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Abstract: Existing nonlinear filtering algorithms have been developed primarily for Markov
systems. They rely critically on solving the Dunean—Mortensen—Zakai (DMZ) equation,
which governs the dynamical evolution of the conditional density of the state given the ob-
servation history. For stochastic dynamical systems with memory, however, no governing
equation analogous to the DMZ equation exists for the conditional density. Consequently,
existing algorithms cannot be applied.to such systems, and estimating the conditional density
of the state from observation-history data remains a challenging open problem. We propose
a new nonlinear filtering framework for stochastic dynamical systems with memory. In par-
ticular, we establish ainew algorithm for computing the conditional density of the state given
the observation history, from which the optimal state estimate can be extracted. Numerical

examples are provided to_illustrate the proposed algorithm and verify its performance.
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1 Introduction

We consider the following class of stochastic systems with memory [1],

(

dX(t) = f(X(t), X(t—71), -, Xt —7))dt + g(X(t), X(t —711), -, X(t — 7,))dB(t),
X(s)=~(s) for se[-10]

AV (t) = h(X (1), X (t—71), -, X(t — 7)) dt + (X (1), X(t —7), -+, X(tE 7)) dV (1),

L Y(O) = Yo,

(1.1)
where X (t) is a R%-valued stochastic process denoting the system/state, Y (¢) is a R%-valued
stochastic process representing the observations. The constants 7; (i = 1,2,--+ ,n) are time
delays. The functions f and g are the drift and diffusion coefficients of the state equation,

respectively, defined on R("+D

. h and r are the corresponding coefficients for the observation
equation, defined on R(+1)dz,

The objective of this paper is to develop a nonlinear filtering algorithm for (1.1). More
specifically, we aim to develop a recursive algorithm for computing the conditional density of
the state X (¢) given the observation.history Y (s) = y(s), 0 < s < ¢, from which the optimal
state estimate can be extracted.

Existing nonlinear filtering algorithms [2, 3] are mainly developed for stochastic systems

without memory,

dX (1) = f(X(¢))dt + g(X(t))dB(t), (1.2)

dY (t) = h(X(¢))dt + r(X(t))dV (1),

which is a spegcial case of (1.1) with no delays. Various techniques exist for estimating the
conditional conditional density of X (t) given the observation history up to time ¢ for (1.2).
Most of these techniques, including the Yau-Yau algorithm [3, 4], involve solving the Dun-
can—-Mortensen—Zakai (DMZ) equation, which governs the time evolution of the conditional
density for the delay-free case.

However, these existing techniques are not directly applicable to (1.1), as no governing
equation analogous to the DMZ equation exists to describe the conditional density for systems
with memory. To the best of our knowledge, no method for estimating the conditional density

has yet been developed, and this remains a challenging open problem.
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Throughout the paper, unless we state otherwise, we assume that (i) f, g, h and r are
Lipschitz continuous and (ii) g and r satisfy the strong elliptic condition, i.e., there exists
a constant € > 0 such that gg? > el and 7 > eI, where I is the identity matrix. ‘Note
that under assumptions (i) and (ii), (1.1) has a unique, strong solution, and the probability
density for the solution exists and is continuous, see [5, 6], among others, for a more detailed
discussion.

In this paper, we propose a recursive algorithm to compute the conditional density, from
which the optimal state estimate is derived. The derivation is presented for the general case
with delays in both the state and observation equations; nevertheless, the algorithm naturally
applies to simpler settings—when a particular delay is absent, the corresponding functions
simply omit that argument, while the recursive structure remains unchanged. We also note
that assumptions (i) and (ii) can be relaxed, though-such a generalization is not pursued
here.

We shall establish a new nonlinear filtering framework for stochastic systems with mem-
ory, as given in (1.1), by deriving a recursive.algorithm for the conditional density of the
state given the observation history. The rest of this paper is structured as follows. Section 2
provides a detailed derivation of the recursive algorithm. Section 3 presents numerical exam-
ples that demonstrate the application-of the proposed method and validate its performance.

Finally, Section 4 offers concluding remarks.

2 Derivation Of the Algorithm

For brevity, we restrict! our attention to the case of (1.1) with d; = dy =1 and n = 2, i.e.,
we consider a system with two distinct delays 71 and 7, a scalar state X (¢), and a scalar
observation Y (). The derivation for more general n, d; and ds is essentially the same and is

therefore omitted.



