b′
j for j = 1, ..., k.

Step Three: X = Y

For m = 1, ..., k, let

S1(k, m) =
k+1∑

j=m+1
aj −

m∑
j=1

aj −
k∑

j=m+1
bj +

m∑
j=1

bj −
k−1∑
j=m

cj +
m−1∑
j=1

cj +
k−2∑
j=m

dj −
m−1∑
j=1

dj,

S2(k, m) =
k+1∑

j=m+1
aj −

m∑
j=1

aj −
k∑

j=m

bj +
m−1∑
j=1

bj −
k−1∑
j=m

cj +
m−1∑
j=1

cj +
k−2∑

j=m−1
dj −

m−2∑
j=1

dj.

For i = 1, ..., k − 1 and j = 1, ..., k,

gZk,1(k − 1, i) = max{S1(k, i), S2(k, i + 1)} =

S1(k, i) if ai+1 > ci,

S2(k, i + 1) if ai+1 ≤ ci,

gZk,2(k, j) = max{S1(k, j), S2(k, j)} =

S1(k, j) if bj ≥ dj−1,

S2(k, j) if bj < dj−1.

Also, dk−1 =∞ and d0 = −∞, so gZk,2(k, k) = S2(k, k) and gZk,2(k, 1) = S1(k, 1).
For the pattern X , consider l ∈ Z+, 1 ≤ l ≤ k−1 such that xk−1,l = λk−1,l +1. Thus,

gZk,1(k−1, l) is maximized, so gZk,1(k−1, l) = max{gZk,1(k−1, k−1), ..., gZk,1(k−1, 1)}.
For the pattern Y , consider r ∈ Z+, 1 ≤ r ≤ k such that yk,r = λk,r + 1. Thus, gZk,2(k, r)
is maximized, so gZk,2(k, r) = max{gZk,2(k, k), ..., gZk,2(k, 1)}.

• If al+1 > cl, then β′
l − βl = 1, so xk,l = λk,l + 1.
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• If al+1 ≤ cl, then γ′
l+1 − γl+1 = 1, so xk,l+1 = λk,l+1 + 1.

• If br ≥ dr−1, then θ′
r − θr = 1, so yk−1,r = λk−1,r + 1.

• If br < dr−1, then η′
r−1 − ηr−1 = 1, so yk−1,r−1 = λk−1,r−1 + 1.

Also,

gZk,1(k − 1, l) = max{gZk,1(k − 1, k − 1), ..., gZk,1(k − 1, 1)}
= max{S1(k, k − 1), S2(k, k), ..., S1(k, 1), S2(k, 2)}
= max{S2(k, k), S1(k, k − 1), S2(k, k − 1), ..., S1(k, 2), S2(k, 2), S1(k, 1)}
= max{gZk,2(k, k), ..., gZk,2(k, 1)} = gZk,2(k, r).

• If al+1 > cl, then S1(l) is the maximum of S1(i), S2(j) for i = 1, ..., k − 1, j =
2, ..., k, so r = l and br ≥ dr−1. Let z = l = r, so l = z, r = z. Thus,

xk−1,z = λk−1,z + 1
xk,z = λk,z + 1

,
yk,z = λk,z + 1

yk−1,z = λk−1,z + 1
=⇒

xk−1,z = yk−1,z

xk,z = yk,z

.

• If al+1 ≤ cl, then S2(l + 1) is the maximum of S1(i), S2(j) for i = 1, ..., k− 1, j =
2, ..., k, so r = l + 1 and br < dr−1. Let z = l = r − 1, so l = z, r = z + 1. Thus,

xk−1,z = λk−1,z + 1
xk,z+1 = λk,z+1 + 1

,
yk,z+1 = λk,z+1 + 1
yk−1,z = λk−1,z + 1

=⇒
xk−1,z = yk−1,z

xk,z+1 = yk,z+1
.

Therefore, X = Y , so tkẼk−1tk(ξΛ) = tk−1Ẽktk−1(ξΛ) for any ξΛ and k = 2, ..., n−1.

3.2 The commutative relation between qk and Ẽj, F̃j

By Theorem 1.5, tktk(Λ) = Λ and tktk(ξΛ) = ξΛ, so tktk = 1. Because tk only affects row
k of Λ, if |i − j| ̸= 1, then titj = tjti because titj(Λ) = tjti(Λ) and titj(ξΛ) = tjti(ξΛ).
For m = 1, ..., n− 1, let pm = tmtm−1...t2t1, so

tmpm = tmtmtm−1...t2t1 = tm−1...t2t1 = pm−1,

qm = t1t2t1...tm...t2t1 = p1p2...pm−1pm = qm−1pm.

