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1 ᕋ䀶

ᗞ〟࠶ᱟᮠᆖᆖ、ѝⲴ䟽㾱࠶᭟ѻа, ᆳ⹄ウ࠭ᮠⲴਈॆ㿴ᖻǃᶱ䲀ǃሬᮠǃ〟࠶ԕ৺
ᗞᯩ࠶〻ㅹ޵ᇩ. ൘儈ѝ䱦⇥ᆖҐᗞ〟࠶, нӵਟԕᨀ儈ᮠᆖ㍐ޫ, 䘈ਟԕษޫࡋ䙐ᙗᙍ㔤
઼䀓ߣᇎ䱵䰞仈Ⲵ㜭࣋. 俆ݸ, ࠭ᮠоᶱ䲀ᱟᗞ〟࠶ᆖҐⲴส⹰. ࠭ᮠᱟањ䗃ޕо䗃ࠪѻ
䰤Ⲵޣ㌫, 䙊ᑨ⭘ㅖਧ 𝑦 = 𝑓(𝑥) 㺘⽪. ࠭ᮠⲴമۿਟԕᑞࣙᡁԜⴤ㿲ൠ⨶䀓࠭ᮠⲴᙗ䍘. ൘
ᆖҐ࠭ᮠᰦ, ᡁԜՊ᧕䀖ࡠаӋสᵜ࠭ᮠ, ྲᑲ࠭ᮠǃᤷᮠ࠭ᮠǃሩᮠ࠭ᮠ઼й䀂࠭ᮠㅹ. 䘉
Ӌ࠭ᮠ൘ᇎ䱵䰞仈ѝᴹᒯ⌋Ⲵᓄ⭘. ᶱ䲀ᱟᗞ〟࠶ⲴṨᗳᾲᘥѻа, ᆳ᧿䘠Ҷ࠭ᮠ൘Ḁњ⛩
кⲴ䎻䘁ᛵߥ. ᖒᔿॆൠᇊѹ, ሩҾ࠭ᮠ 𝑓(𝑥) , ᖃ㠚ਈ䟿 𝑥 ᰐ䲀᧕䘁Ḁњ٬ 𝑎 ᰦ, ࠭ᮠ٬𝑓(𝑥) 䙀⑀䎻䘁Ҿањ⺞ᇊⲴ٬ 𝐿 , ণ lim[𝑥 → 𝑎]𝑓(𝑥) = 𝐿. ሬᮠᱟᗞ〟࠶ѝⲴ䟽㾱ᾲᘥѻ
а, ᆳ᧿䘠Ҷ࠭ᮠ൘Ḁа⛩кⲴⷜᰦਈॆ⦷. ሩҾ࠭ᮠ 𝑦 = 𝑓(𝑥) , ަሬᮠਟԕ㺘⽪Ѫ 𝑑𝑦/𝑑𝑥
ᡆ 𝑓 ′(𝑥) . ሬᮠⲴ䇑㇇ਟԕ䙊䗷≲ሬ⌅઼ࡉสᵜⲴሬᮠ㺘ᶕᆼᡀ.
ሬᮠᱟᗞ〟࠶ѝⲴ䟽㾱ᾲᘥѻа, ᆳ᧿䘠Ҷ࠭ᮠ൘Ḁа⛩кⲴⷜᰦਈॆ⦷. ሩҾ࠭ᮠ𝑦 = 𝑓(𝑥) , ަሬᮠਟԕ㺘⽪Ѫ 𝑑𝑦/𝑑𝑥 ᡆ 𝑓 ′(𝑥). ሬᮠⲴ䇑㇇ਟԕ䙊䗷≲ሬ⌅઼ࡉสᵜⲴሬᮠ

㺘ᶕᆼᡀ. 㘼〟࠶ᱟᗞ〟࠶Ⲵਖањ䟽㾱ᾲᘥ, ᆳਟԕ㿶ѪሬᮠⲴ䘶䘀㇇. ⭘Ⲵѫ㾱ᓄ࠶〟
ѻаᱟ䇑㇇࠭ᮠമᖒлⲴ䶒〟. ԕлᱟаӋᑨ㿱Ⲵ〟ޜ࠶ᔿ:
1. нᇊ〟࠶:
- ∫ 𝑘𝑑𝑥 = 𝑘𝑥 + 𝐶 (ᑨᮠ 𝑘 Ⲵнᇊ〟࠶Ѫ 𝑘𝑥 ࣐кањᑨᮠ C)
- ∫ 𝑥∧𝑛𝑑𝑥 = (𝑥∧(𝑛 + 1)) /(𝑛 + 1) + 𝐶 (ᒅ࠭ᮠⲴнᇊ〟࠶)
- ∫ 𝑒∧𝑥𝑑𝑥 = 𝑒∧𝑥 + 𝐶 (ᤷᮠ࠭ᮠⲴнᇊ〟࠶)
- ∫ 1/𝑥𝑑𝑥 = ln |𝑥| + 𝐶 (㠚❦ሩᮠ࠭ᮠⲴнᇊ〟࠶) 2. ᇊ〟࠶˖
- ∫[𝑎, 𝑏]𝑓 (𝑥)𝑑𝑥 㺘⽪࠭ᮠ 𝑓(𝑥) ൘४䰤 [𝑎, 𝑏] кⲴᇊ〟࠶, ԓ㺘࠭ᮠമᖒлⲴ䶒〟. ᗞᯩ࠶〻
ᱟᗞ〟࠶Ⲵਖањ䟽㾱ᓄ⭘亶ฏ. ᗞᯩ࠶〻᧿䘠Ҷ࠭ᮠ৺ަሬᮠѻ䰤Ⲵޣ㌫, 䙊ᑨԕ 𝑑𝑦/𝑑𝑥
ᡆ 𝑓 ′(𝑥) Ⲵᖒᔿࠪ⧠. а䱦ᗞᯩ࠶〻Ⲵа㡜ᖒᔿѪ 𝑑𝑦/𝑑𝑥 = 𝑓(𝑥, 𝑦) , ަѝ 𝑓(𝑥, 𝑦) ᱟᐢ⸕࠭
ᮠ. ᡁԜਟԕ䙊䗷≲䀓ᗞᯩ࠶〻ᶕ㧧ᗇ࠭ᮠⲴ䀓᷀㺘䗮ᔿ.
㔬кᡰ䘠, 儈ѝᗞ〟࠶ᆖҐ⎹৺Ҷ࠭ᮠоᶱ䲀ǃሬᮠǃ〟࠶ԕ৺ᗞᯩ࠶〻ㅹ޵ᇩ. ᦼᨑ

䘉Ӌᾲᘥ઼⴨ޜޣᔿ, ਟԕᑞࣙᡁԜ䀓ߣᇎ䱵䰞仈, ษޫࡋ䙐ᙗᙍ㔤઼ᮠᆖᔪ⁑㜭࣋. ഐ↔,
儈ѝᗞ〟࠶ᆖҐሩҾᆖ⭏Ⲵᮠᆖ㍐ޫ઼㔬ਸ㜭࣋Ⲵᨀॷާᴹ䟽㾱᜿ѹ.
нਈԓᮠᴢ䶒ᱟԓᮠࠐօѝⲴањ䟽㾱ᾲᘥ, ᆳоᗞ〟࠶ѻ䰤ᆈ൘аᇊⲴ㚄㌫. ާփ㘼

䀰, нਈԓᮠᴢ䶒ᱟᤷ൘Ḁњԓᮠਈᦒл؍ᤱнਈⲴᴢ䶒. ᗞ〟࠶⹄ウ࠭ᮠⲴਈॆǃᶱ䲀ǃ
ሬᮠ઼〟࠶ㅹ䰞仈, 㘼ԓᮠࠐօࡉ⹄ウࠐօሩ䊑Ⲵԓᮠᙗ䍘઼ᯩ〻㺘⽪. нਈԓᮠᴢ䶒ᱟ䙊
䗷ԓᮠᯩᔿᶕ᧿䘠Ⲵࠐօሩ䊑,䙊ᑨ⭡аӋཊ亩ᔿᯩ〻ᇊѹ.൘ᗞ〟࠶ѝ,ᡁԜ㓿ᑨՊ䙷ࡠሩ
࠭ᮠⲴ≲ሬǃ≲ᶱ䲀઼䇑㇇ᇊ〟࠶ㅹ䰞仈. 㘼൘ԓᮠࠐօѝ, ᡁԜޣ⌘Ⲵᱟࠐօሩ䊑Ⲵԓᮠ
ᯩ〻ԕ৺ަᙗ䍘. 䙊䗷ԓᮠᯩᔿᶕ᧿䘠ᴢ䶒, ਟԕ֯ᡁԜᴤᯩׯൠ䘋㹼ࠐօሩ䊑Ⲵ઼᷀࠶⹄
ウ. ൘ḀӋᛵߥл, ᗞ〟઼࠶ԓᮠࠐօਟԕ⴨ӂ㺕઼ݵᓄ⭘. ֻྲ, ൘⹄ウᴢ㓯оᴢ䶒ⲴӔ⛩
ᰦ, ᡁԜᰒਟԕ֯⭘ᗞ〟࠶Ⲵᯩ⌅䘋㹼᷀࠶, ྲ≲ሬᶕ⺞ᇊ࠷㓯઼⌅ੁ䟿, ҏਟԕ֯⭘ԓᮠ
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,⌅օⲴᯩࠐ ྲԓᮠᯩ〻Ⲵ䀓ᶕ⺞ᇊӔ⛩Ⲵ඀ḷ. ↔ཆ, ൘儈䱦ᗞ〟࠶ѝ, ᡁԜ㓿ᑨ䙷ࡠⲴ৲
ᮠᴢ㓯઼৲ᮠᴢ䶒, ᆳԜᱟ⭘৲ᮠᯩ〻㺘⽪Ⲵᴢ㓯઼ᴢ䶒. ৲ᮠᯩ〻ᖰᖰ⎹৺ࡠԓᮠ㺘䗮ᔿ,
ਟԕ䙊䗷ԓᮠࠐօⲴᯩ⌅䘋㹼᷀࠶. ഐ↔, ᗞ〟઼࠶нਈԓᮠᴢ䶒൘ḀӋᯩ䶒ᱟ⴨ӂ㚄㌫Ⲵ.
ᗞ〟࠶ᨀ׋Ҷ᷀࠶ᴢ㓯઼ᴢ䶒Ⲵᐕާ, 㘼нਈԓᮠᴢ䶒ࡉѪᡁԜᨀ׋Ҷа⿽ԓᮠᯩᔿᶕ᧿䘠
઼⹄ウࠐօሩ䊑. 䙊䗷㔃ਸ䘉єњᆖ、, ᡁԜਟԕᴤޘ䶒ൠ⨶䀓઼࠭᷀࠶ᮠоࠐօሩ䊑ѻ䰤
Ⲵޣ㌫.
㔬кᡰ䘠, ᡁԜѫ㾱䟷⭘儈ѝᡰᆖⲴᗞ〟࠶Ⲵ⸕䇶ሩањާփ㌫㔏Ⲵнਈԓᮠᴢ䶒䘋㹼

⹄ウ.
кц㓚лॺਦˈ൘ 𝑈𝑒𝑑𝑎 ઼ 𝐿𝑜𝑟𝑒𝑛𝑧[1,2] ਁ⧠ࣘ࣋㌫㔏ѝⲴ␧⊼䗷〻ਾˈ␧⊼⨶䇪ᔰ࿻

ᗇࡠ〟ᶱਁኅˈᒦᴹࣙҾ䀓䟺ࣘ࣋㌫㔏㹼ѪⲴ༽ᵲᙗ઼нਟ亴⍻ᙗ. ࣘ࣋㌫㔏Ⲵ༽ᵲᙗо䘉
Ӌ㌫㔏㹼ѪⲴ䶎㓯ᙗ઼ᴹ䲀ਟ亴⍻ᙗᴹޣˈԕ৺䇨ཊ⴨ޣⲴᔰ᭮䰞仈ˈ֯׳㓿⍾ᆖᇦሩ␧

⊼⨶䇪ӗ⭏Ҷ⎃৊Ⲵޤ䏓. 䇨ཊ⹄ウᰘ൘⹄ウ઼᨝⽪нᒣࠑⲴ㓿⍾ᖡ૽ˈᒦっᇊн㿴ࡉⲴ
䗷〻 (㿱 [3] ㅹ). Ӿ 20 ц㓚 70 ᒤԓࡠ⧠൘ˈ䘉а亶ฏⲴਁኅਟԕ䘭ⓟࡠ䇨ཊ㪇਽㓿⍾ᆖ
ᇦⲴ⹄ウ [4]ˈԆԜ᧒㍒Ҷ䇨ཊਟ㜭ӗ⭏䶎ઘᵏᙗ⌒ࣘⲴ⺞ᇊᙗ㓿⍾⁑රⲴֻᆀ. ֻྲˈӪ
ԜӾ㓿⍾໎䮯઼ਁኅǃᐲ൪㔃ᶴ઼ঊᔸ䇪 [5]ǃ⨶ᙗ亴ᵏ⁑ර [6]ǃสҾ Gali ઼ 𝑀𝑜𝑛𝑎𝑐ℎ𝑒𝑙𝑙𝑖
⁑රⲴᔰ᭮㓿⍾ᯠࠟᚙᯟ⁑ර [7]ǃާᴹઘᵏᙗ઼␧⊼䍴ӗԧṬ⌒ࣘⲴ䶎㓯ᙗᔲ䍘⾎㓿Ც㜭
փ⁑ර (ℎ𝑎𝑚)[8] ㅹ䀂ᓖ⹄ウҶ␧⊼ࣘ࣋ᆖ. ⹄ウӪઈ䘈䙊䗷ᓄ⭘สҾ 𝑚𝑒𝑡 − 𝑟𝑖𝑐(⴨ޣ㔤ᮠ઼𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣 ᤷᮠ) ઼ᤃᢁ (䙂ᖂമ) ᯩ⌅Ⲵᐕާᶕޣ⌘䍗ᐱ␧ҡⲴ䰞仈 [9]. ᴰ䘁ˈ⹄ウѫ㾱൘
єњᯩੁਁኅ: ᇎ䇱䐟ᖴ઼⨶䇪䐟ᖴ. 㓿傼䐟ᖴ⹄ウҶаӋᇎ䱵Ⲵ㓿⍾ᰦ䰤ᒿࡇᱟ੖ާᴹ␧
⊼ࣘ࣋ᆖⲴ⢩ᖱ ᒦ̍㠤࣋Ҿᔰਁᇊѹ␧⊼Ⲵ㔏䇑⍻䈅 ᒦ̍ሶަᓄ⭘Ҿᆿ㿲㓿⍾઼䠁㶽ᰦ䰤ᒿ

