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Lillian Sun

ISA Wenhua Wuhan School, Wuhan 430119, Hubei, China
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Abstract: Existing nonlinear filtering algorithms have been developed primarily for Markov

systems. They rely critically on solving the Duncan–Mortensen–Zakai (DMZ) equation,

which governs the dynamical evolution of the conditional density of the state given the ob-

servation history. For stochastic dynamical systems with memory, however, no governing

equation analogous to the DMZ equation exists for the conditional density. Consequently,

existing algorithms cannot be applied to such systems, and estimating the conditional density

of the state from observation-history data remains a challenging open problem. We propose

a new nonlinear filtering framework for stochastic dynamical systems with memory. In par-

ticular, we establish a new algorithm for computing the conditional density of the state given

the observation history, from which the optimal state estimate can be extracted. Numerical

examples are provided to illustrate the proposed algorithm and verify its performance.

Keywords: Nonlinear filtering; Stochastic dynamical systems; state estimation; conditional

probability density; non-Markovian; Memory
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1 Introduction

We consider the following class of stochastic systems with memory [1],





dX(t) = f(X(t), X(t→ ω1), · · · , X(t→ ωn)) dt+ g(X(t), X(t→ ω1), · · · , X(t→ ωn)) dB(t),

X(s) = ε(s) for s ↑ [→ω, 0],

dY (t) = h(X(t), X(t→ ω1), · · · , X(t→ ωn)) dt+ r(X(t), X(t→ ω1), · · · , X(t→ ωn)) dV (t),

Y (0) = y0,

(1.1)

where X(t) is a Rd1-valued stochastic process denoting the system state, Y (t) is a Rd2-valued

stochastic process representing the observations. The constants ωi (i = 1, 2, · · · , n) are time

delays. The functions f and g are the drift and di!usion coe”cients of the state equation,

respectively, defined on R(n+1)d1 . h and r are the corresponding coe”cients for the observation

equation, defined on R(n+1)d2 .

The objective of this paper is to develop a nonlinear filtering algorithm for (1.1). More

specifically, we aim to develop a recursive algorithm for computing the conditional density of

the state X(t) given the observation history Y (s) = y(s), 0 ↓ s ↓ t, from which the optimal

state estimate can be extracted.

Existing nonlinear filtering algorithms [2, 3] are mainly developed for stochastic systems

without memory, 




dX(t) = f(X(t)) dt+ g(X(t)) dB(t),

dY (t) = h(X(t)) dt+ r(X(t)) dV (t),
(1.2)

which is a special case of (1.1) with no delays. Various techniques exist for estimating the

conditional conditional density of X(t) given the observation history up to time t for (1.2).

Most of these techniques, including the Yau–Yau algorithm [3, 4], involve solving the Dun-

can–Mortensen–Zakai (DMZ) equation, which governs the time evolution of the conditional

density for the delay-free case.

However, these existing techniques are not directly applicable to (1.1), as no governing

equation analogous to the DMZ equation exists to describe the conditional density for systems

with memory. To the best of our knowledge, no method for estimating the conditional density

has yet been developed, and this remains a challenging open problem.
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Throughout the paper, unless we state otherwise, we assume that (i) f, g, h and r are

Lipschitz continuous and (ii) g and r satisfy the strong elliptic condition, i.e., there exists

a constant ϑ > 0 such that ggT ↔ ϑI and rrT ↔ ϑI, where I is the identity matrix. Note

that under assumptions (i) and (ii), (1.1) has a unique, strong solution, and the probability

density for the solution exists and is continuous, see [5, 6], among others, for a more detailed

discussion.

In this paper, we propose a recursive algorithm to compute the conditional density, from

which the optimal state estimate is derived. The derivation is presented for the general case

with delays in both the state and observation equations; nevertheless, the algorithm naturally

applies to simpler settings—when a particular delay is absent, the corresponding functions

simply omit that argument, while the recursive structure remains unchanged. We also note

that assumptions (i) and (ii) can be relaxed, though such a generalization is not pursued

here.

We shall establish a new nonlinear filtering framework for stochastic systems with mem-

ory, as given in (1.1), by deriving a recursive algorithm for the conditional density of the

state given the observation history. The rest of this paper is structured as follows. Section 2

provides a detailed derivation of the recursive algorithm. Section 3 presents numerical exam-

ples that demonstrate the application of the proposed method and validate its performance.