The following lemma will be used in the proof of Proposition 3.3.

Lemma 3.2. We have that qmqm = 1 for all m ∈ Z+.
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Proof.When m = 1 or m = 2, qmqm = 1:

q1q1 = p1p1 = t1t1 = 1,

q2q2 = t1t2t1t1t2t1 = t1t2t2t1 = t1t1 = 1.

By induction, suppose that qmqm = 1 for m < r, where r ∈ Z+, r ≥ 3. Then, for
i = 3, ..., r,

qr−1(tr...t3)p1

( r∏
j=3

pj

)
= · · · = qr−1(tr...ti)

( i−2∏
j=1

pj

)( r∏
j=i

pj

)
= · · · = qr−1tr

( r−2∏
j=1

pj

)
pr,

because

qr−1(tr...ti)

i−2∏
j=1

pj

 r∏
j=i

pj

 = qr−1(tr...ti+1)ti

i−2∏
j=1

pj

 pi

 r∏
j=i+1

pj


=qr−1(tr...ti+1)

i−2∏
j=1

pj

 tipi

 r∏
j=i+1

pj

 = qr−1(tr...ti+1)

i−2∏
j=1

pj

 pi−1

 r∏
j=i+1

pj


=qr−1(tr...ti+1)

i−1∏
j=1

pj

 r∏
j=i+1

pj

 = qr−1(tr...t(i+1))

(i+1)−2∏
j=1

pj

 r∏
j=(i+1)

pj

 .

Thus, when m = r,

qmqm = qrqr = (qr−1pr)(p1p2...pr) = qr−1(tr...t3t2t1)(t1)(t2t1)(p3...pr)
= qr−1(tr...t3t2)(t2t1)(p3...pr) = qr−1(tr...t3)(t1)(p3...pr)

= qr−1(tr...t3)

 1∏
j=1

pj

 r∏
j=3

pj

 = qr−1(tr)

r−2∏
j=1

pj

 r∏
j=r

pj


= qr−1trp1...pr−2pr = qr−1p1...pr−2trpr = qr−1p1...pr−2pr−1 = qr−1qr−1 = 1.

Therefore, qmqm = 1 for all m ∈ Z+.

Proposition 3.3. For m = 1, ..., n− 1, we have

Ẽmqn−1 = qn−1F̃n−m and F̃mqn−1 = qn−1Ẽn−m.

Proof.We prove it by induction. For n = 2, Ẽ1q1 = q1F̃1 and F̃1q1 = q1Ẽ1, as shown in
Figure 11.
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Figure 11: Ẽ1q1 = Ẽ1t1, Ẽ1q1 = F̃1t1, t1Ẽ1 = q1Ẽ1, t1F̃1 = q1F̃1

For the induction step, first suppose that Ẽmqn−1 = qn−1F̃n−m, F̃mqn−1 = qn−1Ẽn−m

for m = 1, ..., n − 1 when n < r, where r ∈ Z+, r ≥ 2. Then, consider Ẽmqn−1 =
qn−1F̃n−m and F̃mqn−1 = qn−1Ẽn−m when n = r.

By Proposition 3.1, tktk−1Ẽk = tktk−1Ẽktk−1tk−1 = tktkẼk−1tktk−1 = Ẽk−1tktk−1.
Thus,

pr−1Ẽk = tr−1...t2t1Ẽk = tr−1...tk+1tktk−1Ẽktk−2...t2t1

=tr−1...tk+1Ẽk−1tktk−1tk−2...t2t1 = Ẽk−1tr−1...t2t1 = Ẽk−1pr−1,

so qr−1Ẽk = qr−2pr−1Ẽk = qr−2Ẽk−1pr−1. Also, F̃mqn−1 = qn−1Ẽn−m holds when
n = r − 1 < r, so qr−2Ẽk−1 = F̃r−kqr−2, and

qr−1Ẽk = qr−2Ẽk−1pr−1 = F̃r−kqr−2pr−1 = F̃r−kqr−1 for k = 2, ..., r − 1.

Although k ̸= 1, by Condition (1) of Definition 1.1 and Proposition 3.2, we have the
following commutative diagram,

,

so Ẽmqr−1 = qr−1F̃r−m and F̃mqr−1 = qr−1Ẽr−m for m = 1 · · · , r − 1.