,ࡇ 䛓Ѹ൘䠁㶽㌫㔏ањ㠚❦Ⲵ⯁䰞ˈᡁԜ㜭੖৫⹄ウ␧⊼㌫㔏Ⲵ޵䜘ᵪ⨶ˈ䘋㘼Ӿ޵䜘⣦
ᘱ৫䘋㹼亴⍻? ഐ↔⹄ウањ䠁㶽㌫㔏Ⲵнਈԓᮠᴢ䶒ᱮᗇ㠣ޣ䟽㾱.
൘䘉䟼ᡁԜ㘳㲁 [11] ѝᨀࠪⲴ᧿䘠ѝරԱъ㹼ѪⲴ 𝑠ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ⁑ර

⎧⎪⎪⎨⎪⎪⎩
𝑥̇ = −𝜎𝑥 + 𝛿𝑦,

̇𝑦 = 𝜇𝑥 + 𝜇𝑦 − 𝛽𝑥𝑧,
̇𝑧 = −𝛾𝑧 + 𝛼𝑥𝑦,

(1.1)

ᔿѝਈ䟿 𝑥, 𝑦, 𝑧 㺘⽪䍧Ⅾǃപᇊ䍴ᵜ઼䳷֓Ⲵᇎ䱵∄⦷оަ▌൘࡛࠶ (㠚❦) ∄⦷ѻ䰤Ⲵᐞ
䐍, 𝛼, 𝜎, 𝛿, 𝜇, 𝛽, 𝛾 䜭Ѫ↓ᇎᮠ. ֌Ѫ㌫㔏(1.1)⹄ウⲴа䜘࠶, 𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ㅹӪ⁑ᤏҶ㌫㔏৺
ަᶱ䲀ࣘᘱⲴ䶎㓯ᙗ᷀࠶ԫ࣑, ԕ亴⍻ 𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ⁑ර(1.1)Ⲵっᇊᙗ, ᒦ⺞ᇊ㌫㔏ާᴹḀ
Ӌਟ亴⍻ࣘᘱⲴᶑԦ (ѝරԱъࣘᘱ亴⍻Ⲵ 𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 䰞仈). 䘉њ䰞仈Ⲵ䟽㾱ѻ༴൘Ҿ㌫
㔏ާᴹнっᇊⲴᒣ㺑⣦ᘱ, ᒦфਟ㜭㺘⧠ࠪ␧⊼ࣘ࣋ᆖ. 䘁ᵏ 𝑇 𝑎𝑡𝑦𝑎𝑛𝑎 𝐴.𝐴𝑙𝑒𝑥𝑒𝑒𝑣𝑎 ㅹӪสҾ𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣 っᇊᙗ⨶䇪઼␧⊼⨶䇪, ਁኅҶ⺞ᇊᙗࣘ࣋㌫㔏Ⲵᯩ᷀࠶⌅. 䘉Ӌᯩ⌅нӵਟԕ㧧
ᗇ᷀࠶っᇊᙗ߶઼ࡉՠ䇑ᶱ䲀㹼Ѫ (ᇊս㠚◰੨ᕅᆀ઼䳀㯿੨ᕅᆀᒦ䇶࡛ཊっᘱ), ਼ᰦҏ㾱
ᴽоᇎ⧠ਟ䶐Ⲵݻ 𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣 ᤷᮠ઼ 𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣 㔤ᮠㅹᇊ䟿ᤷḷⲴᮠ᷀࠶٬ᴹޣⲴഠ䳮, ሩ
⋉⌒⬖⍋ཛᨀࠪⲴѝරԱъ⁑ර䘋㹼Ҷᴹ᭸᷀࠶, ᗇࠪҶ㌫㔏(1.1)Ⲵޘተ੨ᕅᆀⲴ੨᭦䳶,
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ԕ৺⁑ර৲ᮠⲴっᇊฏ઼нっᇊฏ. ሩҾањᴹ༽ᵲࣘ࣋ᆖᙗ䍘Ⲵ㌫㔏ᶕ䈤, ᜣ㾱ᆼޘҶ䀓
䈕㌫㔏Ⲵࣘ࣋ᆖ㹼Ѫᱟањ䶎ᑨഠ䳮Ⲵ䰞仈. նྲ᷌䈕㌫㔏ާᴹнਈԓᮠᴢ䶒, 䛓Ѹቡਟԕ
䙊䗷⹄ウнਈԓᮠᴢ䶒кⲴࣘ࣋ᆖᙗ䍘, 䘋㘼Ҷ䀓㌫㔏൘ᮤњオ䰤ѝⲴࣘ࣋ᆖᙗ䍘, 䘉ṧቡ
བྷབྷⲴ䱽վҶ⹄ウ䳮ᓖ. ᧕лᶕ, ᡁԜሶ⹄ウ 𝑇 ℎ𝑒 𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ѝරԱъ⁑රⲴнਈԓᮠᴢ
䶒оᒦሩнਈԓᮠᴢ䶒кⲴࣘ࣋ᆖ㹼Ѫ䘋㹼᷀࠶.

2 ѱ㾷ᇐ⨼

൘ᵜ᮷ѝ, ᡁԜ俆ݸ⹄ウ㌫㔏(1.1)Ⲵ䗮ᐳཊ亩ᔿ઼нਈԓᮠᴢ䶒䰞仈. ሩҾࣘ࣋㌫㔏Ⲵ
ԓᮠਟ〟ᙗ৺нਈԓᮠᴢ䶒䰞仈, ਟԕ䘭ⓟࡠ 𝐷𝑎𝑟𝑏𝑜𝑢𝑥 ઼ 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒[12], ࠐ㘵㔉ࠪҶԓᮠࡽ
օоራ᢮俆⅑〟࠶ѻ䰤Ⲵ㚄㌫, ਾ㘵ࡉሩᴹ⨶俆⅑〟࠶ᝏޤ䏓, ᒦᨀࠪራ᢮ањཊ亩ᔿੁ䟿
൪Ⲵ䗮ᐳཊ亩ᔿᱟа亩䶎ᑨഠ䳮Ⲵԫ࣑, ⴞࡽ䘈⋑ᴹањᴹ᭸Ⲵᯩ⌅৫䇑㇇ᆳ, 䘉а䈤⌅൘
књц㓚ᗇࡠҶ䇱ᇎ. 1996 ᒤ, 𝑆.𝐿𝑎𝑏𝑟𝑢𝑛𝑖𝑒 䇑㇇ࠪҶ 𝐿𝑜𝑡𝑘𝑎 𝑉 𝑜𝑙𝑡𝑒𝑟𝑟𝑎 ㌫㔏Ⲵᡰᴹཊ亩ᔿа
䱦〟࠶ [13]. 1999 ᒤ, 𝑀.𝑂𝑙𝑙𝑎𝑔𝑛𝑖𝑒𝑟 ⹄ウҶ 𝐿𝑜𝑡𝑘𝑎 𝑉 𝑜𝑙𝑡𝑒𝑟𝑟𝑎 ㌫㔏Ⲵ喀⅑ᴹ⨶ㅜа〟࠶ [14].
2000ᒤ, 𝐽 .𝐿𝑙𝑖𝑏𝑟𝑒ㅹӪ᧿䘠Ҷ Rikitake㌫㔏Ⲵᡰᴹнਈԓᮠᴢ䶒ǃཊ亩ᔿㅜа〟࠶ǃM ⨶ㅜ

а〟࠶ǃнਈ䟿઼ԓᮠਟ〟ᙗ [15]. 2002 ᒤ, 𝐽 .𝐿𝑙𝑖𝑏𝑟𝑒 ㅹӪ֯⭘࣐ᵳ喀⅑ཊ亩ᔿ઼⢩ᖱᴢ㓯
Ⲵᯩ⌅, 䙊䗷≲䀓㓯ᙗٿᗞᯩ࠶〻, ሩ㓿ި 𝐿𝑜𝑟𝑒𝑛𝑧 ㌫㔏Ⲵᡰᴹ䗮ᐳнਈ䟿, нਟ㓖䗮ᐳཊ亩
ᔿ, ᴹ⨶ㅜа〟࠶৺ԓᮠਟ〟ᙗ䘋㹼Ҷ࠶㊫䇘䇪 [16]. 2002 ᒤ, 𝑃 .𝑆𝑤𝑖𝑛𝑛𝑒𝑟𝑡𝑜𝑛 − 𝐷𝑦𝑒𝑟 䙊䗷ሩ
ཊ亩ᔿᵳ٬Ⲵ䟽ᯠᇊѹ, ᒦ䇑㇇Ҷ᷀࠶ 𝐿𝑜𝑟𝑒𝑛𝑧 ㌫㔏Ⲵнਈԓᮠᴢ䶒 [17]. 2007 ᒤ, 𝐿 ̈𝑢 ㅹӪ
䙊䗷֯⭘࣐ᵳ喀⅑ཊ亩ᔿ઼⢩ᖱᴢ㓯⌅, ⹄ウҶ 𝐶ℎ𝑒𝑛 ㌫㔏Ⲵ䗮ᐳཊ亩ᔿ઼ԓᮠਟ〟ᙗ [18].
2011 ᒤ, 𝐷𝑒𝑛𝑔 ㅹӪ≲ࠪҶ 𝐶ℎ𝑒𝑛 ㌫㔏Ⲵᡰᴹнਈԓᮠᴢ䶒 [19]. 2018 ᒤ, 𝐶.𝑀𝑢𝑟𝑖𝑙𝑜 ㅹӪ⹄
ウҶањ䠁㶽⁑රⲴнਈԓᮠᴢ䶒઼ 𝐻𝑜𝑝𝑓 ,ዄ䰞仈࠶ ᒦ䇱᰾䈕⁑රሩҾԫօ৲ᮠ٬䜭н
ᆈ൘нਈԓᮠᴢ䶒 [20]. 2018ᒤ, 𝐴.𝐾𝑢𝑠𝑏𝑒𝑦𝑧𝑖ㅹӪ⹄ウҶ⭡й㔤ᗞᯩ࠶〻㓴㺘⽪ⲴާᴹҼ⅑
㠚֌⭘ⲴҼ伏侥а伏侥㌫㔏Ⲵࣘ࣋ᆖᙗ䍘, ᒦ㔉ࠪ㌫㔏нਈԓᮠᴢ䶒ᆈ൘ⲴᶑԦ [21].
䇮 𝑓(𝑥, 𝑦, 𝑧) ᱟਈ䟿 𝑥, 𝑦, 𝑧 Ⲵᇎཊ亩ᔿ, 㤕 𝜕𝑓𝜕𝑥 𝑃 + 𝜕𝑓𝜕𝑦 𝑄 + 𝜕𝑓𝜕𝑧 𝑅 = 𝑘𝑓 , ᡁԜ〠 𝑓 ᱟ㌫

㔏(1.1)Ⲵ䗮ᐳཊ亩ᔿ, 𝑘(𝑥, 𝑦, 𝑧)ᱟ䱦ᮠ㠣ཊѪ 1Ⲵᇎཊ亩ᔿ, 𝑘〠Ѫ 𝑓 Ⲵ։ഐᆀ. 㤕 𝑓(𝑥, 𝑦, 𝑧)
ᱟ䗮ᐳཊ亩ᔿф 𝑓 = 0 ᱟᴢ䶒, 䛓ѸᆳቡᱟнਈⲴ, ᡁԜ〠ѻѪнਈԓᮠᴢ䶒 [22-24].
ሩ 𝑋 ∈ 𝑅𝑛, ཊ亩ᔿ 𝑔(𝑋) 㻛〠Ѫ࣐ᵳ喀⅑Ⲵ, 㤕ᆈ൘ 𝑆 = (𝑠1, ⋯ , 𝑠𝑛) ∈ 𝑁𝑛, 𝑚 ∈ 𝑁 , ሩ

