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Abstract

The elementary proof of the prime number theorem given by Selberg[1] and Erdds[2]
is one of the most famous examples of using simple methods to solve complex prob-
lems. Based on Levinson’s[3] method, this paper goes a step further: while using only
elementary mathematics and some basic calculus knowledge, it proves the strict form
of the prime number theorem and then gives an estimation of the value of the nth prime

number:
4.02

\G/Inlnn)

nlnn < p, <nlnn (1 +
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Symbol Description

These letters refer to real numbers: z, y, s

These letters refer to positive integers: n, m, k, d, r
Floor function and ceiling function: [z], [z]
MGobius function: u(n)

Mangoldt function: A(n)

Chebyshev function: 6(x), ¥ ()

Ao(n) =An)lnn+> . A(m)A(k)

R(z) =¢(x) —z (x> 2),0 (x < 2)

S(x) = [ Belgs W (z) = S

2 s e®

Prime-counting function: 7 (x)

Natural constant: ¢ = 2.7182818 - - -

Euler constant: v = 0.57721566--- =1 — 1+Oo S;rz[s] ds
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1 Abel transformation and Euler summation formula
Theorem 1

(a) Given A(s) = ), -, a(m) and a function f(s) which is derivable on [y, z] ([y] <
[z]). Then, B

y<m<xz

(b) Follows (a), given A(s) = H(s)+r(s), and H(s) is also derivable on [y, z]. Then,

/ SO (5)ds + @) 1) = ()1 0) — [ () (5)ds

y<m<'r

(c) Follows (a),

/f Jis = (2 = )1 @) + o= BDSW) + [ (5= )7 (5)ds

y<m<a:

Proof.

[x]
Y alm)f(m)= > f(m)(A(m) - A(m 1))

y<m<z m=[y]+1

Now (a) is proven. Since Hf' = (Hf) — fH’,
/y:v A(s)f!(s)ds —/ H(s ds-i—/ r(s)f'(s)ds
H@) )~ B - [ FH s+ [ ) (o)

Plug it into the result of (a), then (b) is proven.
Set a(m) = 1 and H(s) = s in the result of (b), we get (c).



2 Mobius inversion formula

Lemma 2.1

S utm) =[]

m|n

Proof.
When n = 1, the proposition is evident.
When n > 1, suppose the prime factorization of n is p{"* p5? - - - pj*. Then,

ko

S utm) = [T ntw)) = 0= 7]

mln i=1 j=0
Theorem 2
(a)

g(n) =Y _f(m) < f(k) = Zu(d)g(g)
m|n d|k

(b)

Proof.
Ifg(n) = Zm\n f(m)’ then

Z}L(d)g(g) _ Z,[L(d) Z f(m) order—exchange Zf(m) Zu(d) Lemma 2.1 f(k)

dlk dlk m|E mlk dlk

If (k) = g5, 1(d)g(§), then

S Am) =30 wld)g() === 303 w(Mg(d)

m|n m|n dlm m|n dlm
order—exchange Z m
S N () Y )
d|n dlm,m|n d
r=m
= g(d)> )
d|n r|%

Lemma 2.1 g(?’l)

Now (a) is proven.



IfG(x) =>",,<, F(;;), then

S ndGE) =Y u(d) Y FL) =2 ) Y F(Y)

m
d<y d<y m<Y d<y d|r,r<y
order—exchange y
order—erchanse. 7 p(Y) 7 u(a)
r<y d|r

Lemma 2.1
= F(y)

order—exchange T
e d
=) > ud) 3 G)

z d<z m<Z
peey < <

=N ad) Y G)

d<z d|r,r<z

ordercrdhense, $7 (%) $7 ()

r<z d|r

sy

Lemma 2.1 G(.’E)

Hence (b) is also proven.