Finally, Section 4 o!ers concluding remarks.

2 Derivation Of the Algorithm

For brevity, we restrict our attention to the case of (1.1) with d1 = d2 = 1 and n = 2, i.e.,

we consider a system with two distinct delays ω1 and ω2, a scalar state X(t), and a scalar

observation Y (t). The derivation for more general n, d1 and d2 is essentially the same and is

therefore omitted.
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2.1 Preparation

Taking n = 2, d1 = d2 = 1, (1.1) becomes






dX(t) = f(X(t), X(t→ ω1), X(t→ ω2)) dt+ g(X(t), X(t→ ω1), X(t→ ω2)) dB(t),

X(s) = ε(s) for s ↑ [→ω, 0],

dY (t) = h(X(t), X(t→ ω1), X(t→ ω2)) dt+ r(X(t), X(t→ ω1), X(t→ ω2)) dV (t),

Y (0) = y0,

(2.1)

where X(t) and Y (t) are scalar-valued stochastic processes, and ω = max(ω1, ω2).

Let tj, j = 0, 1, · · · , N be N + 1 discrete time points on [0, T ] with tj = j#t, #t = T
N .

Applying the Euler-Maruyama scheme to (2.1) yields the discrete-time approximation:






X̂(tk+1) = X̂(tk) + f(X̂(tk), X̂(tk→m1), X̂(tk→m2))#t+ g(X̂(tk), X̂(tk→m1), X̂(tk→m2))#Bk,

for k = 0, 1, 2, · · · , N → 1,

X(→tk) = ε(→tk) for k = 0, 1, · · · ,m,

Ŷ (tk+1) = Ŷ (tk) + h(X̂(tk), X̂(tk→m1), X̂(tk→m2))#t+ r(X̂(tk), X̂(tk→m1), X̂(tk→m2))#Vk,

for k = 0, 1, 2, · · · , N → 1,

Ŷ (0) = y0,

(2.2)

where m1 = ↗ ω1
!t↘, m2 = ↗ ω2

!t↘, m = max(m1,m2), #Bk = B(tk+1)→B(tk), #Vk = V (tk+1)→

V (tk). Here ↗·↘ denotes the floor function.

Define X̂(t), Ŷ (t) as the linear interpolation of X̂(tk), Ŷ (tk) respectively (k = 0, 1, · · · , N),

i.e.,






X̂(t) =
∑N→1

i=0

{(
X̂(ti)

ti+1→t
!t + X̂(ti+1)

t→ti
!t

)
1(ti,ti+1](t)

}
,

Ŷ (t) =
∑N→1

i=0

{(
Ŷ (ti)

ti+1→t
!t + Ŷ (ti+1)

t→ti
!t

)
1(ti,ti+1](t)

}
.

(2.3)

Denote ϖ(x, y, t) as the joint probability density of X(t) and Y (t) and ϖ̂(x, y, t) as the joint

probability density of X̂(t) and Ŷ (t). Both the weak and strong convergence of (X̂(t), Ŷ (t))

to the original solution (X(t), Y (t)) has been established, see [7, 8, 9], among others, for
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more details. Under the condition that the probability density exists and is continuous,

either weak or strong convergence as mentioned above guarantees the convergence of the

probability density, i.e., ≃x, y ↑ R and ≃t ↑ (0, T ],

|ϖ(x, y, t)→ ϖ̂(x, y, t)| ⇐ 0 as #t ⇐ 0. (2.4)

2.2 Derivation

There is more than one way to define the optimal state estimate given the observation history

for system (2.1). In this paper, we take the conditional expectation of the state X(t) given

the observation history Y (s) = y(s), 0 ↓ s ↓ t, as the optimal estimate. Expression (2.4)

implies that for a su”cient small #t, the conditional expectation of X(t) given Y (s) = y(s),

0 ↓ s ↓ t, can be estimated by the conditional expectation of X̂(t) given Ŷ (s) = y(s),

0 ↓ s ↓ t. Since X̂(t) and Ŷ (t) are linear interpolations of X̂(tk) and Ŷ (tk), respectively,

the conditional expectation of X̂(t) given Ŷ (s) = y(s), 0 ↓ s ↓ t, can be approximated by

that of X̂(t) given Ŷ (ti) = y(ti), i = 0, 1, . . . , k, where k = ↗ t
!t↘. For brevity, from now on

we write yi for y(ti).

