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Abstract

We present a unified, constructive framework that compiles the defining representations of four classical
Lie families into explicit block-encoding circuits. Block encodings are central to quantum algorithms, while
Lie algebras govern symmetries and dynamics across a broad range of quantum systems. Our framework
covers su(n), $02n+1(C), §p,,, (C), and s02, (C). Exploiting their defining identities, we'decompose each matrix
into diagonal and strictly upper-triangular primitives, encode the diagonal terms analytically, complete
the triangular terms by a constructive Cholesky—Givens procedure, and-assemble them through family-
specific linear combinations of unitaries. In exact arithmetic, this yields exact block encodings with explicit
normalizations and fully specified two-level circuits.

Let d be the representation dimension and N = oMos2 dl jtg padded dimension. Under the strict joint-
space two-level convention, the single-call count G and safe-serial“depth D are G = D = d? — d + 14N
for su(n), G = D = d* — d + TN for 502,+1(C) and 502,(C), and G = D = 2d*> — 4d + 67N for sp,, (C).
For su(n), s02,41(C), and s02,(C), our construction lowers the leading quadratic coefficient to 1, from 3/2
for direct isometry—Givens and 2 for dense Halmos dilation—asymptotic reductions of one third and one
half, respectively. Cartan and fixed-width block-diagonal inputs further reduce the quadratic cost to linear
scaling.

Numerical validation places all tested.residuals at double-precision roundoff. Across 3380 physically
motivated matrices from Rydberg, Majorana; and multimode bosonic models, the method beats both dense
baselines in single-call resources for 1060 of 1480 instances from su(n), s02,41(C), and s02,(C), including
all tested Rydberg cases with d > 32 and-all even- and odd-dimensional Majorana cases with d > 16 and
d > 15, respectively. At the largest.Majorana dimensions, it also improves the normalization-weighted
cost over Halmos dilation. In a passive, bus-dominated sp,,, (C) regime, it outperforms both baselines in
single-call resources at d € {16, 32,64} and in weighted cost at d € {32,64}.

These results convert classical Lie-algebra structure into exact, explicit, and quantitatively smaller block-
encoding circuits. The counts apply in the canonical basis and exclude a nontrivial basis change.

d]

Keywords: quantum computing; block encoding; classical Lie algebras; quantum circuit synthesis; linear
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1 Introduction

1.1 Background

Lie groups and Lie algebras provide a natural framework for describing continuous symmetries and dynamics
in quantum systems. Once a representation p and an ordered basis B are fixed, an abstract element = € g is
represented by a concrete matrix [p(z)]g. Classical Lie families, including unitary, orthogonal, and symplectic
types, arise naturally in the study of quantum dynamics and dynamical Lie algebras [1]. However, these
representation matrices are not generally unitary and therefore cannot be directly implemented as quantum
circuits.

Block encoding addresses this problem by embedding a normalized matrix A/« into a larger unitary U g« Itiis
a standard input model for quantum singular value transformation, which supports polynomial transformations
of singular values and applications such as Hamiltonian simulation, matrix inversion, and spectral filtering [2, 3].
Linear combinations of unitaries provide a complementary method for assembling several implementable matrix
components through PREP, SELECT, and UNPREP operations [4].

An abstract unitary embedding is useful only when the corresponding unitary can be.compiled into an
explicit and efficient circuit. Recent work has developed such circuits for sparse matrices' and matrices with
arithmetic, repeated-value, or dictionary-based structures [5, 6, 7]. These results motivate a complementary
family-based approach: instead of treating every matrix independently, we exploit the defining identities shared
by the classical Lie families. This paper considers the defining representations/of su(n), s09,+1(C), sp,, (C),
and $09,(C), and develops a systematic route from their algebraic matrix structureto block-encoding quantum
circuits.

1.2 Main Results

The main contribution of this paper is a structure-aware framework for constructing block encodings of the
defining representations of the four classical Lie families. Given a representation matrix Xj, in an arbitrary
orthonormal input basis, we first transform it to a canonical basis, construct the corresponding block-encoding
unitary Uy, and then return to the input basis through

Uin = (I2 ® WT)UO(ITI & /W/),

where W is the N -dimensional, family-dependent ‘extension of W defined below. Consequently, the algebraic
construction needs to be carried out only ence.in the canonical basis.

In the canonical basis, we construct explicit block encodings for the diagonal and strictly upper-triangular
components. Diagonal matrices admit’exact one-ancilla circuits based on address-controlled one-qubit gates.
For an upper-triangular matrix T, a Cholesky—Givens construction gives a unitary completion of T'/ar. These
two primitives are then assembled according to the defining identities of the classical Lie families. In particular,
type A,_1 uses the three-termrdecomposition X = D+T —T'1, types B,, and D,, use the two-term decomposition
X =T —T7, and type C,, is reduced to eleven diagonal or triangular terms. For the generic unpruned cases,
the corresponding LCU normalization factors are

11
1
Ay = ap + 2ar, Ao = 2a7, Ac = 5;0!7«7

with outer-selector registers of two, one, and four qubits, respectively.

The framework also‘identifies important cases in which the generic LCU assembly can be avoided. Cartan-
subalgebra elements require only a diagonal block encoding together with a fixed factor such as o, or Jy = ioy,
reducing the number of parameter-dependent factors from quadratic to linear in the representation dimension.
For/block-diagonal subalgebras, the local encodings can be combined with normalization o« = max; o; rather
than > ; ;. When the blocks are identical, the same local circuit is reused through Ua = I, ® Up.

2 Preliminaries

2.1 Lie Algebras

Definition 2.1 (Lie algebra). Let F be either R or C. A Lie algebra over F is a vector space g over F equipped
with a bilinear map
[, ]rgxg—g,



called the Lie bracket, satisfying

for all x,y,z € g. The second identity is called the Jacobi identity.

A vector subspace h C g is a Lie subalgebra if

(b,b] C b
It is an ideal if
[g,b] € b.
A linear map
prg— ¢

between two Lie algebras is a Lie algebra homomorphism if

o[z, y]) = [p(z), p(y)]

for all z,y € g. If ¢ is bijective, it is called a Lie algebra isomorphism. Two‘isomorphic Lie algebras have the
same abstract Lie algebraic structure even when they arise from different concrete realizations. A non-abelian
Lie algebra g is called simple if its only ideals are {0} and g.
Let g be a finite-dimensional complex simple Lie algebra and let h C g be a Cartan subalgebra. For « € h*,
define the root space
0o ={x €g:[h,x] = alh)r for every h € h}.

The set of roots is
® ={aeh”\ {0} ga #{0}},
and g admits the root-space decomposition

g:h@@gow

acd

Finite-dimensional complex simple Lie algebras are classified, up to isomorphism, by their irreducible root
systems [11]. The four infinite classical families are

An—la Bna Cn; Dn

The remaining five types
G27 F47 E67 E?a E8

are exceptional and will not be considered here.
Let €1,...,e,/be the standard orthonormal basis of R”. The root systems of the four classical families may
be described as follows:

D(A,—1)={e; —¢j:1<i#j<n}, (3)
O(By) = {de;+e;:1<i<j<npU{de:1<i<n}, (4)
O(Cp) ={te;te;:1<i<j<npuU{£2e:1<i<n}, (5)
O(D,) ={xe; £¢;:1<i<j<n}. (6)

In the expressions *¢; + €, the two signs are chosen independently. The root system of type A, lies in
the (n — 1)-dimensional subspace

{(m,...,xn) ER":x1+...+xn:0}.
The ranks and dimensions of the corresponding complex simple Lie algebras are

type ‘ rank ‘ dimension over C

A1 | n—-1 n?—1
B, n n(2n+1)
Cp n n(2n +1)
D, n n(2n —1)



Let g be a complex Lie algebra. A real Lie algebra g is called a real form of g if
goOrC=g.
A real form is compact if it admits a positive-definite inner product (-, ) satisfying
([z,9],2) + (y, [z, 2]) = 0

for all x,y, z € go. Every complex simple Lie algebra admits a compact real form, unique up to isomorphism.
In this paper, we work with the compact real form of A,,_;. For the types B,,, C,, and D,,, we work with
the complex simple Lie algebras.

2.2 Representations of Lie Algebras
2.2.1 Finite-Dimensional Representations

The space of all linear transformations on V' is denoted by
gl(V) = Endp(V).
It becomes a Lie algebra under the commutator bracket
[A,B]=AoB— BoA.

Definition 2.2 (Finite-dimensional representation). A finite-dimensional representation of g on V is a linear
map
p:g—gl(V)
satisfying
p([z,y]) = [p(x), p(y)] = p(x)p(y) = p(y)p(x)

forall z,y € g.
Thus, an abstract Lie algebra element x € g is represented by a linear transformation

p(x)= Vi — V.
If
dimF V= d,
then p is called a d-dimensional representation.
Let
B=(v1,...,v4)

be an ordered basis of V. After c¢hoosing this basis, each linear transformation p(z) is represented by a matrix
[o(2)]s € Ma(F).
This gives the matrix representation
pB g — My(F), x — [p(a)]s.
The representation property becomes

[o([x,yD)]s = [p(=)]5lp(Y)]s — [p(¥)]s[p(2)]5.

2.2.2" Representations of the Classical Families

We now specify the representations used in this paper. Let gfft denote the compact real form of the complex
simple Lie algebra of type A,,_1, and let g, gc, and gp denote the complex simple Lie algebras of types B,
Cp, and D,,.

For each family, we use its defining representation and fix a canonical basis of the corresponding represen-
tation space.

Type A,_1. The defining representation of the compact real form of type A, _ is

cpt

pa gy — 0L, (C),
where gl,,(C) is regarded as a real Lie algebra. In the canonical basis, its image is

pa(gF") =su(n) ={X € M,(C): X' = -X, tx(X)=0}.



Type B,. The defining representation of type B,, is

PB 9B — 9[2n+1((c)-

In the canonical orthogonal basis, its image is

pB(gB) 2502n+1((C) = {X S M2n+1((C) : XT = —X} .

0o I,
e (0 1)

pc : 9o — gly, (C).

Type C,,. Let

The defining representation of type C), is

In the canonical symplectic basis, its image is
pc(ac) = 592, (C) = {X € Mo (C) : X oy + J2n X =0} .
Type D,,. The defining representation of type D, is
pp 80 — 8ly, (C).
In the canonical orthogonal basis, its image is
pp(8p) =502, (C) = {X € M, (C): X" = -X}.

Although a Lie algebra generally admits many inequivalent finite-dimensional representations, in this paper
we restrict our attention to the defining representations described above.
Let
BO = (61,...,6[1)

be the canonical basis of the representation space V', and let
Bin = (b1,...,bq)

be the basis supplied as part of theiinput:

Throughout this paper, the input basis is assumed to be orthonormal with respect to the fixed Hermitian
inner product on V.

Define the change-of-basissmatrix

W = ([51}30 [b2]B, - [bd}Bo) :

Its j-th column is'the coordinate vector of b; in the canonical basis. Consequently, [v]g, = W(v]g,, for every
veV.
Since both By and By, are-orthonormal, W is unitary: W1 = WT.

Let

in

Xo = [p(x)]g, = WXuWT

and .
Xin = [p(2)]B,, = W XoW.