3 The estimation of v (x)

Lemma 3.1

ZA(m) =Inn

m|n

Proof.
When n = 1, the proposition is evident.
When n > 1, suppose the prime factorization of n is pi" p5? - - - pi*. Then,

k
ZA(m) = Zai Inp; =1Inn
i=1

m|n
Lemma 3.2 .
%w%) =In([z]!) (z > 1)
Proof.
Zw(%): ZA r=mk_ ZZA _Lemma 3.1 Zlnr—ln([])
m<x mk<z r<z k|r r<z
Theorem 3
0.43z < ¥(z) < 1.65z (x > 8)
0.69x < (r) < 1.39z (z > €°)
Proof.

For every positive integer n,

D IR G RED I ICORD DRTCORED SR

m<2n m<n m<2n m<n
2n
_ _1\ym—1 an
= 3 )

m<2n

Since () is non-decreasing,
2n)!
B(2n) — o) < U < yan)

22 n—1 (2,”)!

Notice NG < e < 227=1 (1t can be easily proved by induction ), then we get

P(2n) —¢P(n) < (2n —1)In2
¥(2n) > (2n—1)In2 —Iny/n



T

Sh e +Z 25 ) = U5 1) (s = llogs )

= > @wl5]) ~¥([5]) +n2

22 1 (s—1)+1)n2

s—1
22;4—5 )In2 < (22 + log, x) In2
i=1

= () < (2 4 228

z)In2 < 1.65z (x > 8)

log, €® 8
P(z) < (22 + Tm) In2 < 1.39z (z > €°)

On the other hand,

W(z) > 1/)(2[%]) > (2[%] —1)In2 —ln\/@ > (z— 2)ln2—ln\/§




A(m)
m<x m

4 The estimation of
Lemma 4.1
rlnx —x — %1nz+0.84 <In([z]) <zlnz —z+hz+1(x>1)

Proof.
On the one hand,

In([z]!) = Z Inm + In[z] < Z /

m<[z]-1 m<la]-17™

m—+1 x
Insds +Inx g/ Insds +Inx
1

=zlnz—z+hx+1

On the other hand,
m+% CE—%
!
In([z]!) > Z / A lnsdsEA Insds
m<[z] T2 2
1 1 1.1
1 1 x 1
:xlnx—x—§lnx—(x—§)1na+1+§1n2
>zxlnzr—x— -Inx 1+1n2
2 2
lenxfxfélnx+0.84
Theorem 4

A
nz—1.04< ) % <Inz+1.04 (z>1)

m<x

A
Inz —1.01 < Z % <Inz+0.40 (z > %)

m<zx

Proof.

It is easy to prove

A
In(n+1)-1.04 < A bt <<
m
m<n
Hence,
A(m)
Inz —1.04 — <1 1.04(1 < 8
nx < g < nz + (1<z<38)

m<x



When x > 8, we have

0 S T;I:A(m)(x _ [%]) S ¢($) Theo%em 3 165$
and
D Am-T= 3T Alm) = > u(})
m<x mk<zx k<xz

Lemma 3.2 11’1([1’] |)

Lemma 4.1

1
[tlnx —z — §lnx+0.84,xlnx—x+lna:+1]

1 A
ézlnx—x—ilnx—ko.&lgxz %

<zlnz+0.65xr+Inx+1

m<zx

A
= Inz-104< Y A ey Los
m

m<zx
Similarly, when x > €8, we have
Theorem 3
0< > A(m) ])<¢() < 1.39z
m<x

and
ZA — xlnx—x—flnx+084xlnx—x+lnx+ 1]

m<x

1 A
:>x1nx—x—flnx+0.84§xz ﬂg:cln:c—kO.3990—i—ln:c—k1
2 m

m<x

=z —1.01< ) A g+ 0.40
m

m<z

10



5 The estimation of ¢(x)Inx + Emgm A(m)"p(%)

Lemma 5.1

1 1
lnx—1+7—|—m< Z—<lnx—l+'y+m7+(x>l)
x m x

m<zx

Proof.
Set f(s) = % and y = 1 in the result of Theorem 1(c), we get

> ;:/lwids—u[f—/js;ﬁds

1<m<z

1 T Too g s
ézazlnmflJﬂer[m—]Jr/ #ds
m<zx z

oo s — 8] <1 1
/:E 52 d5<L ?dS:;

Since

we complete the proof.

