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Abstract
Let G be a directed d-regular graph on n vertices and let ω be a uniformly

random cycle factor of G. For such a graph, Christoph, Dragani!, Girão,

Hurley, Michel, and Müyesser proved that the expected number of cycles in

a uniformly random cycle factor is at most O((n log d)/d). They proposed

the problem of whether or not the expected number of fixed points in a cycle

factor of such a graph is at most O(n/d). This paper gives a self-contained

exposition of the entropy method used by Christoph et al. We use the en-

tropy methods to show that the expected number of fixed points is bounded

by O(n log d/(d log log d)). This result improves the bound obtained by sim-

ply counting every fixed point as a cycle. This strategy allows collectively

considering a possible set of fixed points instead of counting individually.

1 Introduction

1.1 Background

The cycle structure of a uniformly random permutation is a classical topic in combi-
natorics and probability. Its origins include de Montmort’s study of fixed points in
1708 and Cauchy’s formula of permutations given a specific cycle structure. If ω is
a uniformly random permutation of n elements, then the expected number of cycles
of length k is 1/k for 1 → k → n. Consequently, its expected number of cycles is

Hd =
n)︄

k=1

1

k
= ln(n) + ε +O(

1

n
).

The expected number of fixed points in a random permutation is exactly 1. These
two qualities originating from permutations motivates the study of cycles and fixed
points in graphs: how much of these properties survive when the possible images of
each vertex are restricted to edges of a graph?
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In a directed graph G, v is an out-neighbor of u if the directed edge (u, v) is in
G. Similarly, we say that u is an in-neighbor of v. A d-regular directed graph is
a directed graph where each vertex has in-degree and out-degree exactly d. Loops
and directed cycles of length 2 are allowed under this setting, but not multiple edges
mapping a vertex to the same out-neighbor. A cycle factor of a directed graph G is
a spanning directed subgraph that partitions V (G) into disjoint cycles.

For a general d-regular directed graph, the mappings of vertices does not contain
the symmetry in completely random permutations. Nevertheless, it is still possible
to bound the expected number of cycles with respect to n and d when d is su!-
ciently large. The counting argument of Vishnoi [Vis12] yields an upper bound of
O(n/

↑
log d) on the expected number of cycles in a uniformly random cycle factor.

Applying entropy, Christoph et al. [Chr+25a] improved this to the following bound.

Theorem 1.1 ([Chr+25a]). For all su!ciently large d, the expected number of cycles
in a uniformly random cycle factor of any directed d-regular graph on n vertices is
O((n log d)/d).

This bound is asymptotically tight. When d | n, the disjoint union of n/d copies
of K

→
d has expected number of (n/d)Hd = !((n log d)/d) cycles. This establishes

the correct order but is not the largest count possible. Indeed, Gajjala [Gaj26]
disproved the conjecture of Christoph et al. [Chr+25a, Conjecture 4.1] that this
union maximizes the expected number of cycles, constructing counterexamples for
every d ↓ 3 and every multiple n ↓ 2d of d.

Entropy provides a way to study such counting problems without listing out all
valid permutations. The notion of entropy was introduced in information theory
by Shannon [Sha48]. Entropy measures the uncertainty of a random variable. A
key development for applying entropy in graph theory was Radhakrishnan’s entropy
proof of Brégman’s permanent bound [Rad97]. Applying entropy and a random
reveal order yields a bound on the number of perfect matchings from the chain rule
of entropy. The proof of Theorem 1.1 builds on this approach by bounding the
entropy loss during the reveal of a cycle factor.

1.2 Fixed points and the main result

A fixed point of a cycle factor ω is a vertex i satisfying ω(i) = i. A fixed point is a
cycle of length one. Let

S(ω) = {i ↔ V (G) : ω(i) = i}.

Only vertices with loops can belong to S(ω). In particular, if G has no loops, then
all cycle factor contains no fixed points. We define the expected number of fixed
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points in G by
E[|S(ω)|] =

)︄

i↑V (G)

P(ω(i) = i).