Let ¢ = [logyd] and N = 29. We use the same padded coordinate ordering for the input and canonical
matrices. Let P, = Iy for 7 € {A, B, D}, and let Po be the fixed permutation from ordinary trailing padding
to the paired symplectic ordering in Eq. (78). Define

Xin = Pr(Xin®O0n_a)Pl,  Xo=P:(Xo&0n_q)P],

and .
W =P.(W @ In_q)P.

Then W is unitary and )~(0 = W)?inWT. Thus W = W @ In_q4 for types A, B, and D, whereas type C also
incorporates the paired symplectic padding permutation.



Lemma 2.3 (Unitary change of basis). Suppose that Uy is an («, a,€)-block encoding of the padded canonical
representation matriz Xo, so that

| %o = a (0% & In) Uo (J0)* @ L) || < .
Define
Uin = (oo @ W) Uy (I 0 W).
Then Uy, is an (o, a, €)-block encoding of Xin.
Proof. Since W is unitary, Ui, is also unitary. Moreover,
((01** @ In) Uiy (10)** @ 1)
= W01 ® In) Uo (j0)°* © L) | W ™)

Therefore,
%5 = o (0122 & 1) U (10057 & 1)
_ HWT [XO —a (0% ® Iy) Uy (|0)%* ® IN)} WH
<e (8)

2.2.3 Input and Output of the Compilation Framework

The general mathematical compilation framework uses the explicit-matrix input
7= (7‘, Xin; W),

where 7 € {A, B, C, D} specifies the Lie family, X;,/€ C%*?is the matrix in the chosen orthonormal input basis,
and W maps that basis to the canonical basis. The rank parameter is determined by 7 and d, and the defining
representation is fixed throughout this work; neither is therefore an independent input. For canonical-basis
inputs, W = 1.

The compiler verifies Lie-family membership and applies

Xin — Xo = WX, W7
—> canonical matrix decomposition
— family-dependent padding of the resulting primitives to dimension N
— Uy

s Uy = (Ine @ WHUy(Ioe @ W).

The constructions in this work are exact, so € is not a compiler input and ¢ = 0 in exact arithmetic. The
parameter € is retained only=in the general definition of block encoding and in the change-of-basis lemma.
Floating-point residuals are.numerical validation errors, while hardware-synthesis precision lies outside the
present scope. N

If the-canonical-basis output is an N-dimensional state |¢)g, then |@)i, = WT|¢)o. For an operator Yy, the
corresponding input-basis result is Yi, = WTK)W. Basis-independent scalar outputs require no final conversion.
For a nontrivial basis transformation, the total circuit cost is

Ctotal = C’Can + QC(W)

Consequently, for a fixed representation, it is sufficient to construct the quantum circuit in one canonical
orthonormal basis. The circuit in any other orthonormal basis is obtained by conjugating the canonical circuit
with the corresponding unitary change-of-basis transformation.

If the canonical circuit has gate complexity Cca, and the padded change-of-basis unitary has gate complexity
C(W), then the total complexity is Ciotal = Cean + 2C(W).

2.3 Block Encoding

Quantum circuits implement unitary transformations, whereas many operators arising in physics and mathe-
matics are nonunitary. Block encoding embeds such an operator into a larger unitary matrix and provides a
standard input model for quantum linear-algebra algorithms [2].



2.3.1 Definition

Let
AeCixd q = [log, d], N =24,

If d < N, then A is embedded into the N-dimensional system space by zero padding. For types A, B, and D,
we use _
A=AO On_g-

Throughout this paper, d denotes the original matrix dimension and N = 2/1°22 4] the padded system dimension.
For type C, the zero padding is inserted in the paired symplectic ordering described in Eq. (78); this embedding
is permutation-equivalent to ordinary trailing zero padding.

Definition 2.4 (Block encoding). A unitary Ua acting on a + q qubits is an (a, a, €)-block encoding of A-f
|A-ato1 @ a(om) @ )| <« (9)

Here, a > 0 is the normalization factor, a is the number of ancilla qubits, and € > 0 is the block-encoding error.

Equivalently, when the computational basis is ordered according to the ancilla register, U 4 has the block
form ~
A E €
Uy = < Jo+ *> . Bl < & (10)
* * o

Only the upper-left block is required to approximate A /. The remaining blocks are not uniquely determined;
they complete the full matrix to a unitary operator.
When e = 0, the block encoding is exact:

(0°] @ In)UA(0%) @ IR (1)

Since every projected block of a unitary is a contraction, an exact block encoding necessarily satisfies
a > ([Afly = [|Al]2. (12)
The following standard LCU statement records the normalization and error bookkeeping used in all family-
level assemblies [4, 2].

Lemma 2.5 (Linear combination of block encodings). Before forming an outer LCU, omit all zero coefficients
and all algebraically zero primitives, and relabel the remaining K terms by r = 0,..., K — 1. Such omitted
terms contribute neither to K nor to A, PREP, or SELECT. If all primitives vanish, so that the complete input
matriz is zero, no outer LCU is formed; instead, X. ® Iy is used as a standalone exact (1,1,0)-block encoding.
Its normalization a = 1 never. contributes to an outer-LCU normalization. For the remaining terms, let U, be
an (., a, €.)-block encoding of A, after padding idle ancillas if necessary. For

K-1 K-1
A= Z C7'Ar7 Cr = |C7'|62¢Ta A= Z |Cr|a7' >0, (13)
r=0 r=0

All terms use the samé family-dependent embedding, which is linear, so A= > crAy. Set pr = |cr|a /A, Let
s = [logy K. and choose P{0°) =" \/p|r). Define

K-1 2°-1
SELECT = Z |r)(r| ® e U, + Z |r)y(r|® I (14)
r=0 r=K
and
Ua = (P'®I)SELECT(P ®I). (15)

Then Ua is a (A,a+s,), |crley)-block encoding of A. In particular, it is exact when every constituent block
encoding s exact.

Proof. Projection onto the selector and block-encoding signal states gives

K—1 i I Kl
> peeit (a: + E) =5t D P, (16)
r=0 r=0
where ||E, ||, < €./a,. The triangle inequality therefore bounds the unscaled projected-block error by A= 3™ e, e,
proving the claim. O



2.3.2 Action on a Quantum State

Let 1)) € CV be a normalized system state. A physical d-dimensional state is embedded using the same
family-dependent padded ordering as the matrix. In the exact case, applying U, to the joint state [0%)|¢)) gives

i
Ual0*) ) = 10912 1 o, (7)
where

(0] @ In)|®L) = 0.

Thus, conditioned on observing the ancilla register in |0%), the system state is proportional to ZWJ)
The corresponding success probability is

2
pesce() = 1AL (18)
o
Therefore, « is not merely a mathematical scaling factor. A large value of o reduces the amplitude of the desired
block and may increase the cost of postselection or amplitude amplification.

Block encoding serves as an input interface for quantum matrix algorithms. In particular, quantum singular
value transformation can apply polynomial transformations to the singular values of a block-encoded matrix.
For Hermitian matrices, this corresponds to polynomial transformations of their‘eigenvalues. This framework
supports tasks such as Hamiltonian simulation, matrix inversion, and spectral filtering [2].

3 Block Encoding of Lie Algebras

3.1 Decompositions of the Representation of Lie-Algebras

We decompose representation matrices of Lie algebras intg diagonal and strictly upper triangular components.
These decompositions provide the algebraic input for the'block-encoding constructions developed in the following
subsections.

All structural decompositions below are performed on the physical d-dimensional matrix Xo. For simplicity,
we write

X =X,

throughout this subsection. Before circuit, construction, each resulting primitive is embedded into the common
N-dimensional system space: types As B, and D use trailing zero padding, whereas type C' uses the paired
symplectic ordering. We therefore decompose first and pad the primitives afterward; following the padding, the
same symbols are reused for the N-dimensional primitives unless a tilde is displayed explicitly.

3.1.1 Basic Triangular Decompositions

For a matrix M € My(C), define its diagonal part and strictly upper triangular part by
d
Dy =) MjEj;,  Tu= Y,  MjpEj,
j=1 1<j<k<d

respectively,;where, F;;. denotes the standard matrix unit.
The following elementary identities will be used repeatedly.

Lemma 3.1 (Basic triangular decompositions). If M is skew-Hermitian, then
M=-M = M=Dy+Ty-Tj,.

If M is skew-symmetric, then
MT =-M = M=Ty-TL.

Finally, if M is symmetric, then
MT =M = M =Dy +Ty+TL.

Each decomposition is unique with respect to the fixed ordered standard basis.



3.1.2 Compact Real Form of Type A,

For the compact real form of type A, _1, the defining representation identifies
su(n) = {X € M,(C): X' = -X, tr(X)=0}.
Therefore, every X € su(n) admits the unique decomposition
X =Dx +Tx —Tk.

Here Dx is diagonal and skew-Hermitian, while T'x is strictly upper triangular. More explicitly,

3.1.3 Types B, and D,
In the fixed standard orthogonal basis, the defining representations of types B,, and Dj, are
502,41(C) = {X € Moy,+1(C) : XT = —X}

and
502n((C) = {X S MQn((C) : XT = __X'}7

respectively.
A skew-symmetric matrix has zero diagonal. Hence, for either type,

X =Tx —T¥s

where Tx is the strictly upper triangular part of X. The'local matrix decomposition is therefore the same for
types B, and D,,; only the matrix dimensions differ: 2n +.1"for type B,,2n for type D,,.

3.1.4 Type C,
Let

0o I,
J2n - <_In O) .
In its defining representation, the complex symplectic Lie algebra is
5po(C) = {X € Moy (C) : X Ty, + Jop X =0} .

Writing X in n x n_blocks,the symplectic condition is equivalent to

X—(O —AT>’ BT=B, cT=cC.

Define
K =A—- AT, S=A+AT, P=B+C, Q=B-C.

Then
K'=-K, S'=s5, P'=pP Q'=0Q

Using the Pauli matrices

(0 1 (0 —i (1 0
=1 0) =G o) 7 \o -1)
the symplectic matrix can be expressed as

1 .
X=5(LOK+0.©8+0:®P+ioy®Q).

1/K+S P+Q\ (A B
2\P-@Q K-5) \c -4T)"

Indeed,

10



Proposition 3.2 (Eleven-term decomposition for type C,,). Let Tk denote the strictly upper triangular part
of K. For each R € {S,P,Q}, let Dg and Tr denote the diagonal and strictly upper triangular parts of R,
respectively. Then

1
X —

—5(12 @ Tk — I @ Ty

+0,®Ds+0,@Ts+0,@TE
+0,Dp+0, QTp+0, TH
+ioy @ Dq +ioy ® Tg +ioy @ T4).

Proof. Since K is skew-symmetric,
K =Tg —TFE.

Since S, P, and @ are symmetric,
R=Dp+Tr+T%,  Re{S,PQ}.
Substituting these decompositions into the preceding expression for X gives the stated formula. O
The decomposition expresses the matrix as a sum of diagonal and strictly upper-triangular terms, which are

encoded below.

