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Abstract

In this paper, we take a theoretical approach-to analyze the dynamical
behavior of water droplets from a leaking faucet. A steady-state approxi-
mation is used to describe the droplet formation process using the Young-
Laplace equation. Then, the irregular detachment and propagation of the
droplet are analyzed making use of'the Navier-Stokes equation. Finally,
we used COMSOL Multiphysics and completed a computer simulation on
this problem by the Level Set Method.
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1 Introduction

When a water droplet is stuck to the end of a needle, it forms the shape of a
half-oval. Such a shape is the result of a complex balance of gravitationa,
and surface tension, and it is a shape that has attracted mathemati swfd
physicists alike for several centuries. @
In 1830, Gauss unified the work of Young and Laplace, derivi at is now
known as the Young-Laplace equation. This equation dese¥ib uantitative
al

relationship between surface tension, interfacial pressure (LQ}pressure)7 and
1

mean curvature of a liquid surface. Using this equatioy®t sible to describe

the stationary profiles of soap films and water dropl

While the topic of fluid statics is now well-des®ed using the Young-Laplace

equation, the delicate nature of surface tension Q ynamics is still a subject
of intense debate. By installing an iron mes king faucet, it is possible to
observe a periodic formation of water d that mesh, initiating a series

r
of rapidly deforming water drops. %

Despite being a common phenon@7 such a setup poses a much greater
challenge than a stationary p% rop. Shi et. al. investigated leaking
faucets using liquids with a viscosggf much greater than that of water, leading
to surprising results: theQQ’on of drops was chaotic, the width of the droplet
shrank to microscopic § Whe droplet’s profile was non-smooth, and ripples
oscillated across th& onstante-Amores, et. al.).

For several deca, \JI" er studies attempted to form quantitative approx-
imations of the let’s profile, but most theories failed to describe the phe-

nomenon. %ﬁosest approximations were based on the interpolation of empir-

ical evidegc by combining existing models such as those used for modeling
of el ti@yperelastic deformations.

took on t allenge after studying the Young-Laplace equation in

preparation h#International Youth Physicists Tournament (IYPT). Al-
hough thismegas a problem on the IYPT, we were deeply fascinated with
the ext w pnomena occurring in thin liquid films. As a result, we pur-
sued resefrch on the formation of pendant drops, eventually evolving into this
theoretica¥study on the dynamics of leaking faucets.

Considering that this area has been lacking in theoretical research, we've de-
cided to conduct an investigation that’s entirely theory-based. We attempted to
model the formation of water droplets using a quasi-static approximation on a

varied form of the Young-Laplace equation, from which we derive an equivalent

S
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formulation of the surface energy reduction. Afterward, the sophisticated retrag
tion and propagation of ripples are modeled in two stages using a combination
of the Young-Laplace equation and the Navier-Stokes equation. This is then
combined using a mollifier to combine the approximations for fluid br@
and the fully developed droplet profile. In the end, we attempted to slve ghese
equations using Wolfram Mathematica and conducted experiment@ ations

using COMSOL Multiphysics. @
L 4
2 Preliminary Experiment ()
&

In order to study this problem, we first observed ghe p enon by performing
our preliminary experiment using faucets. We theiNgade several basic assump-
tions based on the result of this preliminary e \@ ent.

First, we used our school’s water fauceto the experiment. Initially, we
found that the water flow out of the N& ®was unstable. We observed that
the water didn’t fill the entire cross-gmti
along one side of the water pip, nm

of the water pipe, instead, it flowed
spout then rotated around the tube.
The angle of the water flow a hgJrotational direction were determined by
micro-perturbation since it differed between every experiment, even those with

sin® the same faucet.

the same initial conditio

Observing otherg ki @
we found that all % g# have some kind of iron mesh on their outlets.
Performing so eNments on these kinds of meshed faucets, we found that

it has several prop®ies that are very beneficial for our research:
?&

aucets in our school, homes, and online shops,

Wh,

h w aft@g the iron mesh is laminar if the flow rate of water is suffi-
&'ntly sgaall) both the velocity and the characteristic length of the

oflow de®reafesyin the iron mesh.

he pipe after passing the iron mesh.

t faces vertically downwards after the iron mesh, it is rotation-

ly pygumetric about the central line of the water spout.