Lemma 5.2
1 T x
—§lnm—0.74<mz<z(1/}(g) — (E —1—9)<hz+1l(x>1)
Proof.
We have

emma 3. Lemmea 4. 1
E @/}(i) Lewpe B2 In([z]!) et - E lnxfxfi Inz+0.84, x Inz—x+Inx+1]
m

m<zx

and

x 1 Lemma 5.1
Z—:m — € (xlnz —z+yr+ [z],eInz —z +yx + [z] + 1)
7rL§;cm mga:m

= S W)~ (5 —1-9) € (—5 e =016 =9z — [a]) Iz + 1 (z — [+])

Notice 0 < y(x — [z]) < 0.58, then the proof is done.

11



Lemma 5.3

Forz > 1,
T T x 1
In — — ) —(——-1- < 5.34x — 2.16 —Inz —0.84
3 m)in L Y (W) = (o ~1=7) < 5347 —216V5 + 5 Ina

3 ulm) ln% (W)= (-2 —1—7)) > —2.912+1.08v/7 —0.37 In 2 +0.62

mk
m<x k<

Proof.
Based on
Lemma 4.1 1
me dllnz—in([z]) < ot Ina—0.84— (2 [])lnm<x—|— Inz—0.84
m<zx
and
Zln2£<2(é4£2_ fZ,/ <—f 1+ Z / \[ds
m o € m B m—1
m<zx m<zx m<zx 2<m<[m]
16
16
= SVaeVEl - 1)
32 16
< gx - 672\/5
we have
S E S () - (21— Y M Y
. m 4“— mk k "
m<z kS% m<x m<zx
1
< 5.34z — 2.164/z + 3 Inz —0.84
and
S i S S )~ () TE IS e oy m s
m<zx m k<Z mk mk a m<z m<x

> —2.91z + 1.08v/z — 0.37Inx + 0.62

12



Lemma 5.4

Z w(m)Inm = —A(n)

m|n

Proof.

On account of Theorem 2(a) and Lemma 3.1, we have

:Zu( ln— lnnz,u Zu(m)lnm%fzmm)lnm

m|n

Lemma 5.5
F(y)lny+ Y ADF(E) =Y pdG(E) 2 (y = 1)
d<y d<y
= G@)= Y F(=)(@>1)

Proof.
IfG(z) =3_,,<, F(;), then

> adG(H) L =3 u(d) mg F(-2)

A<y d<y m<Y
_r=md_ ZM 111* Z F(%)
d<y d\rr<y
order—exchange ZF Z# ln*
r<y
ORI S S
r<y r<y

)Ind

Lemma 2.1, Lemma 5.4 F y)lny+ZA r F -

r<y

IEF(y)Iny + 3 4c, M) F(G) = e, m(d)G(§) In g, then

Glo)Ine L2 N (F(D) IS S A (o

m<x d<x

=z Y F()= Y F()nm+ Y Y AdF(-—

m<zx m<zx m<zd<-

13



Combine it with

> DT AdF(o) 2R YA

X
F(o)
m<z d< > d<z m<
r=dm T
YA Y )
d<z d|r,r<z

odererchonse, §7 p(2) ST A(d)

r<z d|r
Lemma 3.1 x
Lemma3l ND pfy
we get
X X
G(z)lnz =Inz Z F(E) = G(z) Z F(E)
m<x m<x
Theorem 5

2xlnx — 6.61x < Y¥(x lnx+ZA

m<zx

) <2xlnz+5.71lx (x > 1)
Proof.