2.1 Preparation

Taking n = 2, dy = dy = 1, (1.1) becomes

(

dX(t) = fF(X (), X(t = 7), X(t = 7)) At + g(X (1), X (t = 70), X(L = 7)) dB(?);

X(s)=~(s) for se[-70], @.1)
dY (t) = (X (), X(t — 1), X(t — 7)) dt + r(X(t), X(t — 1), X(t — ) dV (2),

Y(0) = yo,

\

where X (t) and Y'(t) are scalar-valued stochastic processes, and 7/ —=max(7, 72).
Let t;, 7 =0,1,--- ,N be N + 1 discrete time points onA{0, 7| with ¢; = jAt, At = %

Applying the Euler-Maruyama scheme to (2.1) yields the diserete-time approximation:

X (1) = X(te) + F(X (), X (temms ), X (hma DA+ 9(X (1), X (o, ), X (tima)) ABy,

for k=0,1,2,--- ,N—1,

X(—te) = A(~t) for k=0,1,---,m,

V() = V(t) + R (), X ()i X () A+ (X (1), X (Bme)s X (o)) AV,
for £=0,1,2,--- ,N —1,

~

Y(0) = yo,

\

(2.2)
where my = [ & |, me= [ 2], m = max(mi,my), ABy = B(tgs1) — B(ty), AV = V(tpt1) —
V (tx). Here |-|.denotes the floor function.

Define X (t),Y (t)as thelinear interpolation of X (), Y () respectively (k = 0,1,--- , N),

ie.,

~

K1) = S (R 8 + X () '58) L (0}
V() = S5 { (V)57 + Y (i) 5 ) L (8}

Denote p(z,y,t) as the joint probability density of X (¢) and Y (¢) and p(z, y, t) as the joint

(2.3)

probability density of X (¢) and Y (¢). Both the weak and strong convergence of (X (t),Y (t))
to the original solution (X (t),Y(¢)) has been established, see [7, 8, 9], among others, for



more details. Under the condition that the probability density exists and is continuous,
either weak or strong convergence as mentioned above guarantees the convergence of the

probability density, i.e., Va,y € R and Vt € (0, T],

p(z,y,t) — plz,y, 1) = 0 as At —0. (2.4)

2.2 Derivation

There is more than one way to define the optimal state estimate given the observation history
for system (2.1). In this paper, we take the conditional expectationtof the state X (¢) given
the observation history Y (s) = y(s), 0 < s < t, as the optimaliestimate. Expression (2.4)
implies that for a sufficient small At, the conditional expeetation of X (t) given Y'(s) = y(s),
0 < s < t, can be estimated by the conditional expectation of X(t) given Y(s) = y(s),
0 < s <t Since X(t) and Y (t) are linear interpolations of X (t;) and Y (), respectively,
the conditional expectation of X (t) given Y (5)=wy(s), 0 < s < ¢, can be approximated by
that of X (t) given Y (t;) = y(t;), i = 0,1, K, where k = | %] For brevity, from now on
we write y; for y(t;).

Therefore, the optimal estimate of X/(1") given observation history Y (s) = y(s),0 < s < T

can be expressed as

E(X(T)[Y (s) = yls),0 < s <T) = E(X(T)[Y(s) = y(5),0 < s < T)

Q

= E(X(tn)lyo,to; -+ 54w, )
- / zi p(x N, tN[Yo, to; - syn, tn) Aoy, (2.5)
R
where p(2k, t|y6, to; « ; Ur, t) denotes the conditional probability density of X (t;,) at X (t;,) =

xy given observation history Y(tz) =y,1=0,1,... k.
It is straightforward to check that

P(2k, ti|yo, tos -+ 5 Yk, tr) Z//"'/ﬁ(ﬂfbtl;“' Tk, telYo, tos - e Yk, te) Aoy - - dag_,
R JR R
(2.6)



and

ﬁ(xhtl; e ;fEk»tklyO,tO; 3 Yk, tk‘)
DTy e Yo Tl 1, t1s -+ 3 Thm1s thm13 Yos L5 -+ Y1, ti—1)
Pk, telyo, to; - -+ 5 Yk—1, th—1)

X p(z1,t1; - 5 Te—1s tee1|Yo, tos -+ 5 Yk—1s th1)- (2.7)

The numerator of the fraction on the right hand side of (2.7) represents the conditional joint
density of (X(tk), ?(tk)) at X(tk) = 75 and Y(tk) = y;, given the state history X(tz) = 2,1 =
1,2,---, N and the observation history ?(tl) =y, 1 =1,2--- k. By«(2.2), this conditional

joint density can be expressed explicitly as

DTy e Yy Tl T1, t1s - 3 Ty Tt Yo, Tos -+ 3 Yklasbi—1)
= P(@k, ths Yks | Thm1—m s L1} Tho1—my » Lemmmy} Th—1s Th—13 Yk—1, Li—1)
1