3.2 Quantum Circuits for Diagonal Matrices
3.2.1 Purely Imaginary Diagonal Matrices
Let

D =idiag(do,dy,...,dn-1), df €R, > d; =0,

be the diagonal part of an element of su(n).
For the N-dimensional circuit, define

d; =

~ {45, 0<j<n, -
D = idiag(dy,....dn_1) =D ®0x_p.
{0, n<j< i diag(do N-1) N

Assume D # 0 and choose B _
ap'=|[Dlz = |[Dllz = max |d;]

. Jj T
0; = arcsin <0m> € [—5, 5} ,

Define

and introduce the.diagonal unitary

Uy = diag (ew", e ewal) .
For every j,
i9; _ ,—ib; id
er-e 26 ’ =isinfg; = ;;
Therefore, N
D Uy-U}
== "0 19
o 5 (19)
Introduce one selector qubit ¢ and define
SELECTp = 0)(0]. ® Uy + [1)(1]. @ U}. (20)
The relative minus sign required in Equation (19) is supplied by a Pauli Z gate on the selector:
SELECTp = (Z. ® In)SELECT
= [0){0le ® Up — [1){1] @ U}. (21)
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Proposition 3.3 (Block encoding of purely imaginary diagonal matrices). The unitary
Bp = (H.®In)SELECTp(H. ® In) (22)
is an exact (ap,1,0)-block encoding of D. It satisfies

_yut D
(01 1) Bo((0) © Iy) = 20 = 2. (23)

Because
((0lc ® In)(Xe ® IN)(|0)e ® In) = 0,

if D =0, it is omitted from any outer LCU. If the complete input matrix is zero and a standalone encoding is
required, one may take ap = 1 and use
Bp=X.®Iy.

For distinct computational-basis labels p and ¢, and for V' € U(2), let G,, (V) denote the unitary that acts
as V on the ordered subspace span{|p), |¢)} and as the identity on its orthogonal complement. Composite labels
such as p = (0, 7) include both the ancilla and system addresses.

Use the convention
e~ip/2 0
R.(¢) = ( 0 ew/2> :

For each 0 < j < N, define

Vi=1I.® (In = [5)(]) + R=(=20;)e @ |){]

eié‘j 0
= G(O,j),(l,j) (( 0 e—i0j>> ) (24)

The factor V; acts nontrivially only on

span {[0) c[f)sd1)cl) } -
and, _ )
Vil0)eld) = €10)cli),  Vill)eld) = e 1)l ).

On every basis state whose system address'is not j, the factor V; acts as the identity.
The factors act on mutually orthogonal'address subspaces and therefore commute. Their product is

H Vi = 10)(0l. ® Up + |1)(1]. ® U} = SELECT . (25)

Consequently,

Bp = (H.® In)(Z. ® Iy) Hv (He® Iy). (26)

Write.the system address as

The two basis states on which V; acts are

|O>c‘bq—1"'b0>v |1>c|bq—1"'b0>-

They differ only in the selector qubit. Hence the selector qubit is the target of R,(—26;), while every system
qubit is an address control. A filled control is used when b, = 1, and an open control is used when b, = 0. No
Gray-code permutation is required.

For instance, for NV = 4, the complete circuit is shown in Figure 1.

For general N = 27, the central address-controlled rotation is repeated for every j = 0,..., N —1. The circuit
therefore uses one selector qubit, two Hadamard gates, one Pauli Z gate, and one nontrivial address-controlled
R, rotation for each nonzero diagonal entry.

12



q1 o o L 4
q0 % %
|0). R.(—260) H R.(—261) H R.(—205) H R.(—265)

Figure 1: The imaginary diagonal block encoding for N = 4.

3.2.2 Complex Diagonal Matrices

We now consider the complex diagonal matrix. Write
D = diag(zo, 21, - .., 2nv-1) € Mn(C).

Assume that D # 0 and choose

ap = || D2 = oax, |2;].
Write '
z=rie?, =yl

where we take ¢; = 0 when z; = 0, and define

¥; = arccos (C:;) € [07 g} .

Introduce the two diagonal unitaries

Uy = diag (ei(¢“i§°), ei(%iﬁl), N ,ei(d’N*liﬁN*l)) .

For every j,
i(¢;+9;) i(¢f—04) ) )
< e "= it cosﬂjzz—J.
2 ap
Therefore,
D U +U_
N _ T 27
), 5 (27)
Using one selector qubit ¢, define
SELECTp = |0){(0]. @ Uy + [1){1]. @ U-_. (28)
Proposition 3.4 (Block encoding of complex diagonal matrices). The unitary
Bp = (H.®In)SELECTp(H. ® In) (29)

is an exact (ap,1,0)=block encoding of D. It satisfies

U +U. D
((0]c ® IN)Bp(|0)e ® Iy) = +T .
ap

The,case D = 0 is handled by the same convention as in the preceding subsubsection.
The two-level decomposition can be obtained directly from the construction above. For each 0 < 7 < N,
define

VO =L@ (In — 1)) + (€9 R.(=20;)), ® 15) (]
il +95) 0
= G(0,5),19) (< 0 ei(¢j—19j)>) : (30)

Each factor acts nontrivially only on
span {|0)c[7), [1)cl)} -

As in the preceding construction, these subspaces are mutually orthogonal, so the factors commute and

N—-1
[T v\ = SELECTS. (31)
§=0

13



Consequently,

N-1
Bp=H.oIy) | [] V7| H.® Iy).
j=0

For convenience, define the one-qubit diagonal unitary

» et(di+9;) 0
Cj=e ¢-7Rz(—219j) = ( 0 ei(¢j19]')>

The address controls are the same as those in the preceding section. In particular, for NV = 4, the complete
circuit is shown in Figure 2.

q1

q0

[
0. Ao Ha-

Figure 2: The block encoding of a complex diagonal matrix for'/NV = 4.

—0——0
——4

The four controlled gates correspond respectively to the addresses
00, 01, 10, 11.
Thus, on the address state |j), the central part of the circuit acts on the selector qubit as
C}10). = e (@it0i)|0).., Cj|1)e= efPi=93)|1)...

Consequently, the complete central circuit implements
N—-1
T v'© =10)(0l. ® Uya={1)(1]c ® U- = SELECTp .
j=0

For general N = 29, one address-controlled gate C; is included for each j = 0,..., N —1. The system qubits
are filled or open controls according to the binary expansion of j, and the selector qubit is the target. The
circuit therefore implements

N—-1
Bp= (H.oIy) | [T V7 | (H.® Iy).
=0

The phase factor e*?s in (' must not be discarded. Although it is a global phase of the local 2 x 2 matrix,
after address control it‘becomes a relative phase between different system subspaces. Compared with the circuit
for M,,(iR), the controlled R,(—26;) gates are replaced by the controlled diagonal gates C;, and the Pauli Z
gate on the selector is no longer required.

3.3 Quantum Circuits for Strictly Upper-Triangular Matrices

Let T € CM*%Y be strictly upper triangular. We construct an exact block encoding of T using one block ancilla
and-then give an explicit procedure for computing every two-level unitary in the resulting circuit.
If T'= 0, the primitive is omitted from any outer LCU. If the complete input matrix is zero and a standalone
encoding is required, X, ® Iy is an exact (1, 1,0)-block encoding. Hence the construction below assumes T' # 0.
Choose a normalization factor

ar > [|T2 (32)

and set T
B=—. 33
— (%)

Then ||B||2 < 1, so Iy — BB is positive definite and admits the Cholesky factorization
Iy —B'B=LL", (34)

where L is lower triangular. Define the 2N x N matrix

Q—(§>. (35)

14



Equation (34) gives
Q'Q=B'B+LL" = Iy, (36)

so the columns of @ are orthonormal. Moreover, both B and L' are upper triangular. This common triangular
structure permits the lower block of ) to be removed by a fixed column-by-column sequence of two-level Givens
rotations. R R
We now specify this sequence constructively. Let @) denote the current matrix, initialized as @ = @Q. Process
the columns in the order
j=0,1,....,N —1,

and, within column j, process the lower-block rows in the order
i=3j,j—1,...,0.
At the step indexed by (j,%), read the current pivot and target entry
2=Qjs =@ty p=VEP+IYP (37)

For p # 0, define

ven =1 (7 7). (39

If p =0, set V(z,y) = I5. The phase convention in Eq. (38) gives

V(z,y) (z) = (g) . V@'V =T detV(z,y) =1 (39)
Using the two-level notation introduced above, the full Givens.unitary used at this step is
Fji = Go).aa(Vi(2:9)). (40)
It is computed from the current entries in Eq. (37),after which the entire matrix is updated by
Q += F;.,Q. (41)

Thus the entry in position (N + 1, j) becomes zero. If this entry is already zero, the corresponding rotation may
be omitted.

This elimination order does not,. recreate entries in previously processed columns. Indeed, before column j
is processed, columns 0,...,j — 1 have already been reduced. The upper-block row j is zero to the left of its
diagonal, while the relevant entries of every lower-block row are either structurally zero or have already been
eliminated. Hence both rows.mixed by F}; are zero in the completed columns.

Record the nontrivial rotations in their order of application as F, Fy, ..., Fys, and define

G =FyFy_1-- Fy. (42)
Proposition 3.5 (Cholesky-Givens block encoding). The unitary
Ur =G =FF .- Fl, (43)
is an exact-(ap(1,0)=block encoding of T

Proof..After all lower-block entries have been eliminated, one has

where R is upper triangular. Since G is unitary and QTQ = Iy, Eq. (44) implies RTR = Iy. An upper-
triangular unitary matrix is diagonal, and the convention in Eq. (38) makes every surviving diagonal pivot real
and nonnegative. Consequently, R = I, and therefore

GQ = (Ig ) . (45)

Since the upper N x N block of Q is T/, this identity and Uy = G give the stated block encoding. O
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Although the factors in Eq. (43) are written in matrix-product order, a state entering the circuit encounters
F JL first and F; 1T last. Every factor is explicitly known after the classical Cholesky factorization and the updates
in Eq. (41); no unspecified unitary completion remains.

The active 2 X 2 matrix in Eq. (38) can be compiled into one-qubit rotations. Write

x = |z|el®s, y = |yle!®v.
One Euler-angle convention is
where
6 = 2atan2(|y|, [z|), ¢ =z + ¢y —, A=y — ¢y + . (47)

When z = 0 or y = 0, the phase of the zero entry may be chosen arbitrarily and absorbed into an.adjacent R,
rotation.
The two basis labels acted on by Fj; are

[0)el)s and  [1)c[i)s. (48)

They differ in the block-ancilla bit and in h;; = wt(i & j) system bits. The standard Gray-path construction
therefore realizes F ; using 2h; ; multi-controlled X macros and one multi-controlled'V'(x, y) macro. The latter is
then replaced by the three rotations in Eq. (46). Controls on a zero-valued bit‘aresimplemented by conjugating
the corresponding wire with X gates. This reduces the complete unitary U to the elementary gate model
described in the preliminaries.

Corollary 3.6 (Resource cost of triangular block encoding). For column j, at most j+ 1 Givens rotations are
required. Therefore,

M< )Y (j+1)=
j

=2

N(N%T)

S (49)

Il
o

Thus the construction uses O(N?) two-level unitarvies, ¢ = logy N system qubits, and one block ancilla. With
Gray-path compilation and linear-size multi-controlled-gate synthesis, the conservative elementary-gate cost is
O(N?q?). The classical preprocessing requires Q(N?3) arithmetic operations and O(N?) memory.

Further reductions require additional matrix structure, since a generic strictly upper-triangular matrix al-

ready contains ©(N?) independent entries.