ᡰᴹ 𝛼 ∈ 𝑅\{0}, ᴹ 𝑔 (𝛼𝑠𝑋) = 𝑔 (𝛼𝑠1𝑥1, ⋯ , 𝛼𝑠𝑛𝑥𝑛) = 𝛼𝑚𝑔(𝑋), 𝑅 ԓ㺘ᇎᮠฏ, 𝑁 ԓ㺘↓ᮤᮠ
䳶, ᡁԜ〠 𝑠 Ѫ 𝑔 Ⲵᵳ, 𝑚 㺘⽪࣐ᵳ䱦ᮠ, 𝑋 → 𝛼𝑠𝑋 Ⲵਈᦒ㺘⽪䍻Ҹਈ䟿ᯠⲴ࣐ᵳ⅑ᮠ.
ѪҶᯩׯ䈫㘵⨶䀓, ᡁԜሶ≲䀓㓯ᙗ䜘࠶ᗞᯩ࠶〻Ⲵ⢩ᖱᯩ⌅ᙫ㔃ྲл. 㘳㲁ԕла䱦

㓯ᙗٿᗞᯩ࠶〻,

𝑎(𝑥, 𝑦, 𝑧)𝐴𝑥 + 𝑏(𝑥, 𝑦, 𝑧)𝐴𝑦 + 𝑐(𝑥, 𝑦, 𝑧)𝐴𝑧 + 𝑑(𝑥, 𝑦, 𝑧)𝐴 = 𝑓(𝑥, 𝑦, 𝑧), (2.1)

䘉䟼 𝐴 = 𝐴(𝑥, 𝑦, 𝑧), 𝑎, 𝑏, 𝑐, 𝑑, 𝑓 ᱟа䱦ਟሬⲴ.
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𝑥𝑦𝑧 オ䰤ѝⲴᴢ㓯 (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) 㻛〠Ѫ㓯ᙗٿᗞᯩ࠶〻 (1.2) Ⲵ⢩ᖱᴢ㓯, 㤕൘ᴢ㓯к
Ⲵ⇿а⛩ (𝑥0, 𝑦0, 𝑧0), ੁ䟿 (𝑎 (𝑥0, 𝑦0, 𝑧0) , 𝑏 (𝑥0, 𝑦0, 𝑧0) , 𝑐 (𝑥0, 𝑦0, 𝑧0)) оᴢ㓯⴨࠷. ᡰԕ, ⢩
ᖱᴢ㓯ᱟྲл㌫㔏Ⲵ䀓

𝑑𝑥𝑑𝑡 = 𝑎(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)), 𝑑𝑦𝑑𝑡 = 𝑏(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)), 𝑑𝑧𝑑𝑡 = 𝑐(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)). (2.2)

ѪҶᯩׯ䎧㿱,ᡁԜሶ 𝑧ԓᴯ 𝑡֌Ѫ㠚ਈ䟿,ሶк䘠㌫㔏ㆰॆѪ㌫㔏 (䘉䟼ٷ䇮 𝑐(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) ≠0)

𝑑𝑥𝑑𝑧 = 𝑎(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡))𝑐(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) , 𝑑𝑦𝑑𝑧 = 𝑏(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡))𝑐(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) . (2.3)

䈕ᑨᗞᯩ࠶〻〠Ѫ (1.2) Ⲵ⢩ᖱᯩ〻.
䇮ᯩ〻ٷ (1.4) ᴹ䳀ᔿ䀓 𝑔(𝑥, 𝑦, 𝑧) = 𝑐1, ℎ(𝑥, 𝑦, 𝑧) = 𝑐2, 䘉䟼 𝑐1, 𝑐2 ᱟԫ᜿ᑨᮠ. 㘳㲁ਈ䟿

ᴯᦒ

𝑢 = 𝑔(𝑥, 𝑦, 𝑧), 𝑣 = ℎ(𝑥, 𝑦, 𝑧), 𝑤 = 𝑧,
фަ䘶ਈᦒѪ 𝑥 = 𝑝(𝑢, 𝑣, 𝑤), 𝑦 = 𝑞(𝑢, 𝑣, 𝑤), 𝑧 = 𝑟(𝑢, 𝑣, 𝑤). 〻ᯩࡉ (1.2) ਈᡀྲлޣҾ 𝑤 Ⲵᑨ
ᗞᯩ࠶〻 (ሩҾപᇊⲴ 𝑢, 𝑣 ):

̄𝑐(𝑢, 𝑣, 𝑤) ̄𝐴𝑤 + ̄𝑑(𝑢, 𝑣, 𝑤) ̄𝐴 = ̄𝑓 (𝑢, 𝑣, 𝑤), (2.4)

䘉䟼 ̄𝑐, ̄𝐴, ̄𝑑, ̄𝑓 ᱟ⭘ 𝑢, 𝑣, 𝑤 㺘⽪Ⲵ 𝑐, 𝐴, 𝑑, 𝑓 .
㤕 ̄𝐴 = ̄𝐴(𝑢, 𝑣, 𝑤) ᱟ (1.5) Ⲵ䀓, 䛓Ѹ 𝐴(𝑥, 𝑦, 𝑧) = ̄𝐴(𝑔(𝑥, 𝑦, 𝑧), ℎ(𝑥, 𝑦, 𝑧), 𝑧) Ѫ (1.2) Ⲵ䀓.
ᵜ᮷Ⲵѫ㾱ᇊ⨶ྲл:

ᇐ⨼ 1. ᖉԛсᶗԬᡆ㄁, ㌱㔕(1.1)ᴿу਎ԙᮦᴨ䶘.
(i) ᖉ 𝜇 = 2𝜎 ᰬ, 䗴ᐹཐ亯ᕅѰ 𝑓 = 𝛼𝛽𝜇2 𝑥2 − 2 𝛼𝛽𝜇2 𝑧, ֏ഖᆆѰ 𝑘 = −2 𝜎𝜇 ;

(ii)ᖉ 𝛾 = 6𝜎+2𝜇, 𝛿 = 2 𝜎2𝜇 ᰬ,䗴ᐹཐ亯ᕅѰ 𝑓 = 𝛼2𝛽2𝜇4 𝑥4− 4𝜎2𝛼𝜇2𝛿 𝑥2𝑧−(16 𝜎2𝜇2 + 8 𝜎𝜇 ) 𝛾𝛼𝛽𝜇2 𝑥𝑦−
(4 𝜎𝛿 + 2)2 𝛼𝛽𝜇2 𝑥2, ֏ഖᆆѰ 𝑘 = −2.

3 䇷᱄ᇐ⨼ 1
ਈ䟿ᴯᦒڊݸ

𝑥 = 𝜇√𝛼𝛽 𝑋, 𝑦 = 𝜇𝜎𝛿√𝛼𝛽 𝑌 , 𝑧 = 𝜇𝜎𝛿𝛽 𝑍, 𝑡 = 𝑇𝜇 ,
㌫㔏ࡉ (1.1) ਈѪ
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⎧⎪⎪⎨⎪⎪⎩
𝑋̇ = 𝑐𝑌 − 𝑐𝑋,̇𝑌 = 𝑌 + 𝑟𝑋 − 𝑋𝑍,
𝑍̇ = 𝑋𝑌 − 𝑏𝑍.

(3.1)

Ԕ 𝑐 = 𝜎𝜇 , 𝑟 = 𝛿𝜎 , 𝑏 = 𝛾𝜇 , ㌫㔏 (3.1) о㓿ި⍋Ֆީ㌫㔏Ⲵн਼ѻ༴൘ҾㅜҼњᯩ〻ѝ 𝑌 ༴Ⲵ
㌫ᮠㅖਧ, 䘉䟼ᱟ 1 , ⍋Ֆީ㌫㔏ѝᱟ −1. ਈ䟿ᴯᦒڊ޽

𝑥 = 𝛼−1𝑋, 𝑦 = 𝛼−2𝑌 , 𝑧 = 𝛼−2𝑍, 𝑡 = 𝛼𝑇 ,
㌫㔏ࡉ (1.1) ਈѪ ⎧⎪⎪⎨⎪⎪⎩

𝑋̇ = 𝑐𝑌 − 𝑐𝛼𝑋,̇𝑌 = −𝑋𝑍 + 𝛼𝑌 + 𝑟𝛼2𝑋,
𝑍̇ = 𝑋𝑌 − 𝑏𝛼𝑍,

(3.2)

ަѝ⛩㺘⽪ਈ䟿ሩ 𝑇 Ⲵሬᮠ. ѪҶ䇠ᖅᯩׯᡁԜ׍❦֯⭘ 𝑥, 𝑦, 𝑧, 𝑡 ֌Ѫ䇠ਧ.
䇮ٷ 𝑓(𝑥, 𝑦, 𝑧) ᱟ㌫㔏 (3.1) Ⲵањ䗮ᐳཊ亩ᔿ, ަ։ഐᆀѪ 𝑘(𝑥, 𝑦, 𝑧). ,нཡа㡜ᙗࡉ ᡁ

Ԝ䇮 𝑘(𝑥, 𝑦, 𝑧) = 𝑘0 +𝑘1𝑥+𝑘2𝑦+𝑘3𝑧. Ԕ 𝐹 (𝑋, 𝑌 , 𝑍) = 𝛼𝑙𝑓 (𝛼−1𝑋, 𝛼−2𝑌 , 𝛼−2𝑍) , 𝐾(𝑋, 𝑌 , 𝑍) =𝛼2𝑘 (𝛼−1𝑋, 𝛼−2𝑌 , 𝛼−2𝑍), ަѝ 𝑙 Ѫ 𝑓 Ⲵᵳ䟽喀⅑࠶䟿ѝⲴᴰ儈ᵳ䟽ᓖ, (𝑥, 𝑦, 𝑧) ⲴᵳѪ(1, 2, 2). 䇮ٷ 𝐹 = 𝐹0 + 𝛼𝐹1 + 𝛼2𝐹2 + ⋯ + 𝛼𝑚𝐹𝑚, ަѝ 𝐹𝑖 ᱟањᵳ٬喀⅑ཊ亩ᔿ, ަᵳ
٬Ѫ 𝑙 − 𝑖, 𝑖 = 0, 1, ⋯ , 𝑚, 𝑙 ≥ 𝑚.
,䗮ᐳཊ亩ᔿᇊѹ⭡ࡉ ᡁԜᴹ

(𝑐𝑌 − 𝑐𝛼𝑥) 𝑚
∑𝑖=0 𝛼𝑖 𝜕𝐹𝑖𝜕𝑥 + (−𝑋𝑍 + 𝛼𝑌 + 𝑟𝛼2𝑋) 𝑚

∑𝑖=0 𝛼𝑖 𝜕𝐹𝑖𝜕𝑦 + (𝑋𝑌 − 𝑏𝛼𝑍) 𝑚
∑𝑖=0 𝛼𝑖 𝜕𝐹𝑖𝜕𝑧

= (𝑘1𝑥 + 𝑘2𝛼−1𝑦 + 𝑘3𝛼−1𝑧 + 𝛼𝑘0) 𝑚
∑𝑖=0 𝛼𝑖𝐹𝑖.

∄䖳ㅹᔿє䗩 𝛼−1 Ⲵ㌫ᮠ, ਟԕ䇱᰾ 𝑘2 = 𝑘3 = 0. ∄䖳ㅹᔿє䗩 𝛼𝑖, 𝑖 = 0, 1, ⋯ , 𝑚 + 2 Ⲵ㌫
ᮠ, ᡁԜᴹ

𝐿 [𝐹0] = 𝑘1𝑥𝐹0,
𝐿 [𝐹1] = 𝑘1𝑥𝐹1 + 𝑘0𝐹0 + 𝑐𝑥𝜕𝐹0𝜕𝑥 − 𝑦𝜕𝐹0𝜕𝑦 + 𝑏𝑧𝜕𝐹0𝜕𝑧 ,
𝐿 [𝐹𝑗] = 𝑘1𝑥𝐹𝑗 + 𝑘0𝐹𝑗−1 + 𝑐𝑥𝜕𝐹𝑗−1𝜕𝑥 − 𝑦𝜕𝐹𝑗−1𝜕𝑦 + 𝑏𝑧𝜕𝐹𝑗−1𝜕𝑧 − 𝑟𝑥𝜕𝐹𝑗−2𝜕𝑦 ,

(3.3)

𝑗 = 2, 3, ⋯ , 𝑚 + 2, ф 𝑗 > 𝑚 ᰦ, 𝐹𝑗 = 0. 𝐿 ᱟ㓯ᙗٿᗞ࠶㇇ᆀ
𝐿 = 𝑐𝑦 𝜕𝜕𝑥 − 𝑥𝑧 𝜕𝜕𝑦 + 𝑥𝑦 𝜕𝜕𝑧 ,
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Ⲵ⢩ᖱᯩ〻Ѫޣᆀ⴨㇇࠶ᗞٿо㓯ᙗࡉ

𝑑𝑥𝑑𝑧 = 𝑐𝑦𝑥𝑦, 𝑑𝑦𝑑𝑧 = −𝑥𝑧𝑥𝑦 ,
фᯩ〻㓴ᴹ䙊䀓

𝑥2 − 2𝑐𝑧 = 𝑑1, 𝑦2 + 𝑧2 = 𝑑2,
ަѝ 𝑑1 ઼ 𝑑2 ᱟ〟࠶ᑨᮠ. ਈ䟿ᴯᦒڊ

𝑢 = 𝑥2 − 2𝑐𝑧, 𝑣 = 𝑦2 + 𝑧2, 𝑤 = 𝑧. (3.4)

ᆳⲴ䘶ਈᦒᱟ

𝑥 = ±√𝑢 + 2𝑐𝑤, 𝑦 = ±√𝑣 − 𝑤2, 𝑧 = 𝑤. (3.5)