For K→
n, each vertex has probability 1/n of mapping to itself. The entire graph then

has expected number of exactly 1 fixed point. Notice that this obeys the bound
of n/d since n = d in K

→
n. This suggests that the logarithmic factor needed for

the expected number of cycles might be unnecessary for fixed points. Accordingly,
Christoph et al. [Chr+25a, Problem 4.2] asked whether every directed d-regular
graph on n vertices satisfies

E[|S(ω)|] = O(n/d)

when ω is chosen uniformly at random from its cycle factors.
Counting each fixed point as a cycle gives the bound O((n log d)/d) by Theo-

rem 1.1. Our main contribution is the following improvement toward the proposed
O(n/d) bound.

Theorem 1.2. For all su!ciently large d, the expected number of fixed points in
a uniformly random cycle factor of any directed d-regular graph on n vertices is
O((n log d)/(d log log d)).

Theorem 1.2 improves the bound obtained from Theorem 1.1 by a factor of order
log log d, but leaves a factor of order log d/ log log d from the proposed bound.

The proposed bound holds for n/d disjoint copies of K→
d , including the complete

graph case when n = d. We do not claim that this type of graph is the maximum
case for expected number of fixed points. The proposed bound also holds trivially for
loopless graphs, and more generally for graphs with at most O(n/d) looped vertices,
since the number of fixed points cannot exceed the number of such vertices.

1.3 Proof strategy

We give a self-contained account of the entropy argument of Christoph et al.
[Chr+25a], with a motivating simplified case and the technical details needed to
justify it. Cycle factors correspond to perfect matchings in a regular bipartite
graph. Utilizing upper and lower bounds on the number of perfect matchings yield
a bound for the entropy deficit during reveal, which in turn bounds the probability
of closing a cycle. This yields the optimal order for the expected number of cycles,
but does not guarantee a correct constant factor.

For Theorem 1.2, we instead reveal the entire fixed-point set S(ω) first. The
entropy chain rule divides total uncertainty into the uncertainty in S(ω) and the
uncertainty in the remaining matching. We bound the former using binary entropy

3
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and the latter using Brégman’s inequality after deleting the vertices in S(ω). Com-
paring their sum with Schrijver’s lower bound on the number of perfect matchings
gives an inequality for E[|S(ω)|]. The advantage of this method is that it treats
fixed points collectively rather than estimating each loop probability separately. Its
limitation is that the upper bound counts all remaining perfect matchings, including
those with additional fixed points, and ignores the degree losses after deletion. This
results in a logarithmic gap from the proposed bound.

1.4 Organization

Section 2 gives an introduction to entropy, provides entropy tools used later, and
shows Cauchy’s formula for the expected number of cycles in a random permutation.
Section 3 presents the proof of Theorem 1.1 and discusses its limitations. Section 4
proves Theorem 1.2. Finally, Section 5 discusses the remaining gap to the proposed
O(n/d) bound and possible refinements of the method.

2 Preliminaries

Write [n] = {1, 2, . . . , n}. Unless stated otherwise, this paper considers directed
graphs.

Definition 2.1 (Shannon Entropy). For a discrete random variable X taking values
in a finite set X , the Shannon entropy of X is defined as

H(X) = ↗
)︄

x↑X

P(X = x) logP(X = x).

For p ↔ [0, 1], write binary entropy as

Hb(p) = ↗p log p↗ (1↗ p) log(1↗ p)

with the convention that 0 log 0 = 0.

This definition guarantees that entropy cannot be negative. Intuitively, we may
think of entropy as measuring uncertainty of a random variable. Higher uncertainty
in the outcome of a random variable corresponds to higher entropy of that random
variable. Unless stated otherwise, we use base 2 logarithms. The base does not a"ect
our asymptotic results because changing bases multiplies by a constant factor.

A natural question is how large entropy can be when the number of possible
outcomes is fixed. We expect uncertainty to be greatest when the outcomes are
uniformly distributed.

4
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Theorem 2.2. For a discrete random variable X taking values in X , H(X) →
log |X |, with equality if and only if X is uniformly distributed on X .