3.4 Quantum Circuits for su(n)

The preceding decomposition gives

X=D+T-TH, (50)
and
(0% ® 1) Up (10%) @ ) = % (51)
(0|8 DUz (0) & 1) = -, (52)
(" le HUL (0 @ 1) = Q (53)

The explicit three-branch construction below describes the generic case D # 0 and T # 0. If either primitive
vanishes, it is omitted according to Lemma 2.5, and K, A4, PREP, and SELECT are formed only from the
remaining branches. If both vanish, the standalone zero encoding is used. Define the three unitary branches

Vo=Up, Vi=Ur, Vo=-Uh (54)
Let o o
Ag=ap—+20r, Ag=-2, A =d=-——. (55)
Aa Aa

Two selector qubits are sufficient. We assign

|00) «— Up, |01) +— Urp, [10) +— —U},
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while the unused state |11) selects the identity.
Let Pyrep prepare

Porepl00) = [x4) = v/20[00) + v/A1]01) + /A2]10). (56)

Following the two-level construction of the three-term LCU, let Rg2(62) act on span{|00),|10)} and let Ro1(61)
act on span{|00), |01)}, with nontrivial block

R(O) — <cosa sma)

sinf  cos@

Choose
cosfy = /g + A1, sinfy = v/ A, (57)
N )\0 . _ )\1
cosfy = 4/ ot sinf; = o (58)
Then
Porep = Ro1(01)Ro2(62). (59)
Define

SELECT 4 = [00)(00| ® Up + [01)(01] @ Uz
+10)(10] @ (UL + [11)(11}.@F. (60)

Theorem 3.7 (Block encoding of su(n)). With the branches and weights defined above, the unitary

Ux = (P, ® I) SELECT 4(Pprep @ I) (61)

prep
is an eract (Aa,a+ 2,0)-block encoding of X, where As"= ap + 2ar.

Proof. Apply Lemma 2.5 to the three branches (D, TyT), with coefficients (1, 1, —1) and normalizations (ap, ar, ar).
O

Here and below, W denotes all non-selector registers acted on by the selected branch unitaries, including
the block-encoding ancillas and the padded-system register, together with any family-specific factor register.

Figure 3 uses a convenient unitary extension of Rg2(62). The first uncontrolled R, gate differs from the
strict two-level rotation outside span{|00),]10)}, but has the same action on the initial state |00). It therefore
prepares the same LCU amplitudes and leaves the block encoding unchanged. The adjoint PREPARE circuit
uses the reverse order with negative angles.

s1:]0) — Ry(205) 5 5 ° . ° R, (—20,) —

T T T
o @ JOp ——— Ry(261) R, (—26,)

|

w Up (H Ur (4 -UL

Figure 3: The block-encoding circuit for an element of su(n).

The gate fU} in Figure 3 means that the adjoint circuit is accompanied by a phase —1 on the selector word
10. Equivalently, one may implement the selector-only phase

O = I, — 2|10)(10] (62)
and use U} in the corresponding controlled branch.

3.5 Quantum Circuits for s0,,(C) and s0s,1(C)

In the fixed standard orthonormal bases, 502,(C) and $02,41(C) have the same skew-symmetric matrix form.
We therefore treat them simultaneously by setting

de {2n,2n+1} (63)
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and considering
504(C) = {X € My(C): XT = —-X}. (64)

Let X € 504(C) and let T be its strictly upper-triangular part. Since X7 = — X, every diagonal entry of X
is zero and the strictly lower triangular part is —T'7. Therefore

X=T-17. (65)

If T'= 0, then X = 0 and the standalone zero encoding is used. The construction below therefore assumes
T # 0. Their circuit constructions have the same form; only the dimension of the system register is different.
The preceding construction supplies an exact (ar, a,0)-block encoding Ur of T, so that

% — (0% ® DU(|0%) © 1). (66)

Lemma 3.8 (Transposition of a block encoding). The transpose UL is an exact (ar,a,0)-block encoding of
T, satisfying

a a TT
(0*le DUL (01 @ I) = —. (67)
ar
Suppose that the known circuit is written as
Ur =FnFn_1-F. (68)
Then
Ul =Fr'Fl ... FT. (69)

Thus the transpose circuit is obtained by reversing the chronological gate order and replacing each gate by its
transpose.

Define the two unitary branches

Vo=Ur, (Vi=-Uj. (70)

Both branches have normalization factor a;. Therefore the total normalization and the LCU probabilities are
1

AO = QOéT, )\0 = )\1 = 5 (71)

Only one selector qubit is required, and its preparation unitary is the Hadamard gate:

_ _10) +11)
Porep = H, H|0) = RV (72)
Define
SELECT, = |0)(0| ® Up + |1)(1| ® (=UZL). (73)

Theorem 3.9 (Block encoding of the orthogonal families). With the branches and weights defined above, the
unitary
Ux = (H®I)SELECTo(H ®I) (74)

is an exact (Ao, a +150)-block encoding of X, where Ao = 2ar.
Proof. Apply Lemma2:5 to (T,T7) with coefficients (1, —1) and common normalization a. O

The relative minus sign in the second branch can be implemented by a Z gate on the selector qubit. Indeed,

SELECT, = [0)(0] ® Ur + [1)(1] ® UZ, (75)
SELECT, = (Z ® I)SELECT,. (76)

Thus the signed SELECT operation can be drawn without using an abstract —UJ gate, as shown in Figure 4.
oy Z
"

Figure 4: The block-encoding circuit for s02,(C) and s09,,11(C).
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3.6 Quantum Circuits for sp,, (C)

Writing X in n x n blocks, the symplectic condition is equivalent to

X = (é jT) ., B'-B, (T=cC (77)

The general zero-padding convention requires a slight modification for type C,,, because ordinary trailing
zero padding does not necessarily preserve the canonical symplectic form. Suppose that the physical dimension
is d = 2n and that the padded dimension is N = 2m > 2n. Define

A\:A@Omfnv BS:BEBOmfna a:C@Omfnv

- (A B

Equivalently, in terms of the fixed permutation defined above,

and use the structure-preserving padding

X = Po(X @ 0n—q)PL..

Because this embedding commutes with the linear combinations, transpose,sand diagonal/triangular splitting
used here, it is equivalent to applying the paired padding separately to the primitives of the physical decompo-
sition. The padded matrix satisfies _ _

XT Joym 4 JomX = 0.

For notational simplicity, after this structure-preserving padding, we henceforth relabel

~ o~

X, A, ]§, 6, and m as X,/A; B, C, and n,
respectively.
Define
K=A-AT, S=A+ AL, P=B+C, Q=B-C. (79)
Then with the standard Pauli matrices, we have
1
X=5(12®K+az®s+ox®P+z’oy®Q). (80)

Let Tr and Dp denote the strictly upper triangular and diagonal parts of a matrix R. Since K is skew-
symmetric and S, P, Q are symmetric,

K=Txg — TE, R=Tr+Dr+TE, Re{S PQ}. (81)

Substitution into (80) gives the eleven-term decomposition

1
X:§[12®TK—IQ®T§

+0.9Ts+0,®Dg+0,TF
+0,@Tp+0,@Dp+0, @TH

+ioy @ Tg +ioy ® Dg +ioy, @ T |.

All transposes in this formula are ordinary matrix transposes, not adjoints. This distinction is necessary because
the'matrices are allowed to have complex entries.

Write
L
X = 521\@, N, =1, ® M,, (83)
where the branch data are

r | 7 | M, r T | M,
1| I | Tk 2 | =1y ng

3| o, | Ts 4| o, | Dg

5 | o, Tg: 6 | op | TP (84)
7| os | Dp 8 o T};

9 wy TQ 10 iO'y DQ

11 | toy TS
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The formulas below describe the generic unpruned case in which all eleven primitives are nonzero. If some
M, vanishes, it is omitted before Ac, PREP, and SELECT are defined, and the remaining K¢ < 11 branches
are relabeled according to Lemma 2.5.

After padding with idle ancillas when necessary, assume that the preceding diagonal and strictly upper
triangular constructions provide unitaries Uy, ..., U;; with a common number a of block-encoding ancillas. The
preceding primitive constructions give

M
B, = (0% ® I,)U,(]0%) ® I,) = , r=1,...,11, (85)

T

where o, > 0 is the normalization factor of the local block encoding of M,. For each transposed triangular
block, its circuit may be obtained from the untransposed circuit. If

Ur =FnFm-1--F1,
where the rightmost factor acts first, then

Uk =Fr'El-. . FT (86)

m

is a block encoding of T7 with the same normalization and error. On the structural. qubit together with the
common workspace, define

V,=71U, r=1,...,11. (87)
Because every 7, is unitary, V. is unitary and
(L0 @I,)V, (I ®|0%) ®I,) =7 ® B (88)
Define
ﬁr:iy Ac = Br =2 O, pr:i:nir- (89)
2 r=1 2 r=1 Ac Zj:l Qj

Four selector qubits provide sixteen computational basis-states. Assign
[0000) «— Vi, 0001)«=%V5, ... ,]|1010) +— V44,

and let Ppep prepare
11
Porepl0000) = [xc) = 3 _ V/orlr —1)- (90)
r=1
Let

k
k= Dk+1, Sk:qu, k=0,...,10. (91)
=0

For k =1,...,10, let Rog(0x) -be the two-level rotation on span{|0), |k)} with nontrivial block

R(6)) = (cos&k sin9k> ’

sinf,  cos0y

cos B = sk_l, sin @, = 1/q7;€- (92)
Sk Sk

Prorep = Ro1(01)Ro2(82) - - - Ro,10(610), (93)

where the rightmost factor acts first. In the generic eleven-branch case, PREP contains ten selector two-level
rotations and UNPREP contains their ten adjoints. After pruning, the same construction uses [log, K] selector
qubits and K¢ — 1 rotations in each of PREP and UNPREP.

where

Then

Define " 5
SELECTc =Y |r—1)(r—1|®@ Vi + > [s)(s| @ I, (94)
r=1 s=11

where the five unused selector words act as the identity.

Theorem 3.10 (Block encoding of sp,,, (C)). With the branches and weights defined above, the unitary
Ux = (Pl.., ® Iw) SELECT ¢ (Pprep © Iny) (95)

prep

is an exact (Ao, a+ 4,0)-block encoding of X, where Ac = %Zilzl Q.
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Proof. Apply Lemma 2.5 to the eleven branches 7, ® M,., each with coefficient 1/2. Their primitive normaliza-
tions give Ag = % > Qe

O

At register level, the complete circuit has the following form.

(a) Pprep: Ro,10 through R ¢

s30 10y {x x[x X || 7. 200

s2 1 0) @ |

s1 ¢ ]0) ——] R, (2610) | | [x ] |
w

S3

89
S1

S0
w

(b) Pprep continued: Ro s through Ro

D—%—@E}j |
IXI

L]

—

>—| (205)

(d) A

(c) SELECT

)

)

]
]
!

Vi Ve

Vll

prep Ral through R(T)’5

o1 | I
82 Ry(—204) H X X
1
s
w
(e) Pgrep continued: RSG through Rc];,.m
]‘ Ry(-205) H X XhX X
[
T |
X Ry(—2610) —

Y
>—l—<>—| R, (—26g) <

Figure 5: The complete LCU circuit for the block encoding of X € sp,,, (C).