Therefore, the optimal estimate ofX(T ) given observation history Y (s) = y(s), 0 ↓ s ↓ T

can be expressed as

E(X(T )|Y (s) = y(s), 0 ↓ s ↓ T ) ⇒ E(X̂(T )|Ŷ (s) = y(s), 0 ↓ s ↓ T )

= E(X̂(tN)|y0, t0; · · · ; yN , tN)

=

∫

R
xk p̂(xN , tN |y0, t0; · · · ; yN , tN) dxN , (2.5)

where p̂(xk, tk|y0, t0; · · · ; yk, tk) denotes the conditional probability density of X̂(tk) at X̂(tk) =

xk given observation history Ŷ (ti) = yi, i = 0, 1, . . . , k.

It is straightforward to check that

p̂(xk, tk|y0, t0; · · · ; yk, tk) =
∫

R

∫

R
· · ·

∫

R
p̂(x1, t1; · · · ; xk, tk|y0, t0; · · · ; yk, tk) dx1 · · · dxk→1,

(2.6)
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and

p̂(x1, t1; · · · ; xk, tk|y0, t0; · · · ; yk, tk)

=
p̂(xk, tk; yk, tk|x1, t1; · · · ; xk→1, tk→1; y0, t0; · · · , yk→1, tk→1)

p̂(yk, tk|y0, t0; · · · ; yk→1, tk→1)

⇑ p̂(x1, t1; · · · ; xk→1, tk→1|y0, t0; · · · ; yk→1, tk→1). (2.7)

The numerator of the fraction on the right hand side of (2.7) represents the conditional joint

density of (X̂(tk), Ŷ (tk)) at X̂(tk) = xk and Ŷ (tk) = yk given the state history X̂(ti) = xi, i =

1, 2, · · · , N and the observation history Ŷ (ti) = yi, i = 1, 2 · · · , k. By (2.2), this conditional

joint density can be expressed explicitly as

p̂(xk, tk; yk, tk|x1, t1; · · · ; xk→1, tk→1; y0, t0; · · · ; yk→1, tk→1)

= p̂(xk, tk; yk, tk|xk→1→m2 , tk→1→m2 ; xk→1→m1 , tk→1→m1 ; xk→1, tk→1; yk→1, tk→1)

=
1√

2ϱ#tg2(xk→1, xk→1→m1 , xk→1→m2)r2(xk→1, xk→1→m1 , xk→1→m2)

⇑ exp

{
→(xk → xk→1 → f(xk→1, xk→1→m1 , xk→1→m2)#t)2

2g2(xk→1, xk→1→m1 , xk→1→m2)#t

}

⇑ exp

{
→(yk → yk→1 → r(xk→1, xk→1→m1 , xk→1→m2)#t)2

2r2(xk→1, xk→1→m1 , xk→1→m2)#t

}
. (2.8)

Define

Ik =






p̂(x1, t1; · · · ; xk, tk|y0, t0; · · · ; yk, tk) for 1 ↓ k ↓ m+ 1,

∫
R
∫
R · · ·

∫
R p̂(x1, t1; · · · ; xk, tk|y0, t0; · · · ; yk, tk) dx1 · · · dxk→1→m

for k ↔ m+ 2.

(2.9)

Note that Ik is itself a conditional joint density. In fact, for 1 ↓ k ↓ m+1, Ik is the conditional

joint density of (X̂(t1), · · · , X̂(tk)) given observation history Ŷ (ti) = yi, i = 1, 2 · · · , k.

For k ↔ m + 2, Ik is the conditional joint density of (X̂(tk→m), · · · , X̂(tk)) given the same

observation history.

Substituting (2.9) into (2.6), we get

p̂(xk, tk|y0, t0; · · · ; yk, tk) =






∫
R
∫
R · · ·

∫
R Ik dx1 · · · dxk→1 for 1 ↭ k ↭ m+ 1,

∫
R
∫
R · · ·

∫
R Ik dxk→m · · · dxk→1 for k ↫ m+ 2.