Therefore, the proof follows from induction.

3.3 An interpretation of the actions of the cactus group

Let us prove the first part that
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Lemma 3.4. The maps

φτ (Ej) := −φ(Fn−j) for j = 1, ..., n− 1,

φτ (Fj) := −φ(En−j) for j = 1, ..., n− 1,

φτ (Hi) := −φ(Hn+1−i) for i = 1, ..., n,

define a representation of Uq(gln) on the vector space L(λ).

Proof. To show that φτ defines a representation, we need to verify the following identity,
which can be deduced from the fact that φ is a representation.

• for each 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1,

qφτ (Hi)q−φτ (Hi) = q−φτ (Hi)qφτ (Hi) = 1,

qφτ (Hi)φτ (Ej)q−φτ (Hi) = qδij q−δi,j+1φτ (Ej),
qφτ (Hi)φτ (Fj)q−φτ (Hi) = q−δij qδi,j+1φτ (Fj);

• for each 1 ≤ i, j ≤ n− 1,

[φτ (Ei), φτ (Fj)] = δij
qφτ (Hi)−φτ (Hi+1) − q−φτ (Hi)+φτ (Hi+1)

q − q−1 ;

• for |i− j| = 1,

φτ (Ei)2φτ (Ej)− (q + q−1)φτ (Ei)φτ (Ej)φτ (Ei) + φτ (Ej)φτ (Ei)2 = 0,

φτ (Fi)2φτ (Fj)− (q + q−1)φτ (Fi)φτ (Fj)φτ (Fi) + φτ (Fj)φτ (Fi)2 = 0;

• and for |i− j| ̸= 1,

[φτ (Ei), φτ (Ej)] = [φτ (Fi), φτ (Fj)] = 0.

Lemma 3.5. The leading asymptotics operators Lead(φτ (Ej)) and Lead(φτ (Fj)) exist
and are given by

Lead(φτ (Ej)) := −F̃n−j,

Lead(φτ (Fj)) := −Ẽn−j.

Proof of Theorem 1.7. First, by the above lemma, the leading asymptotics operators
Lead(φτ (Ej)) and Lead(φτ (Fj)) exist and can be expressed by Ẽi and F̃i. Following
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from the commutative relations given in Proposition 3.3, we get

Lead(φ(Ej)) ◦ qn−1 = qn−1 ◦ Lead(φτ (Ej)), (24)

Lead(φ(Fj)) ◦ qn−1 = qn−1 ◦ Lead(φτ (Fj)). (25)

4 Conclusion

The main theorems, i.e., Theorem 1.3 and 1.7, can be summarized in the following com-
mutative diagram,(

φ(Ek), φ(Fk)
)

Involution τ−−−−−−→
(

φτ (Ek), φτ (Fk)
)

Asymptotics ℏ → −∞

y Asymptotics ℏ → −∞

y(
{ξΛ}, Ẽk, F̃k

)
Action by the generator qn−1 of Cactn−−−−−−−−−−−−−−−−−−−→

(
{ξΛ}, Ẽk, F̃k

)
,

whose left down-arrow states that the ℏ → −∞ leading asymptotics of the ℏ-family of
representation φ of Uq(gln) on the vector space L(λ) gives rise to a gln-crystal. Further-
more, the two right-arrows and the right down-arrow state that the leading asymptotics
of the ℏ-family of representation φτ obtained by certain simple involution recovers the
actions of (the generators of) the cactus group Cactn on the gln-crystal. In particular, the
identities in Theorem 1.7 can be rewritten as

Lead(φτ (Ej)) = q−1
n−1 ◦ Lead(φ(Ej)) ◦ qn−1, (26)

Lead(φτ (Fj)) = q−1
n−1 ◦ Lead(φ(Fj)) ◦ qn−1. (27)

Apart from Type A Classical Lie algebras, there are also quantum groups Uq(g) for
Types B, C, D classical Lie algebras g, which should also have explicit representations of
Uq(g) in the Gelfand-Tsetlin basis of the corresponding classical Lie algebras. (See [6]
for the Gelfand-Tsetlin basis of classical Lie algebras.) It would be interesting to study
the asymptotics as ℏ→ −∞ of the explicit representations, and to recover their g-crystals
and cactus group actions in the same way as the present paper.
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