4 Some Low-Complexity Cases

The preceding sections developed a general block-encoding framework for the four classical Lie families. We
now examine several structured cases in which the representation matrices admit simpler decompositions and

therefore require fewer circuit components.

4.1 Cartan Subalgebra

In the defining representations used above, the standard Cartan subalgebras are represented either by diagonal
matrices or by direct sums of 2 x 2 skew-symmetric blocks [11].
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4.1.1 The Structure of Cartan Subalgebra

Type A,_;1. For the compact real form
su(n) = {X € M,(C): X' = - X, tr(X) =0},

a standard Cartan subalgebra is
ba=qidiag(ty,...,tn) 1t; ER, > ;=07 (96)
j=1

Thus every Hy € h 4 has the form
Hy =idiag(ty, ... tn).

This matrix is already purely imaginary and diagonal, so its block encoding is given directly by the con-
struction for M, (iR).

Types B, and D,,. Define

. 0 1 0
Jo =0y = <_1 0>, J(z) =z2Jy = (_Z S)

In the standard orthogonal basis used in this paper, a Cartan subalgebra of s05,,11(C) is
hp={J(21) @ - D J(2n) ®O: z;¢ C}, (97)
whereas a Cartan subalgebra of sog,(C) is
hp ={J(z1)® - DJ(zn) : z; € C}. (98)

Let
7Z = diag(z1,...,2n).

Then the two matrix forms can be written compactly as

Hp'=(Z@&Jo)®0, Hp=2®J. (99)
Type C,,. Recall that
T 0 In
5]32”(@) = {X 4 MQn((C) X Jop + Jon X = 0} , Jon, = B .

In the canonical symplecticibasis, a standard Cartan subalgebra is

ho = {<§ —OZ) : Z = diag(z1,...,2n), 2j € C}- (100)

Equivalently,
He = diag(z1, ..y 2n, =21y -y —2n) = 0, Q Z. (101)

4.1.2+ Explicit Block Encodings

We now give the block-encoding unitaries for the four Cartan families. The internal circuit for a diagonal matrix
is in Section 3.2. If a Cartan element is zero, we use the zero-matrix convention from Section 3.2: we set the
normalization factor to 1 and take X. ® Iy as its block encoding. Hence the formulas below are stated for
nonzero Cartan elements.

Type A,_1. Set
=l N =21 oaa = ||H = m .
q = [logyn], ) A= |Hall2 1§I?%<n|tk|

For the zero-based computational addresses j = 0,..., N — 1, define
~ tiy1, 0<j< a7
tj = It - j. s 6; = arcsin | - | .
0, n < j <N, a4
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Let
N-1
Ma =Y R.(=20,). 0 i)l (102)
j=0

be the address-controlled phase circuit. Thus, when the address register is in the state |j), M 4 applies R,(—26;)
to the block-encoding ancilla c. For every padding address n < j < NN, we have 6; = 0, so the corresponding
operation is R,(0) = I.
Since the padded matrix is _
Hpy=Ha®0y_, =idiag(to,...,tx_1),

the purely imaginary diagonal construction gives
B, = (He ® IN)(Ze ® IN)Ma(He @ In). (103)

At the circuit level, the gates are applied from left to right as shown in Figure 6.

0)e —{H

Figure 6: Block-encoding circuit for a type-A,_; Cartan element.

For each address j =0,...,N — 1,

7
(0|HZR.(—20;)H|0). ='isin®; = 27]
g
Therefore, ~
Ha
(0l & In)Ba i((0)e @ In) = =,

and By, is an exact (a4, 1,0) block encoding of the padded Cartan element Ha.

Type B,. Let

N
q= [logs(2n +1)], N =29 m= .
Extend
7Z = diag(z1,...,2n)
to the m x m diagonal matrix
Z = diag(z1,--.,2n,0,...,0), az =||Z]=2 = 1?]52(71 |2k |-
Identify-the paddedisystem space as
CY=CmeC?  |j)lr)y < 12j +7),

where j = 0,...,m — 1 labels the 2 x 2 blocks and r € {0, 1} labels the two coordinates within each block. The
blocks j = 0,...,n — 1 represent the physical pairs, the basis state |n);|0), represents the final physical zero
coordinate, and all remaining basis states are padding coordinates.

With this ordering, the padded type-B,, Cartan element is

.E’B =Hpo ON_(QnJ'_l) =7 ® Jo. (104)

Let B be the diagonal block encoding of Z , satisfying

(0] ® 1) B (10)e ® In) = é

Define
B, = Bi(c,j) @ (Jo)r- (105)
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Thus ¢ is the only block-encoding ancilla, while j and r are both parts of the system register. No additional
flag qubit is required.

At the structured-block level, the circuit is shown below. Since Jy = ZX, the r register is acted on first by
X and then by Z.

r—xHZ]

Figure 7: Block-encoding circuit for a type-B,, Cartan element.

Therefore,

Z
((Ole © In) B (|0)e @ In) = az ® Jo
_ Hp
=

Thus By, is an exact (az,1,0) block encoding of the padded Cartan element Hp.
Type C,,. For types C,, and D,,, set

q = [logy(2n)], N =29, m = Z =2 0y, = diag(Zo, . . ., Zm—1),

2 b

where Z; = z;41 for 0 < j < n and z; = 0 otherwise. Let

~ arg(z;), z; # 0, Zj|
— ) - - =51
az = max 1Z51, b, {07 Z =0, j = arccos| )
and define )
MZ: (ei¢ij(_219j))c®‘j><j|7 BZ:(HC®Im)MZ(HC®Im)-
§=0

Let s be the structural qubit distinguishing the two m-dimensional blocks of the paired padding
fIC = Pc(HC (&5) ON,QH)PCT;« =0, 2

Define

Bp, = (0.)sB (106)

Z(cj)
Thus, the circuitrapplies a single Pauli-Z gate to s and applies B3 to the ancilla-address registers (c,j), as
shown in Figure 8.

) 2]

7)
Mz

0)

Figure 8: Block-encoding circuit for a type-C,, Cartan element.
Therefore,
((Ole ® IN)Bre (|0)e ® In)
Z H
= O'Z ® —_— = 76.
(634 az

Thus By, is an (az,1,0) block encoding of He.
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Type D,. Let s denote the internal qubit of each 2 x 2 block. Since
Hp=Hp®O0N_ 9, =Z® Jo, Jo=2ZX,

define
Bu, = BZ7(c,j) ® (Jo)s- (107)

Thus, the circuit applies B to (c,j) and applies X followed by Z to s, as shown in Figure 9.

) -E—{2]

|7)
Mz

10)e

Figure 9: Block-encoding circuit for a type-D,, Cartan element.

Therefore,

Z

((0lce ® IN)Bup, ([0). ® In) = Py ® Jo
_Hp
=0

Hence By, is an exact (az, 1,0) block encoding of Hp.

Corollary 4.1 (Circuit simplification for Cartan elements).w At the level of the structured circuit blocks used
throughout this paper, the Cartan construction reduces the number of parameter-dependent factors from O(n?) to
O(n) and eliminates the outer three-term, two-term, or eleven-term LCU assemblies used for generic elements
of types A, B/D, and C, respectively.

4.2 Block-Diagonal Subalgebras
4.2.1 Block Structure

Now we consider matrix Lie subalgebras whose elements consist of small diagonal blocks.
Let N = mb, and let gy be a matrix Lie algebra acting on C’. Define

g:{Al@"'@Am:A]‘GQQ}gg?m. (108)

Linear combinations preserve this block structure, and the Lie bracket is computed independently within each
block:

m m

éAj, B;| = @Bl4;. Bjl. (109)

j=1 j=1

Thus g isa Lie subalgebra.
For the unitary and orthogonal families, standard examples are

su(b)®™ C su(N), 505(C)®™ C 505 (C). (110)
The symplectic family is treated similarly, with b = 2r. Writing @, = (_5 {), each local block satisfies
AJ-TQT + Q,A; = 0. Consequently, their direct sum preserves Q&™ and realizes a subalgebra isomorphic to
5P, (C)®P™ inside sp,,.,,(C), expressed in a basis aligned with the symplectic blocks.
Under the identification CY 22 C™ ® C®, an element of (108) takes the form

A=le><j|®Aj- (111)

Here the first factor labels the block, while the second contains its local coordinates.

25



4.2.2 Direct-Sum Block Encoding and Two-Level Factor Count
Let

m

A= EBA —ZU (il ® A;.

Suppose that U; is an (o , a;,0) block encodmg of Aj:
a a A j
((0%] @ L,)U; (j0%) @ I,) = —*. (112)
J
Each Uj; is obtained from the family-specific construction developed earlier.
As a baseline construction, their ancillary spaces and normalization factors may be made common with an

explicit scaling qubit. Set
a = maxai;, a > maxa;j,
J J

and pad each U; to a ancillas. Introduce one additional qubit and define
Q; ~
; = arccos (gj) ) Uj=Ry(20;) @ U

Since (0|R,(260;)|0) = «j/c, the additional rotation rescales the encoded block from A;/a; to Aj/c. Then

(0" & )T 07 @ 1) = 5 (13
The global unitary is
Ua =Y Il @0 (114)
j=1
j=1 J=m

7) - 7 = 7 —

0}, =H Ry (204) - = Ry (26, ;

0) 5 o -

! U1 S Un |

) 5 B ‘i‘

Figure 10: Baseline direct-sum block encoding with an explicit scaling qubit.

At register levels|j) denotes the block-label register, |0), denotes the additional scaling qubit, |0%) denotes
the common padded ancillary register, and |¢p) € C” is an arbitrary local system state. The branch labeled
j = k applies R, (20;) ® Uy = Uk. The control dots represent the projector |k)(k| on the complete block-label
register.

Proposition 4.2 (Direct-sum block encoding). The unitary Ua defined above is an exact (a,a + 1,0)-block
encoding of A. The normalization factor may be chosen as o = max; ;.

Proof. Since the block-label subspaces are mutually orthogonal, UJ;UA =1, and
1 m
0"t @ In)UA(J0* ) @ 1 - 115
(0" @ In)Ua(| ®Iy)=— GP (115)

The block label is a system register rather than an additional LCU selector; consequently, one may take a =
max; «; instead of summing the normalizations over all blocks. O
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Suppose that each standardized local encoding admits a two-level decomposition

L;
U =[] Fie
=1

Lemma 4.3 (Block embedding of two-level unitaries). If F' is a two-level unitary, then its embedding into the
jth block,
E(F)=i){jl@F+ > |kklelI,
k£j

is also a two-level unitary.

Proof. If F mixes only two local basis states |p) and |¢), then &£;(F') mixes only the two global states |4, p) and
|7,¢). Hence it is a two-level unitary. O

The global encoding can therefore be written as

m Lj

va= 11T &0

j=1¢=1

Corollary 4.4 (Two-level factor count for block-diagonal matrices). If a complete local encoding of a b x b
block requires at most C(b) two-level factors, then
Liotal < iL- <mC(b) = gC(b).

In particular, when b is fized, the total factor count is O(N).

The additional scaling qubit can be omitted when alldocal encodings already have the common normalization
a. More generally, the diagonal and upper-triangular primitives above can be recompiled at larger normalizations
without additional ancillas. Set a = max; o;. For a local LCU encoding, let o, denote the normalization of
its rth primitive and replace it by

o
o, = a—jozj,..