൘᧕лᶕⲴ䇑㇇ѝ, ѪҶᯩׯ, ᡁԜਚ㘳㲁ᛵߥ 𝑥 = √𝑢 + 2𝑐𝑤, 𝑦 = √𝑣 − 𝑤2, 𝑧 = 𝑤. ⭡ਈᦒ
(3.4) ઼ (3.5),(3.3) Ⲵㅜањᯩ〻Ѫᑨᗞᯩ࠶〻 (ሩҾപᇊⲴ 𝑢, 𝑣 ):

√𝑣 − 𝑤2 𝑑𝐹0𝑑𝑤 = 𝑘1𝐹0, (3.6)

ަѝ 𝐹0(𝑢, 𝑣, 𝑤) = 𝐹0(𝑥, 𝑦, 𝑧). 㓿䇑㇇,

𝐹0 = 𝐺0 exp (𝑘1 arcsin 𝑤√𝑣) , (3.7)

ަѝ 𝐺0 ᱟޣҾ 𝑢, 𝑣 Ⲵԫ᜿ݹ━࠭ᮠ, ѪҶ֯ࡉ 𝐹0 ᱟањᵳ٬喀⅑ཊ亩ᔿ, ᡁԜᗵ享֯𝑘1 = 0, Ҿᱟᴹ

𝐹0(𝑥, 𝑦, 𝑧) = 𝐹0(𝑢, 𝑣, 𝑤) = 𝐺0 (𝑥2 − 2𝑏𝑧, 𝑦2 + 𝑧2) .
ഐ↔, ㌫㔏 (3.1) Ⲵ⇿њ䗮ᐳཊ亩ᔿⲴ։ഐᆀᱟањᑨᮠ. ⭡Ҿ 𝑢 ઼ 𝑣 ൘ 𝑥, 𝑦, 𝑧 ѝⲴᵳ࠶٬
࡛ᱟ 2 ઼ 4 , ࡉ 𝐹0 Ⲵᵳ⅑ᓄѪ 𝑙 = 4𝑛 ᡆ 𝑙 = 4𝑛 − 2, 𝑛 ∈ 𝑁+. ᡰԕ 𝐹0 ⲴᖒᔿѪ

𝐹0 = 𝑛
∑𝑖=0 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖 , (3.8)

↔༴ 𝑙 = 4𝑛, ᡆ

𝐹0 = 𝑛
∑𝑖=1 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖 , (3.9)

↔༴ 𝑙 = 4𝑛 − 2. ሩҾ䘉є⿽н਼Ⲵᛵߥ, ᡁԜሶ䇱᰾࠶Ѫє䜘࠶.
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3.1 𝐹0 ⲺᖘᕅѰ (3.8)
ሶ 𝐹0 ᑖޕ (3.3) ⲴㅜҼњᯩ〻, ᡁԜਟԕ䇱᰾

𝐿 [𝐹1] = 𝑛
∑𝑖=0 (𝑘0 + 4𝑖𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖

+ 𝑛
∑𝑖=1 (8𝑐2𝑖 − 4𝑏𝑐𝑖) 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖 𝑧 + 𝑛

∑𝑖=1 2(1 + 𝑏)(𝑛 − 𝑖)𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧2.
֯⭘ਈᦒ (3.4) ઼ (3.5), ԕ㊫լ≲䀓 𝐹0 Ⲵᯩ⌅, ᡁԜਟԕᗇࡠᑨᗞᯩ࠶〻 (ሩҾപᇊⲴ 𝑢, 𝑣
):

√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2 𝑑𝐹1𝑑𝑤 = 𝑛
∑𝑖=0 (𝑘0 + 4𝑖𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖

+ 𝑛
∑𝑖=1 (8𝑐2𝑖 − 4𝑏𝑐𝑖) 𝑎𝑖𝑢2𝑖−2𝑣𝑛−𝑖𝑤

+ 𝑛
∑𝑖=1 2(1 + 𝑏)(𝑛 − 𝑖)𝑎𝑖𝑢2𝑖𝑣𝑛−𝑖−1𝑤2.

↔ᯩ〻ሩ 𝑤 ,࠶〟 ᡁԜᗇࡠ

𝐹1 = 𝑛
∑𝑖=0

1𝑐 (𝑘0 + 4𝑖𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖𝑢2𝑖𝑣𝑛−𝑖−1√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 𝑛−1
∑𝑖=0 ((8𝑐2 − 4𝑏𝑐) (𝑖 + 1)𝑎𝑖+1 + 1𝑐 (𝑘0 + 4𝑖𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖) 𝑢2𝑖+1𝑣𝑛−𝑖−1 ∫ 𝑤𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 1𝑐 (𝑘0 + 4𝑐𝑛) 𝑎𝑛𝑢2𝑛𝑣−1 ∫ 𝑤𝑑𝑤√𝑢 + 2𝑏𝑤√𝑣 − 𝑤2
+ 𝑛−1

∑𝑖=0 (3𝑘0 + 12𝑖𝑐 + 2(𝑏 − 2)(𝑛 − 𝑖)) 𝑎𝑖𝑢2𝑖𝑣𝑛−𝑖−1 ∫ 𝑤2𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2 + 𝐺1(𝑢, 𝑣).
䘉䟼 𝐺1(𝑢, 𝑣) ᱟޣҾ 𝑢, 𝑣 Ⲵԫ᜿ݹ━࠭ᮠ, ѪҶ֯ࡉ 𝐹1 ᱟањᵳ⅑喀⅑ཊ亩ᔿ, ަᵳ⅑Ѫ4𝑛 − 1, ᴹࡉ 𝐺1(𝑢, 𝑣) = 0, ф

(𝑘0 + 4𝑐𝑛) 𝑎𝑛 = 0;
(8𝑐2 − 4𝑏𝑐) (𝑖 + 1)𝑎𝑖+1 + 1𝑐 (𝑘0 + 4𝑖𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛 − 1;
(3𝑘0 + 12𝑖𝑐 + 2(𝑏 − 2)(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛 − 1.

(3.10)

䘋а↕, ᶑԦ (3.10) ਟㅹ਼ԕлᶑԦ:

(i) 𝑘0 = −4𝑐𝑛, 𝑏 = 2𝑐, 𝑎𝑛 ≠ 0, and 𝑎𝑖 = 0 for 𝑖 = 0, ⋯ , 𝑛 − 1.
(ii) 𝑘0 = −4𝑐𝑛, 𝑏 = 6𝑐 + 2, 𝑐 ≠ 12, 𝑎𝑛−𝑖 = (−4𝑐2)𝑖 𝐶𝑖𝑛𝑎𝑛, and 𝑎𝑛 ≠ 0.
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䘉䟼ሩєњᶑԦ䘋㹼䈤᰾, ᡁԜ俆ٷݸ䇮 𝑏 = 2𝑐. ҾᱟᶑԦ (3.10) ਟԕ㻛ㆰॆѪ:

(𝑘0 + 4𝑛) 𝑎𝑛 = 0;1𝑐 (𝑘0 + 4𝑖𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛 − 1;
(3𝑘0 + 12𝑖𝑐 + 2(𝑏 − 2)(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛 − 1.

⭡ㅜањㅹᔿᗇ 𝑘0 = −4𝑐𝑛 ᡆ 𝑎𝑛 = 0. ᖃ 𝑘0 = −4𝑐𝑛, 𝑎𝑛 ≠ 0 ᰦ, ⭡ㅜҼњㅹᔿ⸕𝑎𝑖 = 0(𝑖 = 0, ⋯ , 𝑛), ণѪᶑԦ (i); ᖃ 𝑎𝑛 = 0 ᰦ, ᴹ 𝑘0 ≠ −4𝑛, 㾱֯ㅜҼњᔿᆀᡀ・ᗵ享
ᴹ 𝑎𝑖 = 0(𝑖 = 0, ⋯ , 𝑛 − 1), ഐ↔ 𝐹0 = 0, ሶ 𝐹0 = 0 ԓޕ (3.3) 䇑㇇ 𝐹1 = 0, ਼⨶ਟ䇑㇇ࠪ𝐹𝑖 = 0(𝑖 = 2, ⋯ , 𝑛) ণ 𝐹 = 0, 䗮ᐳཊ亩ᔿнᆈ൘. ⧠൘ᡁԜٷ䇮 𝑏 ≠ 2𝑐, Ԕ 𝑖 = 0 ᴹ

(𝑘0 + 4𝑐𝑛) 𝑎𝑛 = 0;
4𝑐(2𝑐 − 𝑏)𝑎1 + 1𝑐 (𝑘0 − 2𝑛) 𝑎0 = 0;
(3𝑘0 + 2(𝑏 − 2)𝑛) 𝑎0 = 0.

⭡ㅜҼњㅹᔿᴹ 𝑎0 ≠ 0, ੖ࡉ 𝑎𝑖 = 0(𝑖 = 0, ⋯ , 𝑛). 㤕 𝑘0 = −4𝑐𝑛, ӾㅜйњㅹᔿᡁԜᴹ 𝑏 = -1
, 㘼 𝑏 ᱟ↓ᇎᮠ, ᭵ 𝑘0 ≠ −4𝑐𝑛, ↔ᰦ 𝑎0 ≠ 0, 䘋㘼ਟ⸕ 𝑎1 ≠ 0 ф⭡ㅜйњㅹᔿ⸕

3𝑘0 + 12𝑐 + 2(𝑏 − 2)(𝑛 − 1) = 0.
ᡁԜᴹ 𝑏 = 6𝑐 + 2 ઼ 𝑘0 = −4𝑐𝑛, 㘼ф, ӾㅜҼњㅹᔿᡁԜਟԕᗇࡠ 𝑎𝑛−𝑖 = (−4𝑐2)2 𝐶𝑖𝑛𝑎𝑛. 䇱
᰾ᆼᡀ.
᛻߫ (i) 𝑘0 = −4𝑐𝑛, 𝑏 = 2𝑐, 𝑎𝑛 ≠ 0, and 𝑎𝑖 = 0 for 𝑖 = 0, ⋯ 𝑛 − 1 ᴹࡉ 𝐹1 = 0, 𝐹0 =𝑎𝑛 (𝑥2 − 2𝑐𝑧)2𝑛

⭡ (3.3), 𝑗 = 2 ᰦ, 䇑㇇ᗇ

𝐿 [𝐹2] = 0.
ᖸᇩ᱃䇱᰾

𝐹2 = 𝑛
∑𝑖=1 𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖 .

䇑㇇ਟ⸕

𝐿 [𝐹3] = 𝑛
∑𝑖=1(−4𝑐𝑛 + 2𝑐(2𝑖 − 1) − 2(𝑛 − 𝑖))𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖

+ 𝑛
∑𝑖=1 2𝑐(2𝑖 − 1)(2𝑐 − 𝑏)𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−2 (𝑦2 + 𝑧2)𝑛−𝑖 𝑧

+ 𝑛
∑𝑖=1 2(𝑛 − 𝑖)(1 + 𝑏)𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧2.
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֯⭘ਈᦒ (3.4) ઼ (3.5), ԕ㊫լ≲䀓 𝐹0 Ⲵᯩ⌅, ᡁԜᗇࡠ

𝐹3(𝑢, 𝑣, 𝑤) = 𝑛−1
∑𝑖=1

1𝑐 (−4𝑐𝑛 + 2𝑐(2𝑖 − 1) − 2(𝑛 − 𝑖))𝑎(2)𝑖 𝑢2𝑖−1𝑣𝑛−𝑖−1√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 𝑛−1
∑𝑖=0

1𝑐 (−4𝑐𝑛 + 2𝑐(2𝑖 − 1) − 2(𝑛 − 𝑖))𝑎(2)𝑖 + 2𝑐(2𝑖 + 1)(2𝑐 − 𝑏)𝑎(2)𝑖+1𝑢2𝑖𝑣𝑛−𝑖−1 ∫ 𝑤𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2
+ 1𝑐 (−4𝑐𝑛 + 2𝑐(2𝑛 − 1))𝑎(2)𝑛 𝑢2𝑛𝑣𝑛−𝑖−1

+ 𝑛−1
∑𝑖=1(−12𝑐𝑛 + 6𝑐(2𝑖 − 1) − 4(𝑛 − 𝑖) + 2(𝑛 − 𝑖)𝑏)𝑎(2)𝑖 𝑢2𝑖−1𝑣𝑛−𝑖−1 ∫ 𝑤2𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2 + 𝐺2(𝑢, 𝑣).

ަѝ 𝐺3(𝑢, 𝑣) ᱟݹ━࠭ᮠ. ⭡Ҿ 𝐹3(𝑥, 𝑦, 𝑧) = 𝐹3(𝑢, 𝑣, 𝑤) ᱟᵳᮠѪ 4𝑛 − 3 Ⲵᵳ喀⅑ཊ亩ᔿ, ᡁ
Ԝᴹ 𝐺3(𝑢, 𝑣) = 0, ф 𝑏 = 2𝑐, ণ

1𝑐 (−4𝑐𝑛 + 2𝑐(2𝑖 − 1) − 2(𝑛 − 𝑖))𝑎(2)𝑖 = 0;1𝑐 (−4𝑐𝑛 + 2𝑐(2𝑛 − 1))𝑎(2)𝑛 = 0;
(−12𝑐𝑛 + 6𝑐(2𝑖 − 1) + 4(𝑛 − 𝑖)(𝑐 − 1))𝑎(2)𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛 − 1.

ণ 𝑎(2)𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛, 䘉ቡ䈤᰾ 𝐹2 = 𝐹3 = 0. 䙊䗷ᗚ⧟䇑㇇ᡁԜਟԕ䇱᰾ 𝐹𝑖 = 0, 𝑖 =4, ⋯ , 𝑚. ഐ↔, ሩᓄⲴ䗮ᐳཊ亩ᔿᱟ 𝐹 = 𝐹0 = 𝑎𝑛 (𝑥2 − 2𝑐𝑧), ։ഐᆀѪ −2𝑐.
᛻߫ (ii) 𝑘0 = −4𝑐𝑛, 𝑏 = 6𝑐 + 2, 𝑐 ≠ 12 , 𝑎𝑛 ≠ 0, 𝑎𝑛−𝑖 = (−4𝑐2)2 𝐶𝑖𝑛𝑎𝑛, 𝑖 = 1, ⋯ , 𝑛 䇮 𝑎𝑛 = 1

ᴹࡉ 𝐹0 = [(𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2)]𝑛
. ⭡ (3.3), 𝑗 = 1 ᰦ, 䇑㇇ᗇ

𝐹1 = 𝑛−1
∑𝑖=0

1𝑐 (−4𝑐𝑛 + 4𝑐𝑖 − 2(𝑛 − 𝑖))𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑥𝑦
= −4𝑐 + 2𝑐

𝑛
∑𝑖=1 𝑖 (−4𝑐2)𝑖 𝐶𝑗𝑛 (𝑥2 − 2𝑐𝑧)2(𝑛−𝑖) (𝑦2 + 𝑧2)𝑖−1 𝑥𝑦

= 4𝑛 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−1 𝑐(4𝑐 + 2)𝑥𝑦.
Ҿᱟᴹ

𝐿 [𝐹2] = 𝑛 ((4𝑐 + 2) (−4𝑐 − 12𝑐2) + 8𝑟𝑐2) ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−1 𝑥𝑦
+ 16𝑐2(4𝑐 + 2)2𝑛(𝑛 − 1) (𝑦2 + 𝑧2) ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−2 𝑥𝑦
− 16𝑐2(4𝑐 + 2)2𝑛(𝑛 − 1) (𝑥2 − 2𝑐𝑧) ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−2 𝑧𝑥𝑦.
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ᖸᇩ᱃ᗇࡠ 𝐹2 Ѫ
𝐹2 = 𝑛 ((4𝑐 + 2) (−4𝑐 − 12𝑐2) + 8𝑟𝑐2) ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−1 𝑧

+ 16𝑐2(4𝑐 + 2)2𝑛(𝑛 − 1) (𝑦2 + 𝑧2) ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−2 𝑧
− 8𝑐2(4𝑐 + 2)2𝑛(𝑛 − 1) (𝑥2 − 2𝑐𝑧) ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−2 𝑧2
+ 𝑛

∑𝑖=1 𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖 .
⭡Ҿ 𝐹3 = 𝐹3 ᱟањᵳ⅑Ѫ 4𝑛 − 3 Ⲵᵳ喀⅑ཊ亩ᔿ, ᡁԜᴹ 𝐺3(𝑢, 𝑣) = 0, ф

𝑎(2)𝑖 + 2𝑛(4𝑐 + 2) [𝑟𝐶𝑖−1𝑛−1 + (4𝑐 + 2)(𝑛 − 1)𝐶𝑖−1𝑛−2] = 0, 𝑖 = 1, ⋯ , 𝑛;
16𝑐𝑛(3𝑐 + 1)(𝑐 + 1)[𝑟 − (2𝑐 + 1)]𝐶𝑖𝑛−1 = 0.

㾱֯ㅹᔿᡀ・, 䴰㾱┑䏣 𝑎(2)𝑖 = −2𝑛(4𝑐 + 2) [𝑟𝐶𝑖−1𝑛−1 + (4𝑐 + 2)(𝑛 − 1)𝐶𝑖−1𝑛−2] ઼ 𝑟 = 2𝑐 + 1, ഐ↔
ᡁԜᴹ

𝐹2 = 𝐶2𝑛 (4𝑐(4𝑐 + 2)𝑥𝑦)2 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−2

+ 𝐶1𝑛 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−1 − 4(2𝑐 + 1)2𝑥2 + [(4𝑐 + 2) (−4𝑐 − 12𝑐2) + 4𝑐(6𝑐 + 2)(2𝑐 + 1)] 𝑧.
𝐹3 = 𝐶3𝑛 (4𝑐(4𝑐 + 2)𝑥𝑦)3 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−3

+ 2𝐶2𝑛 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−2 − 4(2𝑐 + 1)2𝑥2 + [(4𝑐 + 2) (−4𝑐 − 12𝑐2) + 4𝑐(6𝑐 + 2)(2𝑐 + 1)] 𝑧.
ᡁԜ࡙⭘ㅜаᮠᆖᖂ㓣⌅ਟᗇ

𝐹𝑖 = 𝐶𝑖𝑛(4𝑐(4𝑐 + 2)𝑥𝑦)𝑖 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−𝑖

+ 2𝐶𝑖−1𝑛 ((𝑥2 − 2𝑐𝑧)2 − 4𝑐2 (𝑦2 + 𝑧2))𝑛−𝑖+1 − 4(2𝑐 + 1)2𝑥2 + [(4𝑐 + 2) (−4𝑐 − 12𝑐2) + 4𝑐(6𝑐 + 2)(2𝑐 + 1)] 𝑧,
ަѝ 𝑖 = 1, ⋯ , 𝑚, ⭡Ҿ 𝐹𝑖 ᱟᵳᮠѪ࡛࠶ 4𝑛 − 𝑖 Ⲵᵳ喀⅑ཊ亩ᔿ, ᴹнਟ㓖Ⲵ䗮ᐳཊ亩ᔿࡉ

𝑓 = 𝑥4 − 4𝑐𝑥2𝑧 − 4𝑐2𝑦2 + 4𝑐(4𝑐 + 2)𝑥𝑦 − (4𝑐 + 2)2𝑥2.
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3.2 𝐹0 ⲺᖘᕅѰ (3.9)
ሶ 𝐹0 ᑖޕ (3.3) ⲴㅜҼњᯩ〻, ᡁԜਟԕ䇱᰾

𝐿 [𝐹1] = 𝑛
∑𝑖=1 (𝑘0 + 2(2𝑖 − 1)𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖

+ 𝑛
∑𝑖=1 ((4𝑐2 − 2𝑐𝑏) (2𝑖 − 1)) 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−2 (𝑦2 + 𝑧2)𝑛−𝑖 𝑧

+ 𝑛
∑𝑖=1 2(𝑛 − 𝑖)(𝑏 + 1)𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧2.

оㅜ 3.1 㢲䇑㇇ᯩ⌅㊫լ, ᡁԜᗇࡠ

𝐹1 = 𝑛
∑𝑖=1

1𝑐 (𝑘0 + 2(2𝑖 − 1)𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖−1√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 𝑛
∑𝑖=0 ((4𝑐2 − 2𝑐𝑏) (2𝑖 + 1)𝑎𝑖+1 + 1𝑐 (𝑘0 + 2(2𝑖 − 1)𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖) 𝑢2𝑖𝑣𝑛−𝑖−1 ∫ 𝑤𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 𝑛
∑𝑖=1 3 (𝑘0 + 6(2𝑖 − 1)𝑐 + (2𝑏 − 4)(𝑛 − 𝑖)) 𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖−1 ∫ 𝑤2𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2 + 𝐺1(𝑢, 𝑣).

䘉䟼 𝐺1(𝑢, 𝑣) ᱟޣҾ 𝑢, 𝑣 Ⲵԫ᜿ݹ━࠭ᮠ, ѪҶ֯ࡉ 𝐹1 ᱟањᵳ⅑喀⅑ཊ亩ᔿ, ަᵳ⅑Ѫ4𝑛 − 3, ᴹࡉ 𝐺1(𝑢, 𝑣) = 0, ф

((4𝑐2 − 2𝑐𝑏) (2𝑖 + 1)𝑎𝑖+1 + 1𝑐 (𝑘0 + 2(2𝑖 − 1)𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖) = 0, 𝑖 = 0, 1, ⋯ , 𝑛;
3 (𝑘0 + 6(2𝑖 − 1)𝑐 + (2𝑏 − 4)(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 1, 2, ⋯ , 𝑛. (3.11)

䘉䟼Ⲵ 𝑎0 = 𝑎𝑛+1 = 0, 䘋а↕, ᶑԦ (3.11) ਟㅹ਼ԕлᶑԦ:
(i) 𝑏 = 2𝑐, 𝑘0 = −2(2𝑛 − 1)𝑐, 𝑎𝑛 ≠ 0, 𝑎𝑖 = 0, 𝑖 = 1, ⋯ , 𝑛 − 1.
(ii) 𝑏 ≠ 2𝑐, 𝐹0 = 0.
䘉䟼ሩєњᶑԦ䘋㹼䈤᰾, ᡁԜ俆ٷݸ䇮 𝑏 = 2𝑐. ҾᱟᶑԦ (3.11) ਟԕ㻛ㆰॆѪ

1𝑐 (𝑘0 + 2(2𝑖 − 1)𝑐 − 2(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 1, ⋯ , 𝑛;
(3𝑘0 + 6(2𝑖 − 1)𝑐 + (2𝑏 − 4)(𝑛 − 𝑖)) 𝑎𝑖 = 0, 𝑖 = 1, 2, ⋯ , 𝑛. (3.12)

㤕ᆈ൘ࡉ 𝑖0 ∈ 1, ⋯ , 𝑛 − 1֯ᗇ 𝑎𝑖0 ≠ 0, ㅜҼњㅹᔿᗇޕሶㅜањᔿᆀᑖࡉ (4𝑐 + 2)(𝑛 − 𝑖)𝑎𝑖0 =
0 , նᱟ 𝑐 ᱟ↓ᇎᮠ, ഐ↔нᆈ൘ 𝑖0 ∈ 1, ⋯ , 𝑛 − 1 ֯ᗇ 𝑎𝑖0 ≠ 0 , ণᴹ 𝑎𝑖 = 0, 𝑖 = 1, ⋯ , 𝑛 − 1,
↔ᰦ⭡Ҿ 𝑎𝑛 ≠ 0, ᴹ 𝑘0 = −2(2𝑛 − 1)𝑐 ণѪᶑԦ (i); 㤕 𝑏 ≠ 2𝑐, ᖃ 𝑖 = 0 ᰦ, ㅜҼњㅹᔿਈѪ(3𝑘0 − 6𝑐 + (2𝑏 − 4)𝑛) 𝑎0 = 0, ㅜањᔿᆀѪ 2𝑏(2𝑐 − 𝑏)𝑎1 + 1𝑐 [𝑘0 − 2𝑐 − 2𝑛] 𝑎0 = 0, 㾱֯ԕк
਼ᰦᡀ・ᴹ 𝑎0 = 0, 𝑎1 = 0, ᡆ 𝑘0 = 2𝑐 + 2𝑛. ⸕лਟߥਾа⿽ᛵ޽ 𝑎1 = 0, ↔ᰦᖃ 𝑖 = 1 ԓޕ
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ㅜањᔿᆀ䇑㇇ᗇࡠ 𝑎2 = 0, ᗚ⧟ਟ≲ᗇ 𝑎𝑖 = 0(𝑖 = 2, ⋯ , 𝑛), ↔ᰦ 𝐹0 = 0, ❦ᱮߥа⿽ᛵࡽ
ҏਟᗇ 𝐹0 = 0, ণѪᶑԦ (ii);
᛻߫ (i) 𝑏 = 2𝑐, 𝑘0 = −2(2𝑛−1)𝑐, 𝑎𝑛 ≠ 0, 𝑎𝑖 = 0, 𝑖 = 1, ⋯ , 𝑛−1. 䛓Ѹ 𝐹1 = 0⭡ (3.3), 𝑗 = 2

ᰦ, 䇑㇇ᗇ

𝐿 [𝐹2] = 𝑛
∑𝑖=1(−2𝑟𝑥𝑦)(𝑛 − 𝑖)𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖−1 .

᤹➗ѻࡽ㊫լⲴ䇑㇇, ᡁԜ㜭ཏᗇࡠ

𝑑𝐹2𝑑𝑤 = − 𝑛
∑𝑖=1 2𝑟(𝑛 − 𝑖)𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖−1.

ሶкᔿޣҾ 𝑤 ,࠶〟≳ ᗇࡠ

𝐹2 = − 𝑛
∑𝑖=1 2𝑟(𝑛 − 𝑖)𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖−1𝑤 + 𝐺2(𝑢, 𝑣),

ަѝ 𝐺2(𝑢, 𝑣) ᱟݹ━࠭ᮠ. ⭡Ҿ 𝐹2(𝑥, 𝑦, 𝑧) = 𝐹2(𝑢, 𝑣, 𝑤) ᱟᵳᮠѪ 4𝑛 − 4 Ⲵᵳ喀⅑ཊ亩ᔿ, ᡁ
Ԝᴹ

𝐹2 = − 𝑛−1
∑𝑖=1 2𝑟(𝑛 − 𝑖)𝑎𝑖 (𝑥2 − 2𝑏𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧

+ 𝑛−1
∑𝑖=0 𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖−1 .