\/QWAtg2(xk—1, Th—1—mys Tho1—m ) T2 (Tl 1, Tho1—my > Th1—my)
X exp {_ (z — Ik—; — f(@h—1, T 1%my » :z:k_l_m)At)Q}
29 (xk—lv Tki1—mys mk—l_mQ)At

- -1 — —1l-—mi> —1-m At 2
Xexp{—(yk Yk 21 T(Th—1, Bh1—mys Th1-m, ) AL) } (2.8)
2r2 (T 15Tk 1—my > The1—my ) AL
Define
(
Py, tas o, telyostos -+ 5 Yk, te) for 1<k<m+1,
I, = (2.9)

fR fR"'fRﬁ(xhtl;"' ;xkz7tk|y07t07 ,yk,tk) dxl dxk—l—m

for k>m+2.

\

Note that I} is itself a conditional joint density. In fact, for 1 < k < m+1, I is the conditional

joint density ‘of (X(tl),--- ,X(tk)) given observation history Y(t,) =y, i =1,2--- k.

For k.= m + 2, I/is the conditional joint density of (X (tx_,), -, X (tx)) given the same
observation history.
Substituting (2.9) into (2.6), we get
fRfR---fRIkdxl---dxk_l for1<k<m+1,

P(@ks trlyo, tos - -+ 3 Yks tr) = (210
fRfR.“fR[kdmkfm"' dzyp_y for k > m + 2.



It follows from (2.7) and (2.9) that I can be expressed recursively as

(

P, tilyo, to; y1, th) = BleLtinidiln Lo} for k =1,

P(y1,t1lyoto)

ﬁ(xk»th’yk’tkwkflfmg’tkflmeZxkflfml7tk—17m1;kal’tkfﬁykfl:tkfl)I
Pk, stk |Yo,tos " sYk—15tk—1

I, = for 1 <k<m+1,

f ﬁ(xhtk;ykvtk‘xk—l—n@7tk—17m2§xk71—m17tk—l—m1?fkflvtk—ﬁykflytkfl)]' dr
R P(Yk,trlyoto; s yk—1,tk—1) k—1 Bk—1-1y

fork > m + 2,
(2.11)

For each fraction appearing on the right-hand side of the above equation, the numerator is
a joint transition density that we have already computed in (2.8). On the other hand, the
denominator, which is constant because g, y1, -,y .are given observations, is not as easy
to compute directly. Fortunately, we do not need to compute it. To see why, recall that we
noted earlier that [ is a conditional joint density. The denominator is merely a normalization
constant whose only purpose is to normalize. Hence, we can ignore the denominator, as long
as we remember to normalize the density eventually.

From (2.5), we see that computingthe conditional expectation of X (¢) requires only the
conditional probability density of X(#). From (2.10), computing this conditional probability
density requires only I;. From (2.11), I; can be computed recursively.

Now we are ready to formally present the proposed algorithm to compute the conditional
expectation of X (t). For numerical evaluation, we replace the integration domain R with
the interval [—D, D};-where D is a sufficiently large constant. Furthermore, we select M
space points 2q,21, - , zp—1 from [—D, D] to evaluate our integrals by Euler scheme, where
zi = —D + iAg for i.=10,1,2,--- M — 1 and Az = 22. Applying these changes to (2.5),
(2.10), (2+11) we get

E(X(T)|¥(s),0<s<T)~ E(X(T)|Y(s),0<s<T)

= E(X(tn)|yo, to -+ 5 yns )
M-1
= Az x Yz pliy tvlbo. toi - UL EN) (2.12)

in=0



p
k—1 M-1 M-1 M-1
Az x Zik_lzo ip_o=0 """ Zilz() ]k(zila Ty R l'k)

forl1<k<m+1,

Aghls ML ML M pe e

pA(xkatk‘y(]atO; T >yk7tk‘) - <

ig—1=0 £sip_2=0 ik—m=0
\ for k >'m + 2,
(2.13)
.
p ’t ; 7t ’t
Ple1tiiyi,tiyo,to) for k = 1,
p(y1,t1lyoto)
ﬁ(wkvtk§yk7tk|zk—l—m27tk—1—m2;wk—l—mlatk—l—mlWk—l»tk—l?yk—l,tk—l)l
— 12 c L2 Ti—
DYk tk|Yotos syk—1,tk—1) k 1( 1y y Rig_os Lk 1)
I, = for2<k<m+1,
M—1 P(ThsbiesYhe bk [Tk — 1 —mg stk — 1 —mg ik =T stk — 1 —m g ik — 15tk —1;Yk— 15k —1)
Az X ZZ'k—l—m:O P(Ykstr Y0, b0 3Yk—1,th—1) Ik_l(zzk*m""’zikfl’x’“)
for k > m + 2.
\
(2.14)

In the above equations, we have included the arguments of I, where necessary to avoid
confusion.