This common rescaling within each localiencoding preserves the PREP probabilities and changes its total
normalization from a; to a. After padding the recompiled local unitaries U} to a ancillas, their direct sum

satisfies

S " Y A
Up=" )0l U}, (0% @ IN)UL(0%) @ Ix) = o
j=1

Thus U/; is an exact («,a,0) block encoding, saving one ancilla and eliminating the block-rescaling rotations.
If all @;j = «, no recompilation is needed. All specialized resource counts reported below use U’;; no separate
numerical campaign.is included for these specializations.

4.2.3 Repeated Blocks

A further simplification occurs when all local blocks are identical. In this case,

A=A - - DAy =1, ® Ap. (116)
N————

m copies
Corollary 4.5 (Repeated-block encoding). Let Uy be an exact («, a,0)-block encoding of Ag. Then the unitary
Ua=1,2U (117)
is an exact (o, a,0)-block encoding of A = I, ® Ap.

At register level, let |j) denote the block label and let 1)) € C® be an arbitrary local system state. Since every
block uses the same encoding Uy, the block-label register is left unchanged, as shown in Figure 11. Projecting
the block-encoding ancillas yields

A A
(0" @ IN)UA(0) @ In) = T @ — = =

[0 o
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1)
0%) —

[4) —

Figure 11: The repeated-block encoding.

Consequently, the same local circuit Uy is reused for every block label, and no block-centrolled selection is
required.
More generally, partially repeated blocks may be written as

A:@(ImA ®A>\)a
A=1

so that only the distinct local blocks Ay need to be compiled separately:

5 Complexity of the Lie-Algebra-Aware Construction
Throughout this section, n denotes the Lie rank, d the original*defining-representation dimension, and

q = [logyd] N =217 (118)
is the padded quantum-system dimension. The family“dimensions are

family'| A1 B. Cn Dy,

. 119
d ‘ n 2n+1 2n 2n (119)
For type C,,, we additionally define
N
me =7, (120)

whereas its original local block dimension is n = d/2. Every method uses the same embedding into dimension
N. The analytical formulas below retain both d and N.

5.1 Resource conventions

Table 1 defines resourcesifor.one block-encoding call. Input-state preparation, measurement, and compilation
of a nontrivial basis transformation are excluded. For an arbitrary input basis, the additional cost 2C'(W') must
be included.

The reported quantity G counts two-level factors after all operations are expanded on the full joint workspace.
This convention applies uniformly to the primitive, SELECT, PREPARE, and UNPREPARE circuits.

In particular, let W denote the primitive workspace consisting of one block-encoding ancilla and the N-
dimensional padded system, so that dim(W) = 2N. A selector-register rotation lifted to the complete circuit

acts as
2N -1

Rupy ® Iy = H G(a,#),(b,u)(Rab)~ (121)
pu=0
It therefore contributes 2N joint-space two-level factors. This is the same expansion rule used for register-local
operations inside the diagonal and type-C' primitives, and removes any dependence of the count on whether an
operation is assigned to PREPARE, SELECT, or a primitive module.
For a selector-conditioned phase ®,(¢) = I+ (e'® —1)|a)(al, its lift over the same workspace has the declared

factorization
N-1

0a(¢) @ Iw = [[ Grazi).(azi+ (¢12) - (122)
j=0
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Table 1: Resource conventions used in the results.

Quantity Meaning Permitted comparison
G Strict joint-space two-level count: primitive and Compared across the Lie-aware, direct-
SELECT schedules use their declared two-level isometry—Givens, and Halmos templates under this
expansions, and every outer PREPARE or UN- convention.
PREPARE selector rotation is expanded over
the complete 2N-dimensional primitive workspace.
Selector-conditioned phases are also expanded and
included.
D Safe serial depth of the same strict joint-space Compared across the same templates under~this
schedule. All two-level factors are serialized, so convention.
D = G numerically for the declared templates.
However, GG counts factors, whereas D measures cir-
cuit depth.
Nanc Encoding and LCU-selector ancillas. Excludes system and structural registers.
QBE Complete block-encoding normalization. Used in R, apeG, and aseD.

Thus each nontrivial selector phase contributes IV joint-space two-level factors. These phase factors are included
in G.

The quantity D is only a reproducible conservative depth for the compared templates, not a claim of
minimum parallel depth or native hardware depth.

We compare all methods at the logical two-level-gate level because native-gate costs depend on hardware
connectivity, available ancillas, synthesis accuracy, and compiler choices. Using the same logical counting rule
makes the comparison reproducible. Under the same compilation method, a smaller G, and hence a smaller
serial depth D, gives a lower conservative bound on native resources, although hardware-specific optimization
may change the exact cost.

The primitive counts follow directly from the circuits.constructed above. Consider first a generic, unpruned
triangular primitive of original dimension r embedded into padded dimension s. By the elimination order in
Eq. (49), column j < r requires j + 1 Givens rotations. Each of the remaining s —r padded columns has a single
unit entry in the Cholesky completion and therefore requires one additional completion rotation.

For a diagonal primitive of padded dimension s, Eq. (31) contains one address-controlled factor for each of
the s system addresses. Moreover, each_ of the two outer layers H. ® I, consists of s mutually disjoint two-level
Hadamard factors under the convention of Seetion 5.1. In the purely imaginary construction, the explicit Z.® I
in Eq. (26) is absorbed into the s central'address factors by replacing their local blocks with diag(e?s, —e=%%).
Hence it introduces no additional two-level factor beyond those s central factors, and

r—1

Galr,s) = (G+1)+(s—r) =

j=0
Gdiag(s) = s+ s+ s=3s.

r(r+1) sy
g T (123)

In particular, Ga(s,'s) = §(s= 1)/2. These are the generic unpruned template counts; structurally vanishing
factors may be omitted in individual instances.

For avK-term LCU, coefficient-state synthesis uses
(124)

nprEPARE = K — 1, NUNPREPARE = K — 1

selector-register coefficient rotations. After lifting each rotation over the 2N-dimensional primitive workspace,
the’contributions to G are

GprePARE = 2N (K — 1), GunpPrREPARE = 2N (K —1).

The family-specific values of K, the PREPARE and UNPREPARE rotation counts, and their contributions
to G are summarized in Table 2.

(125)

5.2 Type A,

For the three-term decomposition D + T — Tt the diagonal and triangular SELECT schedules contribute
3N +2Ga(d, N) two-level factors. Each of PREPARE and UNPREPARE contains K —1 = 2 selector rotations,
and every such rotation expands into 2N joint-space two-level factors. The selector-conditioned minus sign
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Table 2: Selector-register operations and their strict joint-space contributions in the generic, unpruned family
decompositions.

Family K nprerare NUNPREPARE GPREPARE + GunpreEParReE SELECT phase factors

A 3 2 2 8N N
B 2 1 1 AN N
C 11 10 10 40N N
D 2 1 1 AN N

contributes a further N phase factors. Therefore,

Ga(d,N) =3N +2Ga(d,N)+2[2N(3—-1)] + N
=d?> —d+ 14N, (126)
Da(d,N) = Ga(d,N) =d*> —d+ 14N.

If the diagonal branch vanishes, the active branch count is reduced to K = 2. In that case,

G0 (d,N) = 2GA(d, N) + 22N @2 = D] + N = 25 d+ TN,

L o (127)
D=0 (4, N) = G{**=°(d, N) = d® — d + TN
The normalization is
Aa =ap+2ar, ap = max | Dy, ar > ||T,. (128)
J

The strict inequality makes I — 7T/ o2 positive definite, so the ordinary Cholesky primitive is well defined.

5.3 Types B, and D,

For either orthogonal family, the original representation dimension is d = 2n or 2n+1, and the circuit acts on the
padded dimension N. The two-term decomposition has K = 2. Its two triangular SELECT branches contribute
2Ga(d, N) factors, while PREPARE and, UNPREPARE together contribute 4N, and the selector-conditioned
minus sign contributes N phase factors. Hence,

Go(d;N) =2Ga(d,N)+2[2N(2—1)] + N
=d*—d+T7N, (129)
Do(d,N) =Go(d,N) =d* —d+T7N.

Both families have
AO = 2ar, ar > ||TH2 . (130)

5.4 Type C,

For C,,, the original representation dimension is d = 2n. After padding to dimension N, the local component

matriees act on
N

2 )
while their original dimension is n = d/2. The eleven-term implementation contains eight upper-triangular
primitives, three diagonal primitives, nine nonidentity Pauli tensor factors, twenty selector-register coefficient
rotations, and one selector phase.

After strict joint-space expansion, the eight triangular primitive schedules contribute 16G A (n, m¢). The
three diagonal primitive schedules contribute 9V, and the nine nonidentity Pauli tensor factors contribute a
further 9N. PREPARE and UNPREPARE together contribute 40N, and the selector-conditioned minus sign
contributes N phase factors. Therefore,

me = (131)

Go(d, N) = 16Ga(n,mc) + 18N + 40N + N
=2d* — 4d + 67N, (132)
D¢ (d,N) = Geo(d, N) = 2d* — 4d + 67N.
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Using triangular parts Tk, Ts,Tp, T and diagonal parts Dg, Dp, Dg, the normalization is

Ac = ary +arg + ar, +ar,

1 (133)
+ 5 (aDs + app + OzDQ) .
Here each triangular normalization satisfies apy, > || Ty ||2 for Y € {K, S, P, Q}.
5.5 Overall scaling and native-gate upper bound
For generic dense members of all four families,
Gours = O(N?),  Dous = O(N?). (134)

Canonical Cartan inputs and fixed-width block-diagonal inputs are exceptions: their specialized-constructions
have O(N) logical cost. We will introduce this below.

A Gray-path decomposition of one two-level unitary on O(log N) address qubits uses at most O(log2 N) one-
and two-qubit gates when sufficient work qubits are available [9]. Hence,

Gours,native = O(N2 1Og2 N)7 Dours,native,seq = O(N2 10g2 N) (135)

These formulas give conservative upper bounds, not exact hardware gate counts or depths. The logical block
encoding constructed here is exact: the calculation of G and D does not discard.nonzero entries, use low-rank
approximations, or omit nonzero Lie components. When the circuit is compiled.into a finite native gate set, each
two-level unitary can be approximated to a chosen accuracy. If an approximate block encoding is allowed from
the beginning, the cost may be further reduced by truncating smalliterms, using approximate factorizations,
and distributing the error budget across the circuit. We leave these extensions for future work.

6 Competing Methods and Normalization-Weighted Cost

A generic dense unitary in U(s) can be reduced to/a diagenal unitary by the standard QR/Givens elimination
into two-level unitaries [9]. Eliminating the entries below the diagonal requires
s=1
(s —j)=
=1

s(s—1)

136

- (136)

two-level Givens factors in the genericinpruned case. The remaining diagonal unitary contains s—1 independent

relative phases after separating one overall phase. These relative phases can be implemented by s — 1 two-level
diagonal factors. We thereforedefine the generic dense-unitary template count

s(s—1)
2

The separated overall phase fixes only the global representative of a standalone dense unitary and is not a
separate physical factor in/the comparator templates. If such a unitary is later used as a controlled branch, the
induced relative phase must instead be included according to Eq. (122). Let

gu(s) = +(s—1). (137)

p=N—d (138)

be the-number of padded coordinates. Since A=A 0p, each padded zero coordinate forms an independent
two-dimensional completion and contributes one two-level unitary. The following counts therefore exploit only
the deterministic zero-padding structure, not any additional structure of A.