The velocity distribution ¥ (r) is more even after passing through the iron
mesh and the radial component of the velocity is limited to a negligible

order of magnitude compared to the axial component.



Figure 1: Household Faucet a%n Mesh

According to these discoveries, we made so ptions and approximations
in our following analysis. After these an e performed a preliminary ex-

periment using household faucets

You can see the iron mesh ver@y on this picture.

Then we controlled the water fa ’s flow rate and observed the shape and
characteristics of the wa er the faucet outlet.

We observed the form the water spout and water droplets under the
faucet ¢
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Figure 6: p f Water Droplet

3 Theoretical alysSis

3.1 Droplet For, n

3.1.1 Steady-St \r le

In this section, weNgscuss the droplet’s profile until up to the detachment point.
The drople Qﬁle at a certain point can be described in terms of its mean
curvatu and can be related to the Laplace pressure Ap at that point

usinathe lace equation:
1 1
— 4 — 1
& < (La TRUR v

Nm ! is the surface tension of water at room temperature.

V4 where
@ o Letv Welomty profile of the water and consider a cylindrical coordinate

system (r;7;z ) with z-axis along the water droplet. We make the following

assumptions:

Inside the faucet and at the faucet-droplet interface, the flow is laminar.

Q% This is assumed because the pipe flow necessary for droplet formation has



low velocity, hence viscous shear forces dominate within the faucet.

The flow is steady-state at the faucet-droplet interface, i.e., %t/ =0 at the
end of the faucet. This is observed in experimental observations @

v, and is achievable through a steady water source.

The cross-sectional flow is constant, i.e. %" = g‘r’ =0. T h@sumed
due to the presence of an iron mesh at the end of the fa@ hich acts

as a stabilization device ensuring the symmetry of th

In cylindrical coordinates, the droplet’s profile j etrlc about the
z-axis. This is also based on observations of ing) water drops. Con-
sequently, the droplet’s profile can be uniq d ribed using a function

h(z), the droplet’s cross-sectional radius @ nce Z from the faucet.

Now, we begin our analysis first with a s@ary droplet in the presence of
gravity. Define h, = @Z,h = g ing to Pierre et. al., we can

explicitly express the values of Ry a We do this in the following manner:

Ap 1
e 2

In steady-state assump leves the constant overpressure at a certain re-
gion in the droplet T contribution to this overpressure is the droplet’s
surface tension, ce tension balances with the gravitational pull to

achieve a semi- ﬁle Assuming that the surface tension completely can-

cels out the weigh the water, we express Ap in terms of stagnation pressure

0 hz, 1
g (b' T n2? Ry (3)

is the den: f water and @ is gravitational acceleration.

&1 qu pproximations

open faucet, it’s obvious that the droplet’s profile is not steady-

/ Howe
% ¢ state; theffltial force balance is disturbed by net impulse of the faucet as well

as changes in the droplet’s volume.

To describe such scenarios, we discretize the time domain t and for each

value of t, the droplet’s profile can be described as an instantaneous balance

QW of forces and viewed as steady-state. Since the deceleration of the fluid is not



known, we cannot directly compute the increase in Ap due to the impulse q
the water flow; instead, we assume that the kinetic energy of the water flow is
continuously and completely transformed into the overpressure of the dro

We can view this change in overpressure equivalently as an infinit

fluctuation in surface tension, , with the same unit as ?Tt’ Nm € ¢ In
particular, this is equivalent to a uniform decrease in surface t¢h , since
higher overpressure forces the surface area to increase against tension,

and the magnitude of this change is proportional to the cha\ p. Let g

be a surface tension reduction term with a definition equefio

Assuming that the kinetic energy is uniform} @ ributed across the droplet’s
profile and making use of dimensional anal % € have

t _
E = min "k +Ep (4)
where % )
Eg ="V =2 R %8
2 dt 2

represents the kinetic e jstributed per unit time, and K is a term describing

the maximum pos retention using a Hookean mass-spring model
(Pierson et. al.) e water flow rate and the elasticity of the droplet’s
surface (K is the d equivalent of the spring constant, and is to be determined

experimenta Now we describe the distribution of excess weight using

Z(t) hz Z 7

1
=g zdz ES =-9Z?1t) ES
‘ 0 2
Where Ep re the excess gravitational potential energy per unit area that
convert gnation pressure. Moreover, E§ is the gravitational poten-

mt area in the equilibrium position corresponding to Equation

is fogensure that fluid weight already accounted for in the equilibrium

position |3[%s not included again. Numerically, Eg is equivalent to the value of

Ep when Ep = min qt ;k . The other definitions are
1. ¢(z;1) is the circumference of the water droplet with respect to the z-axis