䘉䟼 𝑎(2)𝑖 , 𝑖 = 0, 1, ⋯ , 𝑛 − 1 ᱟᇎᑨᮠ. ⭡ (2.3), 𝑗 = 3 ᰦ, 䇑㇇ᗇ

𝐿 [𝐹3] = 𝑛−1
∑𝑖=1(−2(2𝑛 − 1)𝑐 − 8𝑟𝑐(𝑛 − 𝑖)𝑖 + 4𝑟(𝑛 − 𝑖)(𝑛 − 𝑖 − 1))𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧
+ 𝑛−1

∑𝑖=1 ((−8𝑟𝑐2(𝑛 − 𝑖)2𝑖 − 1) + 8𝑟𝑐2(𝑛 − 𝑖)(2𝑖 − 1)) 𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−2 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧2

+ 𝑛−1
∑𝑖=1(−4𝑟(𝑛 − 𝑖)(𝑛 − 𝑖 − 1) − 8𝑟𝑐(𝑛 − 𝑖)(𝑛 − 𝑖 − 1))𝑎𝑖 (𝑥2 − 2𝑐𝑧)2𝑖−1 (𝑦2 + 𝑧2)𝑛−𝑖−2 𝑧3

+ 𝑛−1
∑𝑖=0(−2(2𝑛 − 1)𝑐 + 4𝑖𝑐)𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖−1

+ 𝑛−1
∑𝑖=0 2(1 + 2𝑐)(𝑛 − 𝑖 − 1)𝑎(2)𝑖 (𝑥2 − 2𝑐𝑧)2𝑖 (𝑦2 + 𝑧2)𝑛−𝑖−1 𝑧,
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ᴹࡉ

𝐹3(𝑢, 𝑣, 𝑤) = 𝑛−1
∑𝑖=1(−2(2𝑛 − 1)𝑐 − 8𝑟𝑐(𝑛 − 𝑖)𝑖 + 4𝑟(𝑛 − 𝑖)(𝑛 − 𝑖 − 1))𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖−1 ∫ 𝑤𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2
+ 𝑛−1

∑𝑖=1 (−8𝑟𝑐2(𝑛 − 𝑖)2𝑖 − 1) + 8𝑟𝑐2(𝑛 − 𝑖)(2𝑖 − 1)⎞⎟⎟⎠ 𝑎𝑖𝑢2𝑖−2𝑣𝑛−𝑖−1 ∫ 𝑤2𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2
+ 𝑛−1

∑𝑖=1(−4𝑟(𝑛 − 𝑖)(𝑛 − 𝑖 − 1) − 8𝑟𝑐(𝑛 − 𝑖)(𝑛 − 𝑖 − 1))𝑎𝑖𝑢2𝑖−1𝑣𝑛−𝑖−2 ∫ 𝑤3𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2
+ 𝑛−1

∑𝑖=0
1𝑐 (−2(2𝑛 − 1)𝑐 + 4𝑖𝑐)𝑎(2)𝑖 𝑢2𝑖𝑣𝑛−𝑖−2√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 𝑛−1
∑𝑖=0 (2(1 + 2𝑐)(𝑛 − 𝑖)𝑎(2)𝑖+1𝑎(2)𝑖 ) 𝑢2𝑖𝑣𝑛−𝑖−2 ∫ 𝑤𝑑𝑤√𝑢 + 2𝑐𝑤√𝑣 − 𝑤2

+ 𝑛−1
∑𝑖=0 3(−2(2𝑛 − 1)𝑐 + 4𝑖𝑐)𝑎(2)𝑖 𝑢2𝑖𝑣𝑛−𝑖−2.

⭡Ҿ 𝐹3 ᱟᵳᮠѪ 4𝑛 − 5 Ⲵᵳ喀⅑ཊ亩ᔿ, ᴹࡉ 𝐺3(𝑢, 𝑣) = 0, ф

(−8𝑟𝑐2(𝑛 − 𝑖)2𝑖 − 1) + 8𝑟𝑐2(𝑛 − 𝑖)(2𝑖 − 1)) 𝑎𝑖 = 0, 𝑖 = 1, ⋯ , 𝑛 − 1
(−4𝑟(𝑛 − 𝑖)(𝑛 − 𝑖 − 1) − 8𝑟𝑐(𝑛 − 𝑖)(𝑛 − 𝑖 − 1))𝑎𝑖 = 0, 𝑖 = 1, ⋯ , 𝑛 − 1
2(1 + 2𝑐)(𝑛 − 𝑖)𝑎(2)𝑖+1𝑖(2) = 0, 𝑖 = 0, ⋯ , 𝑛 − 1
3(−2(2𝑛 − 1)𝑐 + 4𝑖𝑐)𝑎(2)𝑖 = 0, 𝑖 = 0, ⋯ , 𝑛 − 1.

䘉㺘᰾ 𝐹3 = 0, фᴹ 𝑎(2)𝑖 = 0(𝑖 = 0, ⋯ , 𝑛 − 1), 𝑎𝑖 = 0(𝑖 = 1, ⋯ , 𝑛 − 1) ࡉ 𝐹2 = 0, ᗚ⧟䇑㇇, ਟ
ԕᗇࡠ 𝐹𝑖 = 0, 𝑖 = 4, ⋯ , 𝑚. ⭡↔ਟᗇ, ㌫㔏 (3.1) Ⲵ䗮ᐳཊ亩ᔿѪ 𝑎𝑛 (𝑥2 − 2𝑐𝑧)2𝑛−1, ։ഐᆀ
Ѫ −2(2𝑛 − 1)𝑐. ⴨ᓄⲴнਟ㓖䗮ᐳཊ亩ᔿѪࡉ 𝑓 = 𝑥2 − 2𝑐𝑧.
᛻߫ (ii) 𝑏 ≠ 2𝑐, 𝐹0 = 0. ᱮ❦᱃㿱, 䘉⿽ᛵߥл, ㌫㔏 (2.1) ⋑ᴹ䗮ᐳཊ亩ᔿ.
⭡к䘠᷀࠶⸕㌫㔏 (3.1) ᴹ 2 њнਟ㓖䗮ᐳཊ亩ᔿ, ᱟ࡛࠶ 𝑥2 − 2𝑐𝑧 о 𝑓 , ሩᓄⲴ

։ഐᆀѪ −2𝑐 о −2 . ሶަ⭘ᴰࡍⲴਈ䟿ᴯᦒ䘋㹼ਈᦒᗇᖃ 𝛾 = 2𝜎 ᰦ, 䗮ᐳཊ亩ᔿѪ𝑓 = 𝛼𝛽𝜇2 𝑥2 − 2 𝛼𝛽𝜇2 𝑧, ։ഐᆀѪ 𝑘 = −2 𝜎𝜇 ; ᖃ 𝛾 = 6𝜎 + 2𝜇, 𝛿 = 2 𝜎2𝜇 ᰦ, 䗮ᐳཊ亩ᔿѪ 𝑓 =
𝛼2𝛽2𝜇4 𝑥4 − 4𝜎2𝛼𝜇2𝛿 𝑥2𝑧 − (16 𝜎2𝜇2 + 8 𝜎𝜇 ) 𝛾𝛼𝛽𝜇2 𝑥𝑦 − (4 𝜎𝛿 + 2)2 𝛼𝛽𝜇2 𝑥2, ։ഐᆀѪ 𝑘 = −2; ণਟ䇱᰾ᇊ⨶ 1.

3.3 ᙱ㔉

ᵜ᮷֯⭘࣐ᵳ喀⅑ཊ亩ᔿ઼⢩ᖱᴢ㓯Ⲵᯩ⌅, 䙊䗷≲䀓㓯ᙗٿᗞᯩ࠶〻, ⹄ウҶ 𝑇 ℎ𝑒𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ѝරԱъ⁑රⲴ䗮ᐳཊ亩ᔿ઼нਈԓᮠᴢ䶒䰞仈. ᴰ㓸ᗇࡠ, ൘䘲ᖃⲴ৲ᮠᶑԦ
л, ᗇࡠҶ 𝑇 ℎ𝑒 𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ѝරԱъ⁑රⲴє㊫нਈԓᮠᴢ䶒.
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4 ᰖキ䘒⛯᷆࠼

к䶒 2 㢲ᡁԜ᷀࠶Ҷ㌫㔏(1.1)Ⲵнਈԓᮠᴢ䶒, ᒦᗇࠪ㌫㔏ᴹєњнਈԓᮠᴢ䶒, ѪҶ
⹄ウ㌫㔏൘нਈԓᮠᴢ䶒кⲴࣘ࣋ᆖ㹼Ѫ, ᡁԜ㘳㲁ሩй㔤㌫㔏ᰐェ䘌⛩Ⲵ᷀࠶. ഐ↔ᵜ᮷
࡙⭘ 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒 ㍗ॆ俆ݸሩ㌫㔏(1.1)Ⲵᰐェ䘌⛩ᛵߥ䘋㹼᷀࠶.

4.1 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒 ㍝ौ
ሩ䘉аᯩ⌅ᡁԜ൘ [24] ѝਟԕ㧧ᗇᴤཊ㓶㢲. ൘ 𝑅3 ѝ㘳㲁лࡇཊ亩ᔿᗞ࠶㌫㔏

𝑥̇ = 𝑃 (𝑥, 𝑦, 𝑧),
̇𝑦 = 𝑄(𝑥, 𝑦, 𝑧),
̇𝑧 = 𝑅(𝑥, 𝑦, 𝑧),

(4.1)

ᡆ㘵↔㌫㔏ㅹԧⲴੁ䟿൪ 𝑋 = (𝑃1, 𝑃2, 𝑃3) .𝑋 Ⲵ⅑ᮠᇊѹѪ 𝑛 = max {deg (𝑃𝑖) ∶ 𝑖 = 1, 2, 3},
䇮 𝑆3 = {𝑦 = (𝑦1, 𝑦2, 𝑦3, 𝑦4) ∶ ‖𝑦‖ = 1} Ѫ 𝑅3 Ⲵঅս⨳, 𝑆+ = {𝑦 ∈ 𝑆3 ∶ 𝑦4 > 0} ઼ 𝑆− ={𝑦 ∈ 𝑆3 ∶ 𝑦4 < 0} Ѫ࡛࠶ 𝑆3 Ⲵইेॺ⨳. 𝑅3 ൘⛩ 𝑦 ༴Ⲵ࠷オ䰤⭘ 𝑇𝑦𝑆3 㺘⽪, ᒦф

𝑇(0,0,0,1)𝑆3 = {(𝑥1, 𝑥2, 𝑥3, 1) ∈ 𝑅4 ∶ (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅3} . (4.2)

Ԕ 𝑓+ ∶ 𝑅3 = 𝑇((0, 0, 0, 1)𝑆3 → 𝑆+ о 𝑓− ∶ 𝑅3 = 𝑇((0, 0, 0, 1)𝑆3 → 𝑆− ᱟ㻛 𝑓±(𝑥) =
± (𝑥1⋅𝑥2,𝑥2,1)Δ(𝑥) Ⲵѝᗳᣅᖡ, 䘉䟼Ⲵ Δ(𝑥) = (1 + ∑3𝑖=1 𝑥2𝑖 ) 12 . ࡙⭘䘉Ӌᣅᖡ, 𝑅3 㻛࠶Ѫইॺ⨳
઼ेॺ⨳, ᆳⲴ䎔䚃Ѫ 𝑆2 = {𝑦 ∈ 𝑆3 ∶ 𝑦4 = 0}. ൘ 𝑆3 кᇊѹ 𝑓±, ަѝ 𝐷𝑓+ ∘ 𝑋 ൘ेॺ⨳,𝐷𝑓− ∘ 𝑋 ൘ইॺ⨳. ⭡Ҿ 𝑆3 ᱟањਟᗞ⍱ᖒ, ѪҶ䇑㇇ 𝑝(𝑋) Ⲵ㺘䗮ᔿ, ᡁԜਟԕ㘳㲁 8 њ
ተ䜘മ (𝑈𝑖, 𝐹𝑖) , (𝑉𝑖, 𝐺𝑖), ަѝ

𝑈𝑖 = {𝑦 ∈ 𝑆3 ∶ 𝑦𝑖 > 0} and 𝑉𝑖 = {𝑦 ∈ 𝑆3 ∶ 𝑦𝑖 < 0} , 𝑖 = 1, 2, 3, 4
ᖃ 𝑖 = 1, 2, 3, 4 ᰦ, ᐞ਼࠶ᶴ 𝐹𝑖 ∶ 𝑈𝑖 → 𝑅3 ઼ 𝐺𝑖 ∶ 𝑉𝑖 → 𝑅3 ᱟ৏⛩࠷ࡠ㓯䎵ᒣ䶒൘⛩(±1, 0, 0, 0), (0± 1, 0, 0), (0, 0, ±1, 0) ઼ (0, 0, 0, ±1) ⲴѝᗳᣅᖡⲴ䘶. ⧠൘ᡁԜሩ 𝑈1 .㇇䇑ڊ
䇮 𝑆3 ൘ (1, 0, 0, 0) ༴Ⲵ࠷㓯䎵ᒣ䶒кⲴ৏⛩ (0, 0, 0, 0) ǃ⛩ (𝑦1, 𝑦2, 𝑦3, 𝑦4) ǃ⛩ (1, 𝑧1, 𝑧2, 𝑧3)
ᱟޡ㓯Ⲵ. ᡁԜᴹ

1𝑦1 = 𝑧1𝑦2 = 𝑧2𝑦3 = 𝑧3𝑦4 .