It is easy to prove

lnnJrZA ) >2nlnn — 6.61n

m<n

and

P(n)In(n +1) + Z A(m)w(%) <2nlnn+5.71n

m<n

for1 <n < 7. Thus,

2zInz — 6.61z < (z)nz+ »  A(m)

m<zx

<2x1n:17+5719:(1<x<8)

When x > 8, set
F(z) = ¢(z) — (@~ 1-7), Gl@) = > (=) — (=

in the result of Lemma 5.5, combined with Lemma 5.3, we get

14



(@)~ (@~ 1=y e+ Y Am)() = (- ~1-7))

m<x
€ (—2.91z + 1.08y/x — 0.37Inx + 0.62, 534x—216\f—|— lnx—084)
Because of 1.57721566 < v < 1.57721567, Theorem 3 and Theorem 4, we have
1.57Inz < (14+~v)Inz < 1.58Inz, xInx — 1.04z < x Z Alm) <zlnz+1.04z
m<zx

and
0.67z < (1+v)Y(x) < 2.61x

D)z + Y A(m)() — 2elne < 5.71z — 2.16V/7 — 1.0TIn — 0.84
m<x m
D)z + > Am)y(=) — 2zlne > ~6.56z + 1.08y/7 — 1.95Ina + 0.62
m<x m
= 2zlnz — 6.61lx < Y(z lnx+ZA )< 2zxlnz+ 5.7z

m<zx

15



6 Four properties of W (x)

Lemma 6.1
|S(x)| < 0.65z (z > 1)

fA= )

|R(s)| < 0.77s (2 < s < 3), |R(s)] < 0.65s (3 <s<8)

Proof.
R(s)

S

1S(2)| = ds

It is easy to prove

Hence,
|S(z)] < 0.652 (1 <x<8)

When z > 8, we have

Theorem 3

1S(@)| < [S(8)[+|S(z) — S(8)] < 5-2+/: Rf)

Then the proof is done.
Lemma 6.2
1S(22) — S(z1)] < 0.39(20 — 1) (22 > 21 > %)

Proof.

1S(@s) — S(a)| = / Ris)ds‘ < /w @ ds " 0.3 (s — 1)
Lemma 6.3
In2 —3.05 < /; %ds <In2+0.36 (z > %)
Proof.

Set a(m) = A(m), A(s) = ¥(s), f(s) = 1 and y = 2 in the result of Theorem 1(a),

we get
Z Alm Y(x (2 (s
En) .EL’) (2) / (2)d5

S

B S LIy

m<z

16

ds < 5.2+40.65(x—8) = 0.65x



Since

we have

L[5y 3 A _ i) _ S

— — —Inz+1n2
T

m<x
Because of Theorem 3, Theorem 4 and Lemma 6.1,
A
nz-1.01< Y A 0.40, 0.69 < PO
m x

m<zx

< 1.39, 065<S;)<065

=1In2—-3.05 </ %ds <In2+0.36
2

Lemma 6.4
—6.962 < R(z)Inz+ Y  A(m) —) < T4z (2> 2)
m<x
Proof.
J:)lnx+ZA(m)R(z 1na:+ZA —zhhz—x Alm)
m<z m<zx m<Z m

According to Theorem 4,

A A
In 3—1.04 < ; % <In g+1.04 = rlnz—1.74z < :cmz; % < 2ln24+0.35z
m< g <3

Then, by using Theorem 5, we complete the proof.

Lemma 6.5

~7.61z < S(z)Inz+ Y A(m) —) <810z (x> 1)

m<x

Proof.

The proposition is obvious when 1 < x < 2.

17



When x > 2, on the basis of Lemma 6.4, we have

—6.96 < 28 ns+ > A(m) )<745(2§s§x)

m<s

Notice R(y) = 0 (y < 2), then we get

—6.96z < / @ Insds+ Z A(m)/ Mds < 7.45z
2 2

S

m<x
Since s R g
(S(s)lns)'zS’(s)lns—Fﬁ _ R lns—l—ﬂ
s s s
we have

S(m)lnx:/;RiS)lnsds—i—/: ?ds

Combine these with

/; R(’i)ds%/; R(T)dr:/jl Mdr:S(%)

S r r

we get

~6.962 < S(z)lnz + Y A(m) / S(Ss)ds<7.45m
m<x 2

Finally, because of Lemma 6.1, we know

/S(S)ds‘g/ iS)als<0.6536

2 S 2 S

= —7.6lz < S(x)Inz+ > A(m)S(—) <810z
m<x

Lemma 6.6

z)|In*x < Z Ao (m) ‘S(%)‘ +16.12xInx (x > %)

m<z

Proof.