2. Z(t) is the minimum z-value for which h(z) =0 8z Z(t)
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3. R is the radius of the column of water
4. A is the surface area of the droplet ;
5. m is the mass of water flowing from the faucet @

denominator with the surface tension reduction term:

*
gz o hzz @

e (rhi2 1+h21()\ (5)
3.1.3 Boundary Conditions @

To complete the analysis, we have the deﬁmtlonwmn of A given by

z Z(t)
At h (z@ = hZdz (6)

Equations [] [5] [6] solve for the three le g;h;A. To calculate the time-

Now, from Equations [3] and [} we combine the surface tension Q() the

dependent constant Z (t), we a; h ition equation for volume:
Z 2
V() zV R T= h?(z;t) dz (7)
0
Combining Equatiqps we could theoretically evaluate this system of
equations. As mefMgo he beginning, since there is no known analytical

solution, we resNyf th®system in the following manner:

1. Determ the time tg at which the droplet reaches its detachment point
W% ace tension doesn’t support overpressure and droplet breaks).
t

_ﬁ
3. For k ; , set t = KAL, set Z(t) as an unknown constant, and
& solv I 4] to [7] I 7| for the steady-state droplet profile h(z;t).

4 Fmall% incorporate various boundary conditions, first by assuming that
opl

(\/b‘g the dr
V>

dle me interval At = N—O where N is the degree of precision.

profile evolves continuously and secondly by relying on experimen-

11



tal observations. Let h, = @Y p  — @ﬁ@(;;t), then $

@z

Z(0)=0

% h(0;t) =R @
h,(0;t) =0 () @®)
h(z(t);t)=0 Q

%hz(Z(t);t): 1 * @

hzz(z(t);t): 1 0\

Let the "neck” of the droplet z = n(t) be the locatio@e

8

< hg (n(t);t) > oo

*hy(n(t);) 0
Notice that n(t) is a local minimum of WgheMee limy ¢, N(t) is the z-coordinate
of the detachment region. Since tthj( drastically extends in length and a

region z = n(t) becomes ve immediately before detachment we have
8

@ S h(n(©):t) =0
t1 to Nz(N(t);t) =0 9)
L 4

\ Py ¢, hzz (N(t)it) =0
This allows us@citly characterize the droplet’s dynamical behavior at

time tg. AppMug this to Equation

gz

(b' lim =41
t! to E
from WhCh v
A QY _— 10
tl to

& Howey, that Equation [5|is no longer applicable at tg: this is because
% & Wwe have afsyned that the kinetic energy due to incoming impulse is uniformly

distributed, however, at tg, the droplet is subdivided into 2 or more independent
sections. Since these sections do not interact, the overpressure within each
section is independent of each other, meaning that all our previous modeling

fails. Modeling of detachment and later fluid retraction requires the use of a

Q% more general fluid equation such as the usage of the Navier-Stokes equations.

12



3.1.4 Approximation of Z(t)
Observing the Taylor expansion of h near z = Z (t), ;

R p)(a)

h(z) (z " hEZm)+hZ)z Z() ()Q
Hence, @Q

0< lim h%z)< lim
Combined with semi-spherical approximatig Xperimental evidence sug-

gesting lim,, z(y) h%z) = 1 , this leads crude approximation h%(z) =
azt) z) Lihz)=2zZ@t 2 < 1;a>0).

Notice that < : I
i 1 y 1 9Z (1)
im —— = lim =
20 z(ty h(1 +h2)%=2 (1 + =2 21 z(t) h(1 +h2)1=2 E
which is constant for sp%gt. Consequently, = %, and this allows us to

determine a througlh K ting, using the principle of least squares.