Combining (2.8), (2.14), (2.13) and(2.12), we get the proposed algorithm to compute the
conditional expectation of X (7). given the observation history Y (s), 0 < s < T. Algorithm
summarizes the complete procedure to approximate the conditional expectation of the state

X (t) given observation history Y'(s) = y(s), 0 < s <t, fort € (0,7]



Algorithm: For the system (2.1), approximate the conditional expectation of the
state X () given observation history Y (s) = y(s), 0 < s < t, by computing that of
X(tk) given observation history Y(¢;) = y;, ¢ = 1-+- [k for k = 1,2,--- | N. Here,
0=ty <t1 <-- <ty=T with t; = iAt and At = .

Input: f,qg,h,r, T, D, At, Ax, the initial conditions of X(tk) and Y(tk), and

{y1,92, -+ ,y~n}. Here, f, g, h,r are the functions in (2.1), 7" is the time, D is
the space domain, At is the time step and Ax is the space step. The
sequence {y1, Y2, -+ ,yn} represents the observations collected at the
sampling times.
Output: E(X(tk)|yo,t0; c YR, ty) for k=1,2,--- N

1 SethiandM:%

2 for k=0 to N do

3 set t, = kAt

afork=0toM—1do
5 set 2z, = —D + kAx

6 for k=0 to N do
7 compute I by using (2.8), (2.14)
8 compute p(xk, tx|yo, tor: +* Yk, t) from I using (2.13)

o | get E(X (t)|yo, to; - - Yk» te) from p(a, tlyo, to; -+ 3 Yk, te) using (2.12)

10 Output E(X (t)|yo, tg; - sy, ) for k=1,2,---  N.

3 Examples

In this section, two mumerical examples are presented to illustrate the proposed algorithm

and verifyits performance.
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Example 1. Consider the following system,

4

dX(t) = —=0.1sin (X (¢t — 7)) dt + dB(t),
X(s)=0 for se][-T,0],
dY (t) = 100(X (t) +sin(X (t))) + dV (2),

where B(t) and V (t) are standard Brownian motions independent of each other.

Take 7 = %, total time T" = 4, time step At = %, space domain[=2, 2], and space step
Ax = %. By using the proposed algorithm, we get the state estimate, as shown in Figure 1.
It can be seen from the figure that the estimated path of the state tracks the true path very

well.

12 T T T T T T T

true path
estimated path

‘ T .

oal | V] 4 Stil ,.‘ |
o \ ./ ) M!\J’ W .[V \’

0 i =l
/
02} il \ ) .
|

04k ! -

-0:6 el 1 | | 1 L I
0 0.5 1 15 2 25 3 35 4

t

Figure 1: True and estimated paths for X(t) in (3.1)
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Example 2. Consider the following two dimensional stochastic system:

(x| [8x:0) - 320Xt — 1)) s [1B0
G0 | [5x0) - 25(Xs(t — 7)) dBs(1)|

Xi(s) =Xa(s) =0 for se[—7,0],
(3.2)
dyi(t) X1 (t) 4 sin(X4(¢)) dVi(t)

=100 dt + ,
dYs(t) Xy (t) + sin( X3 (1)) dV4(t)

Y1(0) = Y»(0) = 0.

\

The proposed algorithm is applied to compute the conditional expectation of the state given

the observation history. The result is shown in Figure2. In the computation, we take 7 = ﬁ,

3 3

total time T" = 1, time step At = space domain [—5, 5

1—(1)07 |, and space step A = %_ It can

be seen from the figure that the estimated path of the state tracks the true path closely.

0.4 ; — ; 0.1 ; e

o4 \ I \J \
o5} | \ |J

|

| _

-06
07} | l
true path 085 \[ \/ true path
estimated path estimated path
1 1 ) ) ) 09 . 1 ! )
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Figure 2: True and estimated paths for X;(¢) (left) and Xy(¢) (right) in (3.2)
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4 Concluding remarks

Existing nonlinear filtering algorithms rely heavily on solving the DMZ equation. The chal-
lenge of nonlinear filtering for stochastic dynamical systems with memory lies in_the fact
that no governing equation analogous to the DMZ equation exists to describe the conditional
density of the state given the observation history.

This paper establishes a new nonlinear filtering algorithm for stochastic dynamical sys-
tems with memory modeled by (1.1). The algorithm is expressed by (2:8), (2.14), (2.13),
(2.12), and is summarized at the end of Section 2. Although the algorithm is derived for
systems with discrete time delays only, it is readily applicablesto-more general models with

continuous time delays, such as stochastic functional differential equations.
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