18



o)z + A(m)S(%))lnx = D AM)(S(S) =+ Y AGKR)S(=))

m<x m<x k<
z)In®z + ZA )lnm— Z A(m)A(k )S(ﬂfk)
m<z m<z,k< -
r=mk S(l’) ]n2:c—|— Z A( lnmS Z Z A T)
m<x r<x mk=r
) In? x+z r)lnr — Z A(m 7“)
r<z mk=r

According to Theorem 4 and Lemma 6.5, the value of the first row is between
—7.61zInz — 8.10z(Inz + 0.40)

and
8.10xInx + 7.61z(Inz + 0.40)

Thus, its absolute value is less than 16.12 z In z.

= |S(2)|In?z < |3 (A(r)Inr— > A(m)A(k:))S(%) +16.12zIna

r<z mk=r
= |S(z)| I’z < Y Ag(r) )+ 1612z Inz
r<z

Lemma 6.7

2rlnz —8.267 +2 < »_ Ag(m) < 2zInz +5.367 +2 (z > 2)

m<zx

Proof.
Set a(m) = A(m), A(s) = 9(s), f(s) = Ins and y = 1 in the result of Theorem 1(a),

we get
¢
> A(m)lnm =1(z)Inz —

1<m<z

= Z A(m)lnm = ¢(z) Inx — S(z) —x + 2

m<zx

In addition,

Yo > ARAW) =Y ARAD =D AK) Y Ad) = ZA(W/}(%)

m<z kd=m kd<x k<zx <

19



Combine these with Theorem 5 and Lemma 6.1, then we get

2zInz — 8262 +2< Y Ag(m) <2zlnz + 536z +2

m<zx
Lemma 6.8

Z (Az(m) —2Inm)| < 7.89z (x > 2)

m<zx

Proof.

Based on Lemma 4.1 and Lemma 6.7, we have

—6.262 — 2Inz < Y Ay(m) — 2In([z]!) < 7.362 + Inz + 0.32

m<zx
Then the proof is done.
Lemma 6.9

[S(z2) — S(x1)] < 0.77(x0 — x1) (X2 > 1 > 1)

Proof.
According the proof of Lemma 6.1, we have |R(s)| < 0.77s (s > 1). Then,

2 z 8
J— . >
[S(z)|In"z < 2 g lnm’S(m)‘JrQQ 20zInz (x > €°)

m<x

= [S(x2) — S(z1)| =

@ ds < 0.77(xe — 1)

Lemma 6.10

Proof.
>~ (Aa(m) —2Inm) |S(5)|

) Y (Aa(m) —2Inm) + ‘S ‘—’ m+1 1S (As(k) - 21nk)
m<[z] 1<m< k<m
_ ]s H )Z(Az(/f)—mnk)
2<m<[a: k<m

20



Combine it with Lemma 6.8 and Lemma 6.9, we get

T T 1 =] 1
Aa(m) [ - s < osz 3
> Ag(m) S(—) 2) Inm ()| < 6.082 > 7 <608 i _ds
m<x m<x 2<m<[z]-1

< 6.08zInx

Finally, noticing the result of Lemma 6.6, we complete the proof.