LS

) ’
Figure 7: Curve-fitting using a=2; =3
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3.2 Droplet Retraction

In this section, we discuss the droplet’s profile in a region near the breakup and

in a region where the retraction is fully developed, using nondimensionali

methods. Then, we bridge the solutions to the two regions, ensuring

Qi

two solutions overlap in some intermediate region, where the two ex are
both valid. We make 3 qualitatively physical assumptions:
Near the breakup, surface tension, viscous force, and® @are equally

important. < '
After the retraction is developed, the viscous @w be neglected, and
tant!

surface tension and gravity are equally im\
In a very small time and space, which is e breakup and where the

retraction is sufficiently developed, t

scale, in other words, the syste ilar (Gratton, J.).

The transition behavior in the i@\

The detailed justification is as %

m’s behavior is invariant to

Near the breakup 0@6’5, the fluid experiences extreme geometric and

dynamic conditiong droplet’s neck becomes very thin, and forces that

would typicall b
ignored. This

gible in other parts of the droplet can no lon,

i#®characterized by rapid changes in curvature,
amplify suMNgce tension forces. Surface tension attempts to minimi

ni
vi

(6]
a

n
@@rces due to the high resistance to flow in confined spaces.
by, ugh erally weaker than surface tension in small droplets, still

ger be
which
ze the

surfaceqqgea by driving the liquid to contract. Simultaneously, the thin-
@suhs in a sharp increase in velocity gradients, which enhances

Grav-

AR 18 its contribution to the overall pressure distribution and

PRys
& ®its tegdeénc induce asymmetry in the droplet shape. In essence, near

th Nrity, no single force can be deemed dominant.

e
%aetion and wave formation occur in the bulk of the droplet,
the tflow is not significantly restricted by narrow channels or sharp

where

edges

that would otherwise create high-velocity gradients and increase viscous
drag. After the breakup, as the lower part retracts and impacts the upper
part, there are capillary waves on the lower surface of the droplet, driven

by surface tension. On the other hand, gravity affects the capillary waves

14

diate regime is smooth and monotonous.
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by opposing the curvature-driven contraction and influencing the droplet’
overall shape. Therefore, we assume that surface tension and gravity are

equally important.

In a very small time and space, the system’s behavior is often s

because, near breakup or sharp retraction points, the system
acteristic length or time scale that governs the dynamics. In Mgse ®xtreme
conditions, the droplet’s curvature, velocity, and otheg q igies become
large and change rapidly, but they do so in a way N geometrically
and temporally proportional. As the droplet thi o@cts, the surface
tension, inertia, and viscosity (though it is ab wlen the retraction is
developed) balance each other in such a wagthat #fie system appears the
same when rescaled in space and time. T '\g invariance means that,
although the system evolves, the pro droplet and the flow field
maintain a consistent shape, only s g or expanding as time pro-
gresses. The solutions depend lee similarity variable, capturing
iog

both spatial and temporal evo@ a unified manner.

Surface tension and gra ar) the dominant forces in both the near-
breakup and fully developed™etraction stages, working together to main-
tain the droplet’s cOQesidm and prevent rapid oscillations or unbounded
changes in its.pr the intermediate region, inertial effects help to
smooth out
droplet tagt

abrupt varia

radients present near the breakup, allowing the

ion into a thicker, rounded form without introducing

ns. Additionally, because the model assumes no external

pertugba¥gns, there is no external source of instability that could disrupt

th% evolution of the droplet’s shape and velocity fields. Experi-
o

bseggations of droplet retraction also support this assumption, as

& JStage tdga aBle, thicker configuration.

ensionalization of Navier-Stokes Equation

g 321
% * Navier-St{s equation governs the behaviors of the droplet. As the droplet is

axisymmetry, one can ignore the azimuthal components and write the Navier-

Stokes equation as:

1 1 1
: ut +uuy +vu; = —pr + (Urr + Fur + Uzz + ﬁu) (11)

15



1 1
Vi +uvy +WW; = —p+ (Vzz + Vi + er) g (1
and along with the continuity equation:
1
Ur +V2+FU:O Q:J)
where U is the radial velocity, and v is the axial velocity. We have b&undary

conditions of balance of normal and tangential forces: .\@

") @QJ (14)

where n is the outward normal unit vector, t ig ngential unit vector, and

is the stress tensor. From these boundary ¢o ns, one can conclude

: lf(hz)zwrwz(hz)&@ Dh)=~(a-+a) (19

from the fact that the sum of in a, sure, viscous contribution, and surface

tension is zero at the surface, a
(h;)?)