For Halmos dilation [8],

Gr(d, N) = Dy (d, N) = gu(2d) + (N — d)

= || 4], . 139
opano1 =l (139)

For direct isometry completion, Givens elimination of the physical 2d x d isometry and the N — d padded
columns gives [9, 10]

d
Giso(d, N) = Digo(d, N) =Y "(2d — j) + (N — d)
j=1 Qiso = ||A]l5 - (140)
3d? — 3d + 2N
2 9
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The two comparison methods are well-established block-encoding constructions that provide strong baselines.
The stated counts are exact for the declared padding-aware templates, but are not claims of globally minimal
circuits. Table 3 summarizes the closed-form expressions for G, D, and the block-encoding normalization for
the proposed construction and the two comparison baselines.

Table 3: Generic explicit dense-matrix comparison.

Method Cost per block-encoding call ~ Safe serial depth Normalization
Type An_1, this work  d? —d + 14N two-level units  d® —d + 14N Aa

Type B, this work d* — d + 7N two-level units d*> —d -+ 7N Ao

Type Dy, this work d* — d+ 7N two-level units ~ d*> —d+7N Ao

Type Ch, this work 2d® — 4d + 67N two-level 2d* —4d + 67N Ac

units
Direct isometry—Givens M two-level units 3‘12*3# IlAll,
Direct Halmos 2d* + N — 1 two-level units ~ 2d® + N — 1 Il

For each method, we report
OBE

“ Al
together with the single-call resources G, D and the normalization-weighted quantities agpgG, aggD. These pairs
characterize complementary costs. The unweighted quantities G and D .are the/direct compiler outputs for the
declared joint-space two-level template of one block-encoding call. Redueing them lowers the size and safe serial
depth of that template and reduces the number of logical synthesis tasks at this level. The weighted quantities
additionally estimate the amplification of these costs in downstream algorithms whose query complexity depends
on the block-encoding normalization.

The products apgG and aggD are informative query-weighted proxies, but they are not universal end-to-
end objective functions. The actual cost also depends on'the downstream algorithm, target accuracy, ancilla
budget, depth constraints, and the available amplification procedure. Consequently, a method with the smallest
weighted proxy is not automatically preferable in' every-implementation. We report all four quantities and
interpret method selection as a resource tradeoff. In-particular, reductions in G and D remain substantive
compilation improvements even when another method has smaller aggG or aggD.

7 Physical-Model Experiments

All models are generated directly in the canonical basis of their defining representations, so W = I. This choice
isolates the block-encoding resources from the separate, input-dependent cost of compiling a basis transforma-
tion. For a nontrivial input basis; the construction remains valid by conjugation with W, with an additional
cost of 2C(W); this cost'depends on the particular basis transformation and is therefore excluded from the
present comparison. Everyumethod receives the same canonical-basis input matrix.

The combined campaign contains 3380 valid matrices from R1-R4.The complete parameter grids, random
generators, normalization pelicy, and validation statistics are given in Appendix A. All uncertainties are sample
standard deviations. Direct/isometry—Givens and Halmos resources are obtained from the preceding padding-
aware expressions. All reported methods are compared through G, D, aGG, and aD under the strict joint-space
two-level convention of Section 5.1. These quantities are exact for the declared joint-space decompositions of
the compared templates, but are not claims of globally minimal decompositions of the resulting unitaries.

Across the complete R1-R3 grids, the Lie-aware construction has both lower G and lower D than both
dense-baselines for 1060 of 1480 matrices (71.6%). The corresponding counts are 660/1000 in R1, 350/420 in
R2,/and 50/60 in R3. The reduction holds for every tested sample at d > 32 in R1, at d > 16 in R2, and at
d > 15 in R3. Thus, the exceptions are confined to the smallest finite-dimensional regimes and do not alter the
large-dimension trend predicted by the closed-form formulas.

Within the passive R4 subset, both G and D are lower than both baselines for all 270 samples at d =
16, 32, 64. Both normalization-weighted quantities are also lower than both baselines for all 180 passive samples
at d = 32,64.

7.1 R1: Three-Dimensional Random-Position Rydberg Networks

Frozen Rydberg gases provide an experimentally established platform for three-dimensional random hopping;:
atomic positions are disordered, while resonant dipole-dipole exchange transfers a single excitation through a
long-range, anisotropic network [12]. Restricting the dynamics to the single-excitation sector produces a dense
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d X d hopping matrix. A minimum separation models the preparation or blockade constraint and prevents
unphysically large pair couplings.

Positions are sampled uniformly in a cubic or 2:1:1 box with ||r; — rj|l2 > 7min. The Hamiltonian and
encoded generator are

Cg (1 — 3(3082 61])
les =513

tr H
H;: = (i # J), H;i; = ¢, X =—i (H - rId> . (141)

d
Thus XT = —X and tr X = 0, so X € su(d), the compact real form of type Aq_;. We use C30 = 1, ¢; = W§;
with & ~ A7(0,1), and scan d € {8, 16,32, 64, 128}, W/.J € {0,1,4}, and rmim € {0.25,0.35,0.45}.

Table 4: R1 comparison at N = 128 for (W/J, rmin, geometry) = (1,0.35, cube) over 30 seeds. All rows.use the
strict joint-space two-level convention.

Method R, G D oG aD
Lie decomposition + primitive + LCU  1.977+0.105 18048 18048 1.114 x 106+£2.324 x 10° 1.114 % 10% +2.324 x 10°
Direct isometry—Givens 1.000 24512 24512 7.648 x 10° +£1.530 x 10° /7:648-x 10° +1.530 x 10°
Dense Halmos 1.000 32895 32895 1.026 x 10%+2.054 x 10%. 1.026 x 10°% +2.054 x 10°

The R1 portion of the experimental campaign is summarized in Table 4. “The Lie-aware construction gives
the smallest raw gate and depth counts for this experimentally motivated dense type-A model. Its larger
normalization removes that advantage in oG and aD, for which direct isometry—Givens is preferable.

7.2 R2: Dense Quadratic Majorana/SYK, Networks

A general quadratic Hamiltonian of Majorana modes is specified.completely by a real skew-symmetric coupling
matrix. Such Hamiltonians describe free fermions, Bogoliubov—de Gennes systems, and networks of coupled
Majorana modes. The all-to-all Gaussian ensemble is the quadratic SYK, model, a standard disordered-fermion
model rather than an ad hoc random-matrix test [13].(It is useful here because it is dense and has no generic
sparsity, low-rank, or translational structure that would favor an unrelated special-purpose encoding.

For d = 2n Majorana operators satisfying {7,, v, }»= 26, consider

. d
~ J2
Hy = i Z Juw Y% Juw NN(O, (;) (u<wv), J=-JT. (142)

pr=1

The encoded object is the mode-space,generator X = J, not the exponentially large Fock-space Hamiltonian.
Since J is real and skew-symmetric, X € s0(2n), the type-D,, family.

Table 5: R2 comparison-for dense SYKs at N = 256 over 30 seeds. All rows use the strict joint-space two-level
convention.

Method R, G D aG aD  Ancillas
Lie decomposition + primitive + LCU  1.665+0.017 67072 67072  2.179 x 10° £2.677 x 10 2.179 x 10° +2.677 x 10° 2
Direct isometry—Givens 1.000 98176 98176 1.916 x 10° £2.179 x 10> 1.916 x 10° £2.179 x 103 1
Dense Halmos 1.000 131327 131327 2.563 x 10° +£2.914 x 10  2.563 x 10° £2.914 x 103 1

The R2 portion of the experimental campaign is summarized in Table 5. For a dense, unstructured type-D
ensemble; the Lie-aware route substantially reduces the raw logical circuit relative to both dense baselines. Its
normalization makes direct isometry—Givens preferable in the weighted metrics, while the proposed construction
remains better than Halmos.

7.3 R3: Odd-Dimensional Majorana Networks

Majorana networks may contain an effectively unpaired mode, for example in a defect, boundary, or subsystem
description. The corresponding quadratic mode-space generator is an odd-dimensional real skew-symmetric
matrix. Such a matrix necessarily has a zero eigenvalue, so this model probes a physically meaningful Majorana
zero mode as well as the compiler’s odd-dimensional branch. The odd-dimensional matrix should be interpreted
as an effective mode-space sector; the computational padding coordinate is not the physical zero mode.

We use the same Gaussian couplings as Eq. (142), but with

d=2n+1€{7,1531,63,127,255}, J=-J', N=d+1. (143)
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Table 6: R3 comparison at physical dimension d = 255, padded to N = 256, over 10 seeds. All rows use the
strict joint-space two-level convention.

Method R, G D oG aD
Lie decomposition + primitive + LCU  1.663+0.027 66562 66562 2.156 x 10°£2.930 x 10®  2.156 x 10° +2.930 x 103
Direct isometry—Givens 1.000 97411 97411 1.898 x 10° +1.707 x 10° 1.898 x 10° +1.707 x 10
Dense Halmos 1.000 130305 130305 2.539 x 105 +2.284 x 10°  2.539 x 10° +2.284 x 103

Thus J € so(2n + 1), the type-B,, family, and rank J < d — 1. For the sampled dense matrices the maximal
rank d — 1 is attained, leaving one physical zero mode before padding.

The R3 portion of the experimental campaign is summarized in Table 6. The type-B route retains the raw-
count advantage after odd-dimensional padding, confirming that the gain is not restricted to even-dimiensional
orthogonal generators. Direct isometry—Givens again wins the weighted metrics because of its optimal normal-
ization.

7.4 R4: Multimode Bosonic Quadratic Systems

Quadratic bosonic Hamiltonians describe coupled harmonic modes, linear-optical mode: conversion, squeezing,
and Gaussian quantum dynamics [14, 15]. In canonical quadratures, the Heisenbérg equations are generated by
a real symplectic matrix. This makes multimode bosonic dynamics a direct_physical realization of the type-C
family rather than a generic non-Hermitian test matrix.

For n modes, let R = (q1,...,Gn,P1,---,pn)’ and

~ 1
Hg = 5RTKR, K=KT >0, X = JoiK, Jon = ( 0 I") . (144)
Because

XT Jop + Jon X = 0, (145)

X € sp(2n,R), the real type-C,, algebra. The existing, campaign uses n € {2,4,8, 16,32}, condition numbers
k(K) € {2,10,50}, and combinations of dense conversion, squeezing, and rank-one common-bus coupling.
Stability is enforced by K > 0 and the normalization || K|z = || X2 = 1.

Table 7: R4 comparison at N = 64 for,weak squeezing, x(K) = 10, and zero bus coupling over 30 seeds. All
rows use the strict joint-space two-level convention.

Method R, G D aG aD
Lie decomposition + primitive + LGU ./ 1.799 £ 0.056 12224 12224 2.199 x 10* +£6.822 x 10? 2.199 x 10* 4 6.822 x 102
Direct isometry—Givens 1.000 6112 6112 6112 6112
Dense Halmos 1.000 8255 8255 8255 8255

The R4 portion of the experimental campaign is summarized in Table 7. The conclusion changes in the
passive, bus-dominated regime. In the campaign, “passive” denotes (g, gs) = (0.25,0), so that the squeezing-
related blocks vanish, while 8= 0.9 makes the rank-one common-bus contribution dominant. Table 8 reports
the existing N = 64/samples in this regime.