Lemma 6.11

|S(x)|In® z < 2/
1

S(g)’ Insds+26.34zInz (x> %)

Proof.
Since S(y) = 0 (s < 2), we have

n;:zlnm‘S(:l)‘—/lz‘S(i)‘lnsds _ m<m1/mm+1(‘5(:l)‘lnm—‘S(ﬁ)‘lns)ds
Notice

o -

< ‘S(%)lnm—S(g)lns‘

xT

< |SC) 2 4 [$(5) — 5(5)| ns

Lemma 6.1, Lemma 6.9 1
065 m L L 077— " ta(m 1)
m m m(m+1)
<2072
m+1

we get

Zlnm]S(f)‘—/ [S(5)|nsds| <2070 3" <2.07x/ ~ds
m<zx m 1 s m<[z]71m+1 1 s

<207xInzx

Combine it with Lemma 6.10, then the proof is done.
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Theorem 6
(@)
W(z) < 0.65 (z > 0)

(b)
|W(£L’2) — W(.’El)| < 104(%2 — xl) ((EQ > x> 8)

(c)Given 8 < a <band W(s) # 0 (a < s < b). Then,

b
/ |[W(s)|ds < 3.41

(d)
2 [T [y 26.34
Wl < [ [ weldsay+ 22 @28
X 0 0 xr
Proof.
When z > 0,
W((p) _ S(ei ) Lemma 6.1 0.65
When X9 Z X1 Z 8,
S(e*)  S(e™) 1 1 1
_ — _ < _ T 1) _ T2
W (a2) — W ()| ]em < (o= ) I8 + — IS(e™) - S(e™)
Lemma 6.1, Lemma 6.2 X X
< 1.04(1 — ™ 7%2)
< 104(%2 — xl)
For a, b described in (c),
b b s R et eb e®
/ [W(s)|ds = / S(e) )ds == / —S(g)dr = / —S(g)dr —/ —S(;n)dr
a o €° ea T 2 r 9 r

Lemma 6.3

3.41

Finally, (d) can be proved by combining Lemma 6.11 and the following equation:

x Yy z Y s T s s
/ / |W(S)| dsdy _ / (/ |S(i )|d8)dy order—exchange / |S(68 )| (/ dy)ds
o Jo 0o Jo € 0 € 0

=—A”““)u—$w

65

r=e®=s 1 e

X

S(=)

Inrdr

xr
€1

22



7 The estimation of W (x)

Lemma 7.1
For n > 2, W(z) has a finite number of roots in [Inn, In(n + 1)].

Proof.
If not, choose three of them: a < b < ¢. Then,

[ w‘”d—/ w'”d—/ e

N EL U

Noticing (e*)" = e” is increasing, the upper equation is impossible.
Then the proof is done.

Lemma 7.2
Given8 <a <band 0 < |[W(s)| <y (a < s < b,y < 0.65). Then,

[ W < - 2w

Proof.

2y
When b — a S T.04°

b Theorem 6(b) a;—h b y3
/ ws)lds e 104 / (s—a)ds+1.04 / (b-s)ds < (y- =) (b-a)
a a atb

2

When b — q > —34L

b Theorem 6(c) y3
/ |[W (s)|ds < 341 < (y— m)(bfa)

When12é14<b—a< 341 ,
y— 37

b a+1.%4 bil.y04 b
/ |W(s)\ds:/ |W(s)\ds+/ \W(s)|ds+/ W (s)| ds
a a a+T%4 b—1.04

Theorem6(b) at+ 161 2y b
< 1.04/ (s—a)ds—!—(b—a——)y—k/ (b—s)ds
a 1.04 b—1.04

2 3

=(b-ay - {5 <@ 55)0-a)

23



Lemma 7.3

Leta, = (in)2" and b, Then, when = > a,,, we have |W (z)| < b,,.

_ 2
= 2.
Proof.

Use induction.
Theorem 6(a)
Forn <9, |W(z)| < 0.65 < by,

Now, suppose the proposition is true for n = k.