(2.10)
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It follows from (2.7) and (2.9) that Ik can be expressed recursively as

Ik =






p̂(x1, t1|y0, t0; y1, t1) = p̂(x1,t1;y1,t1|y0,t0)
p̂(y1,t1|y0t0) for k = 1,

p̂(xk,tk;yk,tk|xk→1→m2
,tk→1→m2

;xk→1→m1
,tk→1→m1

;xk→1,tk→1;yk→1,tk→1)

p̂(yk,tk|y0,t0;··· ;yk→1,tk→1)
Ik→1

for 1 ↭ k ↭ m+ 1,

∫
R

p̂(xk,tk;yk,tk|xk→1→m2
,tk→1→m2

;xk→1→m1
,tk→1→m1

;xk→1,tk→1;yk→1,tk→1)

p̂(yk,tk|y0,t0;··· ,yk→1,tk→1)
Ik→1 dxk→1→m

for k ↫ m+ 2,

(2.11)

For each fraction appearing on the right-hand side of the above equation, the numerator is

a joint transition density that we have already computed in (2.8). On the other hand, the

denominator, which is constant because y0, y1, · · · , yk are given observations, is not as easy

to compute directly. Fortunately, we do not need to compute it. To see why, recall that we

noted earlier that Ik is a conditional joint density. The denominator is merely a normalization

constant whose only purpose is to normalize. Hence, we can ignore the denominator, as long

as we remember to normalize the density eventually.

From (2.5), we see that computing the conditional expectation of X(t) requires only the

conditional probability density of X̂(t). From (2.10), computing this conditional probability

density requires only Ik. From (2.11), Ik can be computed recursively.

Now we are ready to formally present the proposed algorithm to compute the conditional

expectation of X(t). For numerical evaluation, we replace the integration domain R with

the interval [→D,D], where D is a su”ciently large constant. Furthermore, we select M

space points z0, z1, · · · , zM→1 from [→D,D] to evaluate our integrals by Euler scheme, where

zi = →D + i#x for i = 0, 1, 2, · · ·M → 1 and #x = 2D
M . Applying these changes to (2.5),

(2.10), (2.11) we get

E(X(T )|Y (s), 0 ↓ s ↓ T ) ⇒ E(X̂(T )|Ŷ (s), 0 ↓ s ↓ T )

= E(X̂(tN)|y0, t0; · · · ; yN , tN)

= #x⇑
M→1∑

iN=0

ziN p̂(ziN , tN |y0, t0; · · · ; yN , tN) , (2.12)

8
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p̂(xk, tk|y0, t0; · · · ; yk, tk) =






#xk→1 ⇑
∑M→1

ik→1=0

∑M→1
ik→2=0 · · ·

∑M→1
i1=0 Ik(zi1 , · · · , zik→1

, xk)

for 1 ↭ k ↭ m+ 1,

#xk→1 ⇑
∑M→1

ik→1=0

∑M→1
ik→2=0 · · ·

∑M→1
ik→m=0 Ik(zik→m

, · · · , zik→1
, xk)

for k ↫ m+ 2,

(2.13)

Ik =






p̂(x1,t1;y1,t1|y0,t0)
p̂(y1,t1|y0t0) for k = 1,

p̂(xk,tk;yk,tk|xk→1→m2
,tk→1→m2

;xk→1→m1
,tk→1→m1

;xk→1,tk→1;yk→1,tk→1)

p̂(yk,tk|y0,t0;··· ;yk→1,tk→1)
Ik→1(z1, · · · , zik→2

, xk→1)

for 2 ↭ k ↭ m+ 1,

#x⇑
∑M→1

ik→1→m=0
p̂(xk,tk;yk,tk|xk→1→m2

,tk→1→m2
;xk→1→m1

,tk→1→m1
;xk→1,tk→1;yk→1,tk→1)

p̂(yk,tk|y0,t0;··· ,yk→1,tk→1)
Ik→1(zik→m,··· ,zik→1

,xk
)

for k ↫ m+ 2.

(2.14)

In the above equations, we have included the arguments of Ik where necessary to avoid

confusion.