——(2
1+ (hy)? ( I
*
from the fact that e\ angential forces is zero at the surface (Goldstein,
S.).

In order to fur

Ve +Uz)(1 2v;h;) =0 (16)

r simplify the equations, identify which factor is probably
dominant, gn ake generalized conclusions, one needs to nondimensionalize
the syst‘b this process, we introduce characteristic scales for all the ele-

antities such as length, time, and mass, then we represent

>

ment{ry sical

all va les agra of the actual values to their characteristic scale. This

Qk@ all vargblgs hecome dimensionless, but still describe the behavior of the

‘»VG)
>

4
.

tem H@

%%r:rorﬁz:zoz;t:toﬁm:mom

—_ Tony- __ Zo\j* _ e __ Mo ng
§u— Rl V=5V h=2hp= 7 "p (17)
2
_ Mg n~ _Z3 n~ __ Mg n~ __Zg ng
—Zg ’ ~ 1 ’ _tg ’g_t% g

Specifically, ro = zg, representing the thinness of the droplet. The magnitude

16
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of characterizes the two extreme situations that we focus on in this section:

When 1, it describes a situation where the droplet forms a thin jet
before the breakup. The droplet’s radius is much smaller than its 1@

and the fluid flow is primarily along the axial direction.

When , it describes a situation where after the breaku@retrac—
tion is substantlally developed, and the droplet is thick ngly, the

radial dynamics dominate.

However, there are some physical quantities includi @m their dimen-
sions, and their definition indicates nothing betwe | length and axial
length, providing uncertainties in the nondimens&iza on of these quantities.
Therefore, exponents of should be included Qﬁ

pressions, and the power of will be settleb

nondimensionalized ex-
the physical assumptions

of the two regions.

3.2.2 Near the Breakup ()Q

Near the break-up of a droplet w experiences extreme conditions: an in-

finitely thin neck, rapid changes i e velocity field, significant curvatures, and

strong forces from surfac and viscous stresses. At the point where the
break-up actually hap eral physical quantities, like velocity, pressure,
and curvature, or undefined. This is called a singularity.
Recalling o ssumption, by treating all three forces as equally signifi-
cant, the assumpti®g enables a thorough analysis of the near-breakup dynamics,
capturing t, id variations in physical properties like velocity and pressure.
This b ilitates the use of series expansions in small parameters such

as th§ ne thln helping isolate leading-order terms and reduce the radial
d of the Q% Stokes equations.
& \e firstlyfex the 0, V, and P as a series in powers of (Eggers, J.).

4
.

9, 0= o (10 19
Tp= Sl (12
Wv Now we want to insert the[I8|into[IT]and [I2]and get the terms with the lowest

WOAW D o
<
I
™
T
o
<
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—
N~—
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power of , thus we can reduce the Navier-Stokes equation to one-dimension.
;0 n 1 ~0 n 2 ~0 n ;
Vz = =Pz + (4\/ + Vzz) g 19)

Next, the pressure is related to surface tension and curvature. Fro nd
and notice that R;1 = h and % 0 we have:

8
< nﬁg: nN(%)z ’\@ (20)
DOWh.+2v2 1v0R 20%h, =0 ()

Incorporate [19] and and according to our assumpt™n, S forces are equally
important, so the resultant powers of of every Wgm should be zero. Now we
have our final nondimensionalized expression 0@ avier-Stokes equation:

- g
0ol = (L, ngh%ﬁg (21)

*

2
3.2.3 After the Re QIS Developed
S

Recalling our sec

tion, viscosity is neglected, and surface tension

and gravity ar important. By assuming that only surface tension and

gravity are significt, this approach isolates the primary forces shaping the
retraction @CS and capillary wave patterns, capturing the droplet’s evolu-
tion in j aMle retraction phase. Consequently, the mathematical treatment
beco&es‘& traggable, enabling analytical or semi-analytical solutions that
descridthe d &hape characteristics in this regime.
Ve still s@rtlwigh expanding the fields as a series in powers of  but with
pect t variable.
4 8

Z3%

V= XL,z (%)% (23)

18
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&?eﬁsion : 5
aml the c % eristic time is defined as te = 35 3 We simply let ro =

‘. _
% . Now
and

1. Similarly, additionally known[2] one can get the final nondimensionalize

expression of the Navier-Stokes equation here:

0
2+

o]
o]
[=)
2
T O
Il
=
2
—
o
—~
[a—
+
o> T
N
N
N
S—
N
—~
—
+
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3.2.4 Mollifying the Solutions 0

In the previous two sections, we separately deri the ®avier-Stokes equation
for the region near the breakup and after the ;
this section, our goal is to find a method ‘w@

on is fully developed. In
imate the system’s global
behavior.