When y > ay, because of Lemma 7.1, there are finite number of roots in [ay, y].
Assume all of them are 21 < 29 < --+ < z4. Then,

/oyw<s)|ds/0ak IW(s>\ds+/a WHZ/LH 'd”/ Wl

Theorem 6(a)(b), LemmaT7.2 b3 -1
0.65ay, 4 3.41 + (by — ﬁ) ;(ZM —2;) +3.41
b3
0.65 6.82 + (b, — —=
< ak + + (b 3 97>

Considering this inequality is also true for 0 < y < ay, we have

3/w/ym/(s)|dsd <3/ (0.65a + 6.82 + (b — 2 )y)d
.’L'2 0 0 4 $2 0 k k 3.97 y

~ 1.3a; +13.64 b

bk—ﬁ( Zak-i-l)

Combine it with Theorem 6(d), then we get

1.3ay + 40 b3 b3

w <———+bp——=<by,— =<}

W) < D - T - <
Theorem 7 )

(W) < 5= (z21)
Inz
Proof. ‘ ,
Suppose (3n)5" <& < ((n+1))2(**1), then
3 1 3 Lemma 7.3 2 2
Inz < §(n—|— 1)ln(§(n+ 1)) <n? = |W(x) < 7 < i
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8 The estimation of p,,

Lemma 8.1
2x ah(s) 2z
r—2— < ds<x—2+—(x>c¢
Vinlnz /2 S \3/1nlnx( ¢
Proof.

/z¢(8)d3:x_2+/zmd3:x_2+xW(lnx)
2 2 5

S

Combine it with Theorem 7, then we complete the proof.

Lemma 8.2
4.13 6x 4096
— <Ylx) <x+ T > e
vinlnz ¥(=) Vinlnx ( )
Proof.

(14+y)z (14+y)z
vy +y) = | : w(“””)ds</+ O

. s
_ / O / RGP
2 s 2 s
2x

Lemma 8.1 2(1 + y)SC
YT +
Vinlnz ~ ¢/Inln((1 + y)x)
(4+2y)z 2
<yr+ e (y =
Y vinlnz < \6/1n1nx)
Since y
In(1 + > —
(I+y) Ty
we have a )4+ 29) 6
+y + 2y x
)< (l4+y)z+ - <x 4+ —
Vi) <(1+y) yvInlnx vinlnz
Similarly,
=z 2x
x 141 Lemma 8. 2 T
7JJ(:c)ln(l—Fy)Z/ @ds—/ E ql)(s)ds gett Y - T Lty
9 S 9 s 14y VInlnz i/lnlnﬁ
Y 4x

> T —
14y Vinlnx
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Since

In(14+y) <y
we have
P(z) > ! x — iz >x—47x
1+y yvinlnz Vinlnz
Lemma 8.3
w(x)—\/flnxgﬂ'() w()—i—x (z>1,0<A<1)
nx Alnzx
Proof.
On the one hand, since )
O(z7) < Vaxlnz (i > 2)
we have
O@) _ ve) = ¥y 0ar) < > Inz
> = =
m(z) 2 Inx Inx \flnx( [ln2])
On the other hand,

W(z) > 0(z) > Z Inp > \n(z) — 7(z*)) Inz > X\(w(z) — 2*) Inz

A <p<z
Y(z) A
= 7(x) < N +x
Theorem 8
® 4.01 6.01
X . X . 4096
—(1— <7m(r) < —(1+ x> e
lnx( \G/Inln:c) (@) lnx( \G/Inlnx)( - )
(b) If p,, is the nth prime number (n > e ), then
4.02
nlnn < p, <nlnn (1 +
P ( \G/Inlnn)

Proof.
On the one hand,

Lemma 8.3 ¢( ) Lemma g2 L — m 4.01
> In | —(1—
7) Inx VT o Inxz —Velnz > In ( \6/]1’111‘13?)

On the other hand, set A = 1 — 21“ h”” in the result of Lemma 8.3, then we get

r(z) < — 4@ v tenmos2 TF Y | E
“Inz—2Inlnz 1n?z Inz—2Inlnz In?2z  Inz Sninz
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Now (a) is proven. Set x = p,, in the result of (a), then we know

P AOL g A0
- n < nlnn
vinlnp, P Vinlnn

n< Lo (1+ 0.01
Inlnp,,

Inp,

n >
Inp,,

) = Pn > nlnn
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