Combining (2.8), (2.14), (2.13) and (2.12), we get the proposed algorithm to compute the

conditional expectation of X(T ) given the observation history Y (s), 0 ↓ s ↓ T . Algorithm

summarizes the complete procedure to approximate the conditional expectation of the state

X(t) given observation history Y (s) = y(s), 0 ↓ s ↓ t, for t ↑ (0, T ]

9
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Algorithm: For the system (2.1), approximate the conditional expectation of the

state X(t) given observation history Y (s) = y(s), 0 ↓ s ↓ t, by computing that of

X̂(tk) given observation history Y (ti) = yi, i = 1 · · · , k for k = 1, 2, · · · , N . Here,

0 = t0 < t1 < · · · < tN = T with ti = i#t and #t = T
N .

Input: f, g, h, r, T,D,#t,#x, the initial conditions of X̂(tk) and Ŷ (tk), and

{y1, y2, · · · , yN}. Here, f, g, h, r are the functions in (2.1), T is the time, D is

the space domain, #t is the time step and #x is the space step. The

sequence {y1, y2, · · · , yN} represents the observations collected at the

sampling times.

Output: E(X̂(tk)|y0, t0; · · · ; yk, tk) for k = 1, 2, · · · , N

1 Set N = T
!t and M = 2D

!x

2 for k = 0 to N do

3 set tk = k#t

4 for k = 0 to M → 1 do

5 set zk = →D + k#x

6 for k = 0 to N do

7 compute Ik by using (2.8), (2.14)

8 compute p̂(xk, tk|y0, t0; · · · ; yk, tk) from Ik using (2.13)

9 get E(X̂(tk)|y0, t0; · · · ; yk, tk) from p̂(xk, tk|y0, t0; · · · ; yk, tk) using (2.12)

10 Output E(X̂(tk)|y0, t0; · · · ; yk, tk) for k = 1, 2, · · · , N .

3 Examples

In this section, two numerical examples are presented to illustrate the proposed algorithm

and verify its performance.
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Example 1. Consider the following system,






dX(t) = →0.1 sin (X(t→ ω)) dt + dB(t),

X(s) = 0 for s ↑ [→ω, 0],

dY (t) = 100(X(t) + sin(X(t))) + dV (t),

Y (0) = 0,

(3.1)

where B(t) and V (t) are standard Brownian motions independent of each other.

Take ω = 1
20 , total time T = 4, time step #t = 1

80 , space domain [→2, 2], and space step

#x = 1
8 . By using the proposed algorithm, we get the state estimate, as shown in Figure 1.

It can be seen from the figure that the estimated path of the state tracks the true path very

well.

Figure 1: True and estimated paths for X(t) in (3.1)
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Example 2. Consider the following two dimensional stochastic system:







 dX1(t)

dX2(t)



 =



8X2(t)→ 32(X1(t→ ω))3

5X1(t)→ 25(X2(t→ ω))3



 dt+



 dB1(t)

dB2(t)



 ,

X1(s) = X2(s) = 0 for s ↑ [→ω, 0],



 dY1(t)

dY2(t)



 = 100



X1(t) + sin(X1(t))

X2(t) + sin(X2(t))



 dt+



 dV1(t)

dV2(t)



 ,

Y1(0) = Y2(0) = 0.

(3.2)

The proposed algorithm is applied to compute the conditional expectation of the state given

the observation history. The result is shown in Figure 2. In the computation, we take ω = 1
100 ,

total time T = 1, time step #t = 1
100 , space domain [→3

2 ,
3
2 ], and space step # = 1

10 . It can

be seen from the figure that the estimated path of the state tracks the true path closely.

Figure 2: True and estimated paths for X1(t) (left) and X2(t) (right) in (3.2)
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4 Concluding remarks

Existing nonlinear filtering algorithms rely heavily on solving the DMZ equation. The chal-

lenge of nonlinear filtering for stochastic dynamical systems with memory lies in the fact

that no governing equation analogous to the DMZ equation exists to describe the conditional

density of the state given the observation history.

This paper establishes a new nonlinear filtering algorithm for stochastic dynamical sys-

tems with memory modeled by (1.1). The algorithm is expressed by (2.8), (2.14), (2.13),

(2.12), and is summarized at the end of Section 2. Although the algorithm is derived for

systems with discrete time delays only, it is readily applicable to more general models with

continuous time delays, such as stochastic functional di!erential equations.
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