With our self-similar assumption, caMNyransform a set of PDEs (which is
very complex) into ODEs using simflarig®variables. Therefore, we can bridge
between the region near the hffea d the region where the retraction is

substantially developed, as the 2 seff of ODEs are in the same space. Finally,
we use the mollification yue to connect the solutions.

On the other hand, %assumption states that physical properties like
velocity, pressure, N
tinuities, ensuring ﬁ&\
regimes. By as ing bounded behavior in the intermediate region, the mol-
lifier effectiv% serves as an “averaging” function that unifies the two extreme

do not experience abrupt oscillations or discon-

olution can smoothly interpolate between the two

states, for global, continuous, and physically realistic solution.

e@ep here is to redefine the elementary physical quantities. We still
uge tRe satie sigmdiﬂerent definitions to prevent further confusion. We

want to¥ind tion of the inherent quantities to form a quantity with

1

]. The characteristic length is defined as Xg := 3 3 3,

ajd 0= te.
assume the variable of and to be = ri and the VariaPle of
to be = rL Next, we expect self-similar solutions for both h and

19
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&n&tlon ‘
plet re %

‘»VG)
>

velocity in both regimes, which are defined as:
8
SV(Z;f) =t fa()

)
A(z:0) = Pau() <&
for regions near breakup, and
8
< )

o

for the region after the retraction is developed.
All the exponents here , | aj.2, and by c&d ermined using dimen-

sional analysis =sa =a =1 an@ b = % Now one can
apply the chain rule many times to replace @ ial derivatives in governing

equations and [25] with ordina;
The resultant ODEs are: %

8
Sty f +fl%g(%)°+ 37(fP0f)° g

atives of self-similar variables.

o+ 0f+ aufl=0

near the breakup, and

8
3
2y 4 £ Q4 1,f8 \g L)

Zgo( )(1+t 2(92( N2)2 (1t 2(gd( )2)*? (29)
>
%ngr gz+ +592f2:

(o]}

after the r n is developed.
ratmg boundary conditions, one can solve for f 1., and g1.o. How-
ey are onl d in different regions. Now we want to ensure that the

solutio me overlap in an intermediate region. This allows us to

otRlybetween the two regimes, creating a unified solution for the

b1l process.  We introduce mollifier, a mathematical technique

4 that i%) ed to ”"smooth” or "regularize” functions or distributions that

¢ may not differentiable or continuous. Here are some good properties of a
mollifier (X) (x 2 R"):

1. A mollifier is an infinitely differentiable (smooth) function.

2. It typically has compact support, meaning it is non-zero only within a

20



finite region of space.
3. The mollifier is non-negative everywhere. ;

4. The integral of a mollifier over its entire domain is 1, ensuring @

preserves the overall magnitude of a function when applied.

A standard mollifier is defined as: Q
2 comt XY
< Ceixi? 1; ifjxj< 1 \
(x) =, (30)
© 0; else
where C is a constant ensures normalization, but for%application, we can

ignore normalization since we only need a smooNnectiom between the two
solutions. Q

Mollifiers are used to approximate nor@ or discontinuous functions
with smooth functions. In other words et a smooth function connecting
the middle area between the two re %d is also valid in the two extreme
regions. The final global expre%mny values of of velocity and height

are (to avoid misconception, wi to represent velocity):

8

8 ~

=N ) @1
A OWR a0+ O)F Fe()

€ smoothly connect the self-similar solutions for both
the velocity and height. This approach ensures a continuous and smooth
transition betWgen the near-breakup and fully developed retraction regimes,

allowing nified description of the droplet retraction process across the
Q ’nd

entir! t spi ce scales.

& «Lom r Simulation

‘»VG)
>

& After Analysis, we used the computer software "COMSOL Multi-
& DPhysics” mulate the physics process.

According to our assumption, we used the multi-phase flow and laminar flow
physics field in COMSOL Multiphysics.