Table 8: R4 comparison at N = 64, k(K) = 2, (g, 9s) = (0.25,0), and Brus = 0.9 over 10 seeds. Counts follow
the strict joint-space two-level convention of Section 5.1.

Method R, G D aG aD
Lie decomposition + primitive + LCU  1.146 = 0.009 3008 3008 3.448 x 103 £2.717 x 10}  3.448 x 103 £2.717 x 10*
Direct isometry—Givens 1.000 6112 6112 6112 6112
Dense Halmos 1.000 8255 8255 8255 8255

The two R4 tables show that the type-C' comparison is parameter dependent. For the weak-squeezing
central point, direct isometry—Givens has the smallest joint-space count and normalization-weighted cost. In
the passive, bus-dominated regime, the Lie-aware construction eliminates the squeezing-related primitives and
reduces both single-call resources G, D and both normalization-weighted quantities G, aD below both dense
baselines. This identifies a physically motivated favorable regime, but does not imply superiority for generic
type-C' matrices.
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8 Scope of the Structured Specializations

The Cartan and block-diagonal constructions are retained as exact specializations of the unified compiler, rather
than as claims of universal superiority over dedicated methods.
For Cartan inputs, the generic Lie-LLCU assembly is bypassed, with

3N, A,

(146)
4N, B,C,D.

QCar = HX||2a Gcar = Dcar = {

Hence the dispatcher reduces the generic quadratic count to O(N) and eliminates the outer PREPARE «and
UNPREPARE circuits. This implementation is not optimal for diagonal type-A inputs. For |a| </1; the

entrywise dilation
J(a) = < a \/1—|a|2)
V1 —lal? —a
is unitary and has upper-left entry a. Applying this construction to the normalized diagonal entries requires
only N two-level factors [8].
For

xX=Px; (147)
j=1

the block label is a system register, so the local encodings can be combined/with

Qg = Max o; (148)
J

without an outer LCU. Recompiling the local primitives to this common normalization also removes the block-
rescaling ancilla. The resource count is additive over the blocks,

Ge =Dg=0[> 17|, (149)
j=1

and becomes O(N) for fixed block size.
For equal type-A blocks of size b, the present construction and a blockwise isometry—Givens encoding re-
spectively require

N(3b—1)

G@,A = D@,A = N(b + 13)7 C*Yblock—iso = Dblock—iso = 2

[10]. (150)
Thus blockwise isometry is preferable for sufficiently small blocks, whereas the proposed route has a smaller

raw count when
b > 27. (151)

This work explores two specializations of the Lie-algebra-aware block-encoding framework: Cartan and
block-diagonal inputs. The closed-form analysis shows that exploiting these structures can reduce the resource
cost of the generi¢ Lie-LEU construction. Although dedicated methods remain more efficient in some regimes or
under certain resource measures, these results motivate further investigation of other special structures for which
the present framework may offer useful advantages. Since the comparisons follow directly from the closed-form
resource expressions, we do not include separate numerical experiments for these two specializations.

9 Conclusion and Discussion

We developed an explicit block-encoding framework for the defining representations of the four classical Lie
families. It decomposes matrices into diagonal and strictly upper-triangular primitives, completes triangular
contractions by a constructive Cholesky—Givens procedure, and combines them through family-specific LCU
identities. In exact arithmetic, this gives exact block encodings with explicit normalizations and resource counts.
It also exploits Cartan, block-diagonal, and direct-sum structure, using the maximum local normalization for
direct sums.

The implementation validates the full construction, from decomposition and padding to LCU assembly and
unitarity, with residuals at floating-point roundoff. The 3380 tests cover Rydberg, even- and odd-dimensional
Majorana, and multimode bosonic models. Overall, the Lie-aware construction achieves lower logical gate counts
and serial depths for the higher-dimensional type-A, B, and D instances, while its type-C' advantage appears
in specific structured regimes.
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Across the dense type-A, B, and D models, the Lie-aware method shows a clear high-dimensional advantage:
it has lower single-call counts than both dense baselines for all tests at d > 32 in R1, d > 16 in R2, and d > 15
in R3, and for 1060 of 1480 matrices overall. At the largest selected Majorana points (R2: p =0, d = 256; R3:
d = 255), it also retains lower normalization-weighted costs than dense Halmos. The type-C results identify
a complementary favorable regime: all passive, bus-dominated tests at d = 16,32,64 have lower G, D than
both dense baselines, and those at d = 32,64 also have lower weighted costs. Together, these results establish
concrete high-dimensional and structure-dependent regimes in which Lie-aware compilation provides a resource
advantage, while normalization remains relevant when selecting among methods.

The method is therefore a structure-preserving fallback, not a replacement for specialized sparse, Toeplitz,
circulant, low-rank, repeated-value, Cartan, or block-diagonal encodings. The counts apply only to the declared
templates and are not global minima. The canonical-basis experiments exclude discovery, preprocessing, loading,
basis changes, native-gate and hardware effects, fault tolerance, and hardware execution; the implementation
is a research prototype. Higher-dimensional and exceptional representations, implicit oracles, approximate low-
rank encodings, and complete downstream algorithms remain outside scope. Future work should eembine Lie
and additional structure, compile fixed-gate implementations with explicit error and hardware costs, and jointly
optimize approximate encodings and downstream algorithms.

A Reproducibility of the Numerical Results

The accompanying code is a research prototype intended to reproduce the numerical validation and resource
comparisons reported in this paper. It implements the canonical-basis decompaosition, primitive and LCU vali-
dation, and resource accounting used in the R1-R4 experiments, but is net a production-ready implementation
of the complete theoretical framework. Arbitrary basis-change compilation, native-gate lowering, data-loading
circuits, and hardware-specific optimization are outside its present-scope.

A.1 Numerical conventions

All methods use the same double-precision input matrices. Experiments were run with Python 3.11.7 and
NumPy 1.26.4 using PCG64 seeds s = 0,...,S5 —1, and spectral norms were computed by double-precision
SVD. Nonzero triangular use

an=(1+107")||T2 (152)

while both baselines use o = || X|2. The factor 1 + 10710 enforces the strict inequality ar > ||T||2, which
ensures that I — T7T/a2 is positive definite for the Cholesky construction. This margin changes the triangular
normalization only by a relative 10719, leaves G'and D unchanged, and does not affect the reported conclusions.
Lie-membership and circuit-validation tolerances are 107!° and 108, respectively. No nonzero matrix entry is
truncated; 1071 is used only to identify algebraically zero structural terms.

A.2 Campaign specification

Table 9 gives the completesR1-R4 campaign. Every noncentral grid point uses 10 seeds. The central points
using 30 seeds are R1 (W/J, rmin, geometry) = (1,0.35, cube), R2 p = 0, and R4 (g., gs, %, 3) = (0.25,0.10, 10, 0).

Table 9: Complete physical-model campaign. The number of parameter points is stated per dimension.

Model ( Dimensions d Parameter grid Seeds per point  Matrices
Ri 8,16, 32, 64, 128 3 disorder values x3 exclusions X2 geometries 10; central 30 1000
R2 8,16,32,64,128,256 p € {0,0.25,0.5,0.75,1} 10; p=0: 30 420
R3 7,15,31,63,127,255 p=20 10 60
R4 4,8,16,32,64 4 strength pairs x3 condition numbers x 3 bus fractions 10; central 30 1900

Total 3380

For R1, the number density is ¢ = 1, the mean-spacing and coupling units are
C-
a=0 =1, J=-2=Cs=1, (153)
a
and C3 = 1. The box volume is V' = d/po = d. For aspect vector s = (1,1,1) or (2,1,1), its side lengths
are L = (V/T],, sx)'/®s. Positions are sampled uniformly with rejection until |lr; — r;|l2 > 7min, Where 7min €
{0.25,0.35,0.45}. With quantization axis z = (0,0, 1),

1 —3cos? 0, (rj—r;)-Z

Hi; = ; cosby; = r; — 12’ Hii ~ N(0,W?), (154)
J %

les =113
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with W/J € {0,1,4} and X = —i[H — tr(H)I4/d]. No coupling cutoff is applied.
For R2, Ji(jr) ~ N(0,1/d) independently for i < j and J(™ = —J"T. Define £ = max(1,d/4) and Ji(i)_s_k =
e=R/t = — 7 then rescale J(*) so that |J®)|| = ||J™)||p. The encoded matrix is

itkyi?
X =+/1-p2 Jm) +pJ(S)7

R3 uses the same generator with odd d and p = 0.
For R4, put m = d/2, draw w; ~ U[1, 2], independent standard-normal matrices Zx, Zg, Z¢, and a normal-
ized standard-normal vector u. With

— gs(ZS + Zg)

p € {0,0.25,0.5,0.75,1}. (155)

Zic + 7% _ 95%c

M==2_°"K ., C ., B=g.(\1—-p32M + Buu®), 156
V2m V2m LD g ( b b ) (156)
form
diag(w)+ B+ S C
Ky = . 1
0 ( cT diag(w) + B — 5) (157)
Define _
0= maX{O, 0.25 — )\min(KQ)}, Ko = Ky+9dlyg, (158)
and let A_ = Apin(Ko) and Ay = Apax(Ko). The rescaled matrix used in the experiment is
1 1\ Ko—M_I4
K=-1I 1——) ——— 159
ke + ( /@) At — A (159)

If Ar = A_, we instead set K = I;. Thus Apin(K) = 1/k, Anax(#). = 1, and ||K||2 = 1. Finally, X = J4K.
The grid is
(9¢,9s) € {(0.25,0), (0.25,0.10), (0.25,0.25), (0.10,0.25)}, ~ k € {2,10,50},

B € {0,0.5,0.9}. (160)

A.3 Correctness evidence

We numerically validate 240 random instances,-using 30 seeds for types A, C, and D at d = 4,8, and for type
B at d = 3,7. For each instance, we explicitly materialize the complete LCU unitary and evaluate Lie-algebra
membership, structural decomposition, primitive block encodings, PREPARE-state accuracy, the projected
block, and global unitarity. Lie-membership residuals use the Frobenius norm, PREPARE residuals use the
Euclidean norm, and all other matrix residuals use the spectral norm. Table 10 reports their means and maxima.

Table 10: Mean,and maximum residuals over the 240 paired correctness tests.

Diagnostic Mean Maximum
Lie-membership residual 219 x 10717 4.44 x 1071
Structural-decomposition residual 3.92x 10717 3.13x 10716
Primitive projected-block residual 2.79 x 10716 5.76 x 10716
PREPARE first-column residual 291 x 107" 217 x 107"
Projected block residual ||block(U) — X/All2  1.52 x 1076 3.35 x 10716
Global unitarity residual ||UTU — I||2 9.74 x 107¢ 2,00 x 107%°

All 240 random-instances passed the 107'0 structural and 10~2 circuit-validation thresholds. Eight hand-
checkable matrices, four padding cases, and five structural edge cases also passed. The underlying mathematical
construction is exact; the reported nonzero residuals arise from its double-precision numerical realization.
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