Proof. Write px = P(X = x) for each x ↔ X , and let |X | = s. We use the natural-
logarithm identity log2 t = (ln t)/(ln 2) and the inequality ln t → t ↗ 1, which holds
for all t > 0.

Consider the di"erence between the entropy of X and log s:

H(X)↗ log s =
)︄

x↑X

px log
1

px
↗

)︄

x↑X

px log s =
)︄

x↑X

px log

[︄
1

spx

]︄
.

For each x with px > 0, apply the inequality ln t → t ↗ 1 with t = 1/(spx). Since
log t = (ln t)/(ln 2), we obtain

log

[︄
1

spx

]︄
=

1

ln 2
ln

[︄
1

spx

]︄
→ 1

ln 2

[︄
1

spx
↗ 1

]︄
.

Multiplying by px and summing over the support of X, denoted by supp(X), we
obtain

H(X)↗ log s → 1

ln 2

)︄

x↑supp(X)

px

[︄
1

spx
↗ 1

]︄
=

1

ln 2

[︄
| supp(X)|

s
↗ 1

]︄
→ 0.

Hence H(X) → log s. If equality holds, then | supp(X)| = s and equality must hold
in ln t → t↗ 1 for every x. This occurs when t = 1, or equivalently, when px = 1/s

for every x ↔ X . Conversely, under uniform distribution each x has probability 1/s.
Direct substitution into the definition yields entropy log s.

This theorem is easily understood intuitively knowing that entropy measures
uncertainty. With uniform distribution, each event is equally likely to be chosen, so
the uncertainty is as high as possible. When the balance is broken, some events are
more likely to happen than others, making it easier to predict and lowering entropy.

Similar to probability, entropy may also be applied to conditional distributions:

1. If E is an event,

H(X | E) = ↗
)︄

x↑X

P(X = x | E) logP(X = x | E),

2. If Y is a random variable taking values in Y ,

H(X | Y ) =
)︄

y↑Y

P(Y = y)H(X | Y = y).

5
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Note that conditioning on another random variable cannot increase entropy.
That is, H(X|Y ) → H(X).

3. Moreover, for random variables X1, . . . , Xn, it follows from 1 and 2 that:

H(X1, . . . , Xn) =
n)︄

i=1

H(Xi | X1, . . . , Xi↓1),

where the n-tuple (X1, . . . , Xn) is viewed as a single random variable with the
joint distribution of X1, . . . , Xn.

When conditioning X on another random variable Y , the following property
holds:

Theorem 2.3. H(X | Y ) = 0 if and only if Y determines X.

Proof. Entropy is always non-negative, so H(X | Y ) is a weighted average of non-
negative numbers. If this average is zero, then every term with positive weight must
be zero. Thus, if H(X | Y ) = 0, then H(X | Y = y) = 0 for every y within the
support of Y .

A random variable has entropy zero if and only if it takes a single value with
probability 1. Therefore, for every possible outcome y with positive probability,
there exists a value x such that

P(X = x | Y = y) = 1.

Therefore, for each y in the support of Y , there is a unique value f(y) such that
P(X = f(y) | Y = y) = 1. Hence X = f(Y ), indicating that Y determines X.

Conversely, suppose that X = f(Y ). For each y in the support of Y , the con-
ditional random variable X | Y = y takes the single value f(y) with probability 1.
Hence H(X | Y = y) = 0, and averaging over y gives H(X | Y ) = 0.

Indeed, this theorem shows entropy behaves exactly as we expect it. Since en-
tropy measures the uncertainty of an event, if Y determines X, then when Y is
given, X is fixed. Hence, H(X|Y ) = 0.

2.1 Cycles in random permutations

An important fact we use throughout the paper is that cycle factors, perfect match-
ings in simple bipartite graphs, and permutations carry the same information. A
directed cycle factor on G assigns to each vertex i a unique out-neighbor ω(i), giving

6
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a permutation ω where each mapping is an edge of G. The same permutation can be
viewed as a perfect matching in the simple bipartite graph BG, whose left and right
partite sets are both copies of V (G), with an edge i on the left adjacent to j on the
right if and only if (i, j) ↔ E(G). Indeed, the edges (i, ω(i)) form a perfect matching
of BG: since ω is a permutation, every vertex on both sides is matched exactly once.
Conversely, any perfect matching of BG assigns to each i a unique out-neighbor ω(i),
and since every right vertex is matched exactly once, ω is a permutation and hence
a cycle factor. Thus the three notions are in bijection. When G is d-regular, BG is
likewise d-regular. We will often switch between these concepts as each o"ers access
to di"erent theorems and simplifications.