We proved that the assumption of no radial velocity gradient is correct by get-
ting the velocity distribution at the outlet of the faucet in simulation and found

that the function (normalized) is like
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This shows that the approximation won’t affect the result much. ‘ $
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Figure 8: Proof of Assumpti@
We first decided to use the dynamic mesh metho&i'imulate the motion of the

liquid. However, we didn’t find any water dro parating out from the wa-

ter spout no matter how small the flowing '@ s and the software raises errors
frequently. After reading some instriggj ol COMSOL’s official website, we
realized that the dynamic mesh metm simulation is not effective when the

topology of the fluids changes 1 ain this further). Then we used the
level-set method in the simulatM.

4.1 Level-Set Me

0’% utational fluid mechanics is an effective method

phase flow. It can deal with complex topological

The level-set met
when dealing

changes on the r-air surface. For example

Air cqgues\wato the water forming a bubble

!\A@)es into the air forming water droplets
ble; droplets merge or decompose

S gy
L 4 . . .
& Buh, %&ter droplets touch the major boundaries again

/ This rfetRo es a phase function (#) taking a point in the space * for input

‘»VG)
>

and outp if this point is occupied by water and 0 otherwise. The computer,
of course, cannot deal with water-air boundaries since the function jumps from
0 to 1 sharply at this boundary, but COMSOL can solve this by blurring the
boundary into a continuous function. The density and other features of the

fluids change linearly on the border. Take density as an example, the density is
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given by
() = ar + () ( water air ) (32V

We chose the wet-wall boundary condition in the simulation and SOIV@
problem according to the Navier-Stokes Equation under laminar flow cti)

4.2 Velocity Results Q
’x%ge at time
A

The graph of resultant velocity is shown below, we took
t = 0;0:3;0:5; 1:0s and drew both the magnitude of the fe and the flow

line to indicate the direction of the flow.

=05 Fit BRI FEAN (mis) 2

0.912 4 *10 ?
0.91
0.908
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0.902
0.9
0.808
0.896
0.894
0.892

0.89

it EIEG R EEA (mis) >

% 0.2 0.1 0 01 0.2 03 m

Figure 10: Velocity at t = 0:3s
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Figur@elocity att =1s
4.3 Phase Chan %ndaries

Since the functiony® tinuous and varies from 0 to 1 continuously, we

cannot determipe t ndary precisely. If the boundary thickness variable is

set to a small va¥gg, we need more mesh to ensure the solution of dependent

variable fu s converges, meaning an enormous amount of time is required

for the s to give results. Hence we used the boundary thickness 2mm
4&

and got bssible distribution of the result as below (the colored region).
k the time ;0:2;0:4;0:9s

A Qv

WVG)
>

4
.

(\/
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%gure 15: Phase Distribution at t = 0:4s

5 e%clusion

In this paper, we established a quantitative approximation of the dynamic pro-

0.75
0.6

55

05

file of a water droplet suspended from a leaking faucet. We started off with a
preliminary experiment to determine the overall profile of the droplet and used

these results to develop the necessary assumptions for our fluid approximations.
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Afterward, we analyzed the profile of the Watplet separately for the for-
mation, detachment, and retraction stages.
There are two novel theoretical aspec%paper that, to the authors’ extent

of knowledge, have not been used m
Laplace equation to describe thgtor -

First of all, we used the Young-

n of the droplet, while most previous

papers have used advanced pam®al ghifferential equations such as the Navier-

Stokes equation. Secondl
retraction phase using a
usually used larger gys
effort to simplify t N)
of the droplet.

While we hayge ma

research isegti

largely

cking

have formulated an approximate solution to the

emvof differential equations, while previous papers
partial differential equations. Thus, we made an

al aspects of both the formation and detachment

some progress towards a new quantitative approach, our

in many aspects. Although the equations have been

ijled through fluid approximations, they’re still too sophisticated

of extreme approximations, and their induced margin

to beSuH solveqgnalytically or using Mathematica. Furthermore, both parts
of the Wyeory zaad

of ergor has
roxim

V4 surfac

SIS

t

egp assessed. In future work, we will try to improve the fluid

articularly in calculating the mollifier and the reduction in

We will also conduct a bifurcation analysis to determine the

% ¢  behavior ossible analytical solutions at extreme values.
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