15



ഐ↔൘ 𝑈1 кᇊѹҶ඀ḷ 𝐹1(𝑦) = ( 𝑦2𝑦1 , 𝑦3𝑦1 , 𝑦4𝑦1 ) = (𝑧1, 𝑧2, 𝑧3). ᴹ

𝐷𝐹1(𝑦) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 𝑦2𝑦21
1𝑦1 0 0

− 𝑦3𝑦21 0 1𝑦1 0

− 𝑦4𝑦21 0 0 1𝑦1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
઼ 𝑦𝑛−14 = ( 𝑧3Δ(𝑧)𝑛−1 ), ࡉ 𝑝(𝑋) ൘ተ䜘മ 𝑈1 кⲴ䀓᷀ੁ䟿൪ਈѪ𝑧3𝑛

Δ(𝑧)𝑛−1 (−𝑧1𝑃1 + 𝑃2, −𝑧2𝑃1 + 𝑃3, −𝑧3𝑃1),
䘉䟼Ⲵ 𝑃𝑖 = 𝑃𝑖 ( 1𝑧3 , 𝑧1𝑧3 , 𝑧2𝑧3 ).
࡙⭘⴨լⲴᯩ⌅, ᡁԜਟԕ᧘ሬࠪ 𝑝(𝑋) ൘ተ䜘മ 𝑈2 кⲴ䀓᷀ੁ䟿൪𝑧3𝑛

Δ(𝑧)𝑛−1 (−𝑧1𝑃3 + 𝑃1, −𝑧2𝑃2 + 𝑃3, −𝑧3𝑃2)
䘉䟼Ⲵ 𝑃𝑖 = 𝑃𝑖 ( 𝑧1𝑧3 , 1𝑧3 , 𝑧2𝑧3 ) ⋅ 𝑝(𝑋) ൘ተ䜘മ 𝑈2 кⲴ䀓᷀ੁ䟿൪

𝑧3𝑛
Δ(𝑧)𝑛−1 (−𝑧1𝑃3 + 𝑃1, −𝑧2𝑃3 + 𝑃2, −𝑧3𝑃3),

൘ 𝑈4 ѝ, 𝑝(𝑋) Ⲵ㺘䗮ᔿᱟ 𝑧𝑛+13 (𝑃1, 𝑃2, 𝑃3), ൘ተ䜘മ 𝑉𝑖 ѝ, 𝑝(𝑋) Ⲵ㺘䗮ᔿㅹҾ 𝑈𝑖 ѝⲴ𝑝(𝑋) ҈ԕ (−1)𝑛−1, ަѝ 𝑛 ᱟ 𝑋 Ⲵ⅑ᮠ.
ሩᰦ䰤䘋㹼㕙᭮ᡁԜਟԕⴱ⮕ੁ䟿൪ 𝑝(𝑋) 㺘䗮ᔿѝⲴޜഐᮠ 1(Δ𝑧)𝑛−1 . 䘉䟼Ⲵ 𝑃𝑖 =

𝑃𝑖 ( 𝑧1𝑧3 , 𝑧2𝑧3 , 1𝑧3 ).
Ӿ⧠൘ᔰ࿻, ᡁԜਚ㘳㲁 𝑝(𝑋) Ӿेॺ⨳ࡠ 𝑦4 = 0 Ⲵ↓Ӕᣅᖡ. ⭡ሱ䰝Ⲵेॺ⨳Ⲵᣅᖡ

ᱟањॺᖴѪ 1 Ⲵሱ䰝⨳, ⭘ 𝐵 㺘⽪, 䜘о޵ަ 𝑅3 ᱟᗞ࠶Ⲵ, ަ䗩⭼ 𝑆2 ሩᓄҾ 𝑅3 кⲴᰐ
ェ䘌. 𝑝(𝑋) ᱟԕ䘉ṧⲴᯩᔿᇊѹ൘ᮤњሱ䰝⨳ 𝐵 к, ֯䗩⭼кⲴ⍱ᱟнਈⲴ. 𝑝(𝑋) ൘ 𝐵 к
䈡ሬⲴੁ䟿൪〠Ѫ 𝑋 Ⲵ 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒 ㍗ॆ, B 〠Ѫ 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒 ⨳. ൘ԫ᜿ተ䜘മ 𝑈𝑖 ઼ 𝑉𝑖 Ⲵ඀ḷ
ѝ, нਈ⨳䶒 𝑆2 Ⲵᰐェ䘌кⲴᡰᴹ⛩䜭ᴹ 𝑧3 = 0 . ѪҶㆰॆㅖਧ (𝑧1, 𝑧2, 𝑧3) = (𝑢, 𝑣, 𝑤).
4.2 ѱ㾷䗽ぁ

൘ᵜ㢲ѝ, ᡁԜ֯⭘к㢲ӻ㓽Ⲵᢰᵟ, 䙊䗷᷀࠶㌫㔏൘ተ䜘മ 𝑈𝑖 ઼ 𝑉𝑖 ѝⲴ 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒 ㍗
ॆ, ⹄ウ㌫㔏 (1.1)൘ᰐェ䘌Ⲵ⍱, ަѝ 𝑖 = 1, 2, 3 . ⌘᜿, ഐѪ 𝑉𝑖 ѝⲴ঻㍗ੁ䟿൪ 𝑝(𝑋) о 𝑈𝑖
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ѝⲴੁ䟿൪ 𝑝(𝑋) ҈ԕ -1 ᱟа㠤Ⲵ, ᡰԕተ䜘മ 𝑣𝑖 ѝⲴ⍱оተ䜘മ 𝑈𝑖 ѝⲴ⍱ᱟ⴨਼Ⲵ. ഐ
↔, 䘉䟼ᡁԜਚ⹄ウተ䜘മ 𝑈𝑖 кⲴ⍱, ަѝ 𝑖 = 1, 2, 3.

4.2.1 𝑈1 ѣⲺ㍝ौ
䙊䗷 Sec.4.1 Ⲵ᧿䘠, ሩ㌫㔏(1.1)ڊਈᦒ

𝑥 = 1𝑤, 𝑦 = 𝑢𝑤, 𝑧 = 𝑣𝑤,
ᴹࡉ ⎧⎪⎪⎨⎪⎪⎩

̇𝑢 = 𝜇(1 + 𝑢) − 𝛽𝑣𝑤 + 𝑢(𝜎 − 𝛽𝑢),
̇𝑣 = −𝛾𝑣 + 𝛼𝑢𝑤 − 𝑣𝜎 + 𝛽𝑣𝑢,

𝑤̇ = 𝜎𝑤 − 𝛽𝑤𝑢.
(4.3)

ᰦ䰤ቪᓖਈᦒڊ޽ 𝜏 = 𝑤𝑡, ㌫㔏(1.1)൘ 𝑈1 ѝㅹԧҾ
⎧⎪⎪⎨⎪⎪⎩

̇𝑢 = 𝜇(1 + 𝑢)𝑤 − 𝛽𝑣 + 𝑢𝑤(𝜎 − 𝛽𝑢),
̇𝑣 = −𝛾𝑣𝑤 + 𝛼𝑢 − 𝑣𝑤𝜎 + 𝛽𝑣𝑢𝑤,

𝑤̇ = 𝜎𝑤2 − 𝛽𝑢𝑤2.
(4.4)

⭡ 𝑤 = 0 ሩᓄҾ⨳䶒 𝑆2 кⲴᰐェ䘌⛩, ഐ↔к䘠㌫㔏ਈѪ

⎧⎪⎨⎪⎩
̇𝑢 = −𝛽𝑣,
̇𝑣 = 𝛼𝑢. (4.5)

⭡Ҿ㌫㔏Ⲵ Jacobian ⸙䱥ᴹ⢩ᖱ٬ ±√𝛼𝛽, ᒦфᴹ俆⅑〟࠶ ℎ(𝑢, 𝑣) = − (𝛼𝑢2 + 𝛽𝑣2) (䲀ࡦ
൘ 𝑈1 к), ণ䘉њ㌫㔏Ⲵ৏⛩ᱟୟаⲴѝᗳරཷ⛩.

4.2.2 𝑈2 ѣⲺ㍝ौ
䙊䗷⅑޽ Sec.4.1 Ⲵ᧿䘠, ሩ㌫㔏(1.1)ڊਈᦒ

𝑥 = 𝑢𝑤, 𝑦 = 1𝑤, 𝑧 = 𝑣𝑤,
ᴹࡉ ⎧⎪⎪⎨⎪⎪⎩

̇𝑢 = −𝜎 + 𝛽𝑢 + 𝑢 (−𝜇𝑢 − 𝜇 + 𝛽𝑢𝑣𝑤 ) ,
̇𝑣 = −𝛾𝑣 + 𝛼𝑢𝑤 + 𝑣 (−𝜇𝑢 − 𝜇 + 𝑢𝑣𝛽𝑤 ) ,

𝑤̇ = −𝜇𝑢𝑤 − 𝜇𝑤 + 𝑢𝑣𝛽.
(4.6)
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ᰦ䰤ቪᓖਈᦒڊ޽ 𝜏 = 𝑤𝑡, ㌫㔏(1.1)൘ 𝑈2 ѝㅹԧҾ
⎧⎪⎪⎨⎪⎪⎩

̇𝑢 = −𝜎𝑤 + 𝛽𝑢𝑤 + 𝑢𝑤 (−𝜇𝑢 − 𝜇 + 𝛽𝑢𝑣𝑤 ) ,
̇𝑣 = −𝛾𝑣𝑤 + 𝛼𝑢 + 𝑣𝑤 (−𝜇𝑢 − 𝜇 + 𝑢𝑣𝛽𝑤 ) ,

𝑤̇ = −𝜇𝑢𝑤2 − 𝜇𝑤2 + 𝑢𝑣𝑤𝛽.
(4.7)

㌫㔏䲀ࡦ൘ 𝑤 = 0 кਈѪ ⎧⎪⎨⎪⎩
̇𝑢 = 𝛽𝑢2𝑣,
̇𝑣 = 𝛼𝑢 + 𝛽𝑢𝑣2. (4.8)

䘉њ㌫㔏Ⲵᴢ㓯 𝑢 = 0 .⛩Ҷཷ┑ݵ

4.2.3 𝑈3 ѣⲺ㍝ौ
,ᡰ䘠ࡽྲ ሩ㌫㔏(1.1)ڊਈᦒ

𝑥 = 𝑢𝑤, 𝑦 = 𝑣𝑤, 𝑧 = 1𝑤,
ᰦ䰤ቪᓖਈᦒڊ޽ 𝜏 = 𝑤𝑡, ㌫㔏(1.1)൘ 𝑈3 ѝㅹԧҾ

⎧⎪⎪⎨⎪⎪⎩
̇𝑢 = −𝜎𝑢𝑤 + 𝛽𝑣𝑤 + 𝑢(−𝛾𝑤 + 𝛼𝑢𝑣),
̇𝑣 = 𝜇𝑢𝑤 + 𝛽𝑣𝑤− ∣ 𝑏𝑒𝑡𝑎𝑢 + 𝑣(−𝛾𝑤 + 𝛼𝑢𝑣),

𝑤̇ = −𝛾𝑤2 + 𝛼𝑢𝑣𝑤.
(4.9)

㌫㔏䲀ࡦ൘ 𝑤 = 0 кਈѪ ⎧⎪⎨⎪⎩
̇𝑢 = 𝛼𝑢2𝑣,
̇𝑣 = −𝛽𝑢 + 𝛼𝑢𝑣2. (4.10)

䘉њ㌫㔏Ⲵᴢ㓯 𝑢 = 0 .⛩Ҷཷ┑ݵ ഐ↔ᡁԜਟԕᗇࡠമᡰ⽪Ⲵ⴨ሩമۿ (1).

5 ൞у਎ᴨ䶘рⲺ࣑ࣞᆜ᷆࠼

Ӿㅜй㢲ѝᡁԜᗇࡠҶ㌫㔏(1.1)Ⲵєњнਈԓᮠᴢ䶒, ѪҶҶ䀓ާᴹнਈԓᮠᴢ䶒Ⲵ㌫
㔏Ⲵࣘ࣋ᆖ, ᡁԜ䴰㾱൘нਈᴢ䶒к䘋㹼⹄ウ.
ᡁԜԕ 𝑓 = 𝛼𝛽𝜇2 𝑥2 − 2 𝛼𝛽𝜇2 𝑧, ։ഐᆀѪ 𝑘 = −2 𝜎𝜇 Ѫֻ. ㌫㔏㻛䲀ࡦѪ

⎧⎪⎨⎪⎩
𝑥̇ = −𝜎𝑥 + 𝛿𝑦 = 𝑃 (𝑥, 𝑦, 𝑧),

̇𝑦 = 𝜇𝑥 + 𝜇𝑦 − 𝛼𝛽2𝛿 𝑥3 = 𝑄(𝑥, 𝑦, 𝑧). (5.1)
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മ 1: ᰐェ䘌༴Ⲵ⴨മ

ഐѪ↔㌫㔏ⲴᮓᓖѪ

𝜕𝑃𝜕𝑥 + 𝜕𝑄𝜕𝑦 = −𝜎 + 𝜇.
᛻߫ (i) 𝜎 = 𝜇. ↔ᰦ㌫㔏 (5.1) ⲴᮓᓖѪ 𝜕𝑃𝜕𝑥 + 𝜕𝑄𝜕𝑦 = −𝜎 + 𝜇 = 0, ㌫㔏ㆰॆѪ

⎧⎪⎨⎪⎩
𝑥̇ = −𝜇𝑥 + 𝛿𝑦 = 𝑃 (𝑥, 𝑦, 𝑧),

̇𝑦 = 𝜇𝑥 + 𝜇𝑦 − 𝛼𝛽2𝛿 𝑥3 = 𝑄(𝑥, 𝑦, 𝑧). (5.2)

俆⅑〟࠶

{𝐻(𝑥, 𝑦) = −12 (𝜇𝑥2 − 𝛿𝑦2) + 𝜇𝑥𝑦 − 𝛼𝛾𝛾 𝑥4 . (5.3)

ഐ↔, ㌫㔏 (5.2) ⋑ᴹᶱ䲀⧟. ѪҶ䘋а↕Ҷ䀓㌫㔏 (5.2) Ⲵࣘ࣋ᆖ㹼Ѫ, ᡁԜ⹄ウᆳⲴཷᔲ
⛩ᛵߥ.
ᴹ䇑㇇ਟᗇ㌫㔏 (5.2) Ⲵйњᒣ㺑⛩ 𝑂(0, 0), 𝐴 (√2𝑇1 𝛿𝜇 √2𝑇1) , 𝐵 (−√2𝑇1 − 𝛿𝜇 √2𝑇1),

䘉䟼Ⲵ 𝑇1 = 𝛿𝛼𝛽 (𝜇 + 𝜇3𝛿 ). ᡁԜਟԕ䙊䗷俆⅑〟࠶ᶕỰ傼 𝑂 ⛩ᱟ䶽⛩, 𝐴, 𝐵 ⛩ᱟѝᗳ. ഐ↔,
Ӿ 𝐻(𝑥, 𝑦) Ⲵሩ〠ᙗᡁԜᗇࡠമ 2 ѝ㔉ࠪⲴተ䜘⴨սമ.
᛻߫ (ii) 𝜎 ≠ 𝜇. ⭡ Bendixson -Dulac ,⌅࡛ࡔ ਆ 𝐵(𝑥, 𝑦) ≡ 1, ࡉ

𝜕𝑃𝜕𝑥 + 𝜕𝑄𝜕𝑦 = −𝜎 + 𝜇
нਈਧ, (5.2) ൘↔⿽ᛵߥл⋑ᴹᶱ䲀⧟. л䶒ᡁԜ⹄ウ (5.2) Ⲵཷᔲ⛩ᛵߥ:
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മ 2: 𝜎 = 𝜇

മ 3: 𝜎 ≠ 𝜇
ᕋ⨼ 1. Ԛ 𝑇2 = 𝜇(𝜎+𝛿)𝛼𝛽 , 𝑇3 = −𝜎 + 𝜇, 𝜃 = 𝜎2 − 𝜎𝜇 + 𝜇2 − 8𝜇𝛿, ᱴ❬ 𝑇2 > 0. ㌱㔕Ⲻᒩ㺗⛯ࡡ࠼

ᱥ 𝑂(0, 0), 𝐴 (√2𝑇2, 𝜎𝛿 √2𝑇2) , 𝐵 (−√2𝑇2, − 𝜎𝛿 √2𝑇2). (1) 㤛 𝑇3 > 0, 𝜃 < 0 (𝑇2 < 0, 𝜃 < 0), 𝑂
ᱥ䷃⛯, 𝐴, 𝐵 ᱥуどᇐ (どᇐ) Ⲻ❜⛯; (2) 㤛 𝑇3 > 0, 𝜃 ≥ 0 (𝑇2 < 0, 𝜃 ≥ 0) , 𝑂 ᱥ䷃⛯, 𝐴, 𝐵
ᱥуどᇐ (どᇐ) Ⲻ㢸⛯.

䇱᰾: ᗇࡠ (5.2) Ⲵйњᒣ㺑⛩ᱟᇩ᱃Ⲵ, фሶ 𝑂, 𝐴, 𝐵 ޕԓ࡛࠶⛩ Jacobian matrix ≲
ᗇሩᓄⲴ⢩ᖱ٬Ѫ
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⎧⎪⎨⎪⎩
𝑂 ∶ 𝜆1,2 = 12 (𝑇3 ± √4𝛿𝜇 + 𝜇2 − 2𝜇𝜎 + 𝜎2 + 4𝜎𝜇) ,
𝐴, 𝐵 ∶ 𝜆1,2 = 12 (𝑇3 ± √𝜃) .

ᱮ❦ 𝑂 ൘৲ᮠ䜭Ѫ↓ᮠᗇᶑԦл, ⢩ᖱ٬Ѫа↓а䍏Ⲵᇎᮠ, ণ 𝑂 䶽⛩. ሩҾ 𝐴, 𝐵, ᖃ 𝑇3 >0, 𝜃 < 0 (𝑇2 < 0, 𝜃 < 0) ᰦ, 𝐴, 𝐵 Ⲵєњ⢩ᖱ٬ᱟᇎ䜘བྷҾ 0 (ሿҾ 0) Ⲵ㲊ᮠ, ф㲊䜘བྷҾ 0,
↔ᰦ 𝐴, 𝐵 ᱟнっᇊ (っᇊ) Ⲵ❖⛩. ਼⨶ᖃ 𝑇2 > 0, 𝜃 ≥ 0 (𝑇3 < 0, 𝜃 ≥ 0) ᰦ, 𝐴, 𝐵 ᱟнっᇊ
(っᇊ) Ⲵ❖⛩. ᴰਾᡁԜ⹄ウҶᰐェ䘌༴Ⲵཷ⛩. 䙊䗷 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒 ㍗ॆᗇࡠ㌫㔏൘ᰐェ䘌༴
ᴹањୟаⲴཷᔲ⛩, ᆳսҾ㌫㔏䖤Ⲵєㄟ. 㘳㲁ਈ䟿ᴯᦒ 𝑥 = 1𝑣 , 𝑦 = 𝑢𝑧2 ઼ᰦ䰤ቪᓖਈᦒ𝜏 = 𝑣−1𝑡, ᡁԜᴹ

⎧⎪⎨⎪⎩
̇𝑢 = 𝜇𝑣2 + 𝜇𝑢𝑧2 − 𝛼𝛽2𝛿 + 2𝑢(𝜃𝑣 − 𝛿𝑢),
̇𝑣 = 𝜃𝑣2 − 𝛿𝑢𝑣. (5.4)

ᆳ൘ 𝑣 = 0 к⋑ᴹཷ⛩, ф൘ަ䘶ᰦ䰤кҏᗇ਼ࡠṧⲴ㔃䇪. ,ṧⲴਈᦒ਼ڊ 㺕喀ᴰਾ, ᡁԜ
ᗇࡠҶ㌫㔏(1.1)൘нਈԓᮠᴢ䶒кⲴࣘ࣋ᆖᤃᢁ᧿䘠, 㿱മ 2 ઼മ 3.

6 㔉䇰

ᵜ᮷䙊䗷儈ѝᡰᆖᗞ〟޵࠶ᇩ, ᤃኅᆖҐҶࣘ࣋ᆖ⨶䇪, ֯⭘࣐ᵳ喀⅑ཊ亩ᔿ઼⢩ᖱᴢ
㓯Ⲵᯩ⌅, 䙊䗷≲䀓㓯ᙗٿᗞᯩ࠶〻, ⹄ウҶ 𝑇 ℎ𝑒 𝑆ℎ𝑎𝑝𝑜𝑣𝑎𝑙𝑜𝑣 ѝරԱъ⁑රⲴ䗮ᐳཊ亩ᔿ
઼нਈԓᮠᴢ䶒䰞仈. ⭡Ҿнਈԓᮠᴢ䶒Ⲵ䳶ਸ᜿ѹ, ᡁԜሶ㌫㔏Ⲵࣘ࣋ᆖ㹼Ѫ䲀ࡦ൘Ҷ
нਈԓᮠᴢ䶒к, ᒦሩަ䱽㔤ਾⲴࣘ࣋ᆖ㹼Ѫ䘋㹼Ҷ᷀࠶, ࡙⭘ 𝑅3 ѝⲴཊ亩ᔿੁ䟿൪Ⲵ𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒㍗ॆ,㔉ࠪҶᆳ൘ᰐェ䘌⛩ 𝑃 𝑜𝑖𝑛𝑐𝑎𝑟 ́𝑒⨳䶒кⲴᆼᮤ᧿䘠,ሩ⹄ウ㌫㔏Ⲵᇊᙗ㹼Ѫо
ࣘ࣋ᆖ⧠䊑ᶱާ⧠ᇎ᜿ѹ.

7 㠪䉘

(1) нਈԓᮠᴢ䶒Ⲵ⹄ウⓀҾԓᮠࠐօᆖ、. ԓᮠࠐօᱟࠐօᆖⲴањ࠶᭟, ᆳ࡙⭘ԓᮠ
ᐕާ઼ᯩ⌅ᶕ⹄ウࠐօሩ䊑. ԓᮠࠐօⲴ䎧Ⓚਟԕ䘭ⓟࡠ 17 ц㓚. ᖃᰦ, ⌅ഭᮠᆖᇦ
René Descartes ᕅޕҶ඀ḷ㌫Ⲵᾲᘥ, ሶԓᮠ઼ࠐօ㚄㌫൘а䎧. ԆਁኅҶ䀓᷀ࠐօ,
䙊䗷ԓᮠᯩ〻ᶕ᧿䘠ࠐօሩ䊑, ֻྲᒣ䶒ǃᴢ㓯ㅹ. 䘉ѪਾᶕⲴԓᮠࠐօྐᇊҶส⹰.
19 ц㓚ࡍ, ⌅ഭᮠᆖᇦ Augustin-Louis Cauchy ઼ Jean-Victor Poncelet ㅹӪሩԓᮠ
.ウ⹄ޕ␡օ䘋㹼Ҷࠐ ԆԜᨀࠪҶᣅᖡࠐօⲴᾲᘥ, ᒦሶԓᮠᔿо⛩䳶ѻ䰤Ⲵޣ㌫䘋㹼
Ҷ㌫㔏ॆⲴ⹄ウ. 䲿⵰ᰦ䰤Ⲵ᧘〫, ԓᮠࠐօ䙀⑀ਁኅ༞བྷ, ᒦоަԆᮠᆖ࠶᭟⴨ӂӔ
৹. ަѝањ䟽㾱Ⲵਁኅᯩੁቡᱟнਈԓᮠᴢ䶒Ⲵ⹄ウ. нਈԓᮠᴢ䶒ᱟ⭡ԓᮠਈᦒ
,ᤱнਈⲴᴢ䶒؍ ᆳᱟԓᮠࠐօѝⲴањ䟽㾱⹄ウሩ䊑. 19 ц㓚ᵛ઼ 20 ц㓚ࡍ, ᜿བྷ
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࡙ᮠᆖᇦ Luis Bianchi ઼⌅ഭᮠᆖᇦ Elie Cartan ㅹӪሩнਈԓᮠᴢ䶒䘋㹼Ҷ␡ޕ⹄
ウ. ԆԜਁኅҶа⿽สҾሩ〠ᙗ઼ਈᦒ㗔Ⲵᯩ⌅, ⭘Ҿ⹄ウнਈԓᮠᴢ䶒Ⲵᙗ䍘઼࠶
㊫. ↔ਾ, нਈԓᮠᴢ䶒Ⲵ⹄ウᗇࡠҶᤱ㔝ਁኅ, ᒦф൘ᮠᆖⲴަԆ亶ฏѝҏᴹᒯ⌋Ⲵ
ᓄ⭘. ֻྲ, ൘ᗞࠐ࠶օǃ㗔䇪ǃ⢙⨶ᆖㅹ亶ฏ, нਈԓᮠᴢ䶒Ⲵᾲᘥ઼ᯩ⌅㻛ᒯ⌋ᓄ
⭘, Ѫ⴨ޣ亶ฏⲴ⹄ウᨀ׋Ҷ䟽㾱ᐕާ઼Ṷᷦ. ഐ↔, нਈԓᮠᴢ䶒Ⲵ⹄ウⓀҾԓᮠࠐ
օⲴਁኅশ〻, ᱟԓᮠࠐօѝⲴањ䟽㾱⹄ウᯩੁ. ᆳ䙊䗷ԓᮠᯩ⌅ᶕ᧿䘠઼⹄ウࠐօ
ሩ䊑, ൘ᮠᆖ઼ަԆ亶ฏѝާᴹᒯ⌋Ⲵᓄ⭘ԧ٬. ਇࡠ੟ਁ, ᡁԜߣᇊ⭘ԓᮠ઼ࣘ࣋ᆖ
Ⲵᯩ⌅ᶕ⹄ウнਈԓᮠᴢ䶒о䲀ަࡦкⲴࣘ࣋ᆖ㹼Ѫ.

(2) ⇿ањ䱏ઈ൘䇪᮷᫠߉ѝ᢯ᣵⲴᐕ֌ԕ৺䍑⥞:
єս䱏ઈ൘䇪᮷᫠߉ѝᒣ࠶ᐕ֌, ,᧒䇘䈮仈਼ޡ 䘋㹼䇑㇇䇱᰾ㅹᐕ֌.

(3) ᤷሬ㘱ᐸоᆖ⭏Ⲵޣ㌫, ൘䇪᮷߉֌䗷〻ѝᡰ䎧Ⲵ֌⭘: аսᤷሬ㘱ᐸ൘䇪᮷䘹仈, ᯩ
ੁᤷᕅ, 䇪᮷ᷦᶴк䘋㹼ᤷሬ, ሩ䇪᮷ᙫփṶᷦо޵ᇩ䘋㹼ᤷሬ.
ᱟ੖ᴹگ: ᰐگ.

(4) ԆӪॿࣙᆼᡀⲴ⹄ウᡀ᷌: ᰐ.
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