Permutations map one element to another. Thus, each permutation can be
understood and written as a collection of disjoint cycles. Up to the order in which the
cycles are listed and cyclic rotations within each cycle, each permutation corresponds
uniquely to such a collection. In cycle notation, (a1 a2 . . . ak) denotes the cycle where
a1 maps to a2, a2 maps to a3, finally sending ak back to a1.

We list the cycles of a permutation using the following canonical presentation.
In cycle notation, permute the elements cyclically until the largest element is first.
Then, list the cycles by increasing order of their largest element. Removing the
parentheses produces a sequence containing the elements of [n]. Conversely, given
any such sequence, insert an opening parenthesis before each left-to-right maximum
(or record), close each cycle immediately before the next record, and close the final
cycle at the end of the sequence. Doing so recovers the original permutation. Thus,
there is a bijection between permutations of [n] and orderings of its elements.

Example 2.4. Consider the permutation ϑ = (1 4 2)(3 6)(5) of [6]. Rotating each
cycle so that its largest element comes first and ordering the cycles by these elements
gives

ϑ = (4 2 1)(5)(6 3).

Removing the parentheses produces the sequence

4, 2, 1, 5, 6, 3.

Its left-to-right maxima are 4, 5, and 6: each larger than every entry preceding it,
with the first entry always counted as a record. To reverse the construction, start a
new cycle at each of these records, recovering (4 2 1)(5)(6 3). Thus, the three cycles
of ϑ correspond exactly to the three records in the sequence.

For each k ↔ [n], define the indicator variable Ik to be 1 if the entry in position k

is a left-to-right maximum and 0 otherwise. Among the first k entries, the maximum
has equal probability to occur in each of the k positions. Thus, the probability that

7
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the entry in position k is a left-to-right maximum is 1/k. Therefore, P(Ik = 1) = 1/k.
Since each cycle corresponds to its unique starting left-to-right maxima,

C(ϑ) =
n)︄

k=1

Ik.

By linearity of expectation,

E[C(ϑ)] =
n)︄

k=1

E[Ik] =
n)︄

k=1

1

k
= ln(n) + ε +O(

1

n
).

This proves that a random permutation has O(log n) cycles on average.

3 Cycle factors in directed graphs via entropy

Because perfect matchings correspond to cycle factors, the same bound may be used
for cycle factors of d-regular directed graph on n vertices as perfect matchings in d-
regular bipartite graphs on 2n vertices. The regular cases below appear as Theorem
3.1 and Theorem 3.2 in [Chr+25a].

Theorem 3.1 ([Brè73]). Let B be a bipartite graph with left part {u1, . . . , un}, where
ui has degree ri. Then B has at most

n⌊︄

i=1

(ri!)
1/ri

perfect matchings. In particular, every d-regular bipartite graph on 2n vertices has
at most (d!)n/d perfect matchings.

Theorem 3.2 ([Ego81; Fal81]). Every d-regular bipartite graph on 2n vertices has
at least n!dn/nn perfect matchings.

3.1 A simplified case

We begin by discussing a simplified version of Theorem 1.1. Let G be a d-regular di-
rected graph on n vertices, labeled by [n]. Define C as the collection of permutations
ω of [n] for which (i, ω(i)) ↔ E(G) holds for every i ↔ [n]. By the preceding remark,
C is also the set of cycle factors of G. Choose ω uniformly at random from C, and let
ϖ be an independent uniformly random permutation of [n]. In a cycle factor, each
vertex i is assigned exactly one out-neighbor, namely ω(i) ↔ N

+(i). Reveal these
assignments in the order ϖ(1), . . . , ϖ(n): at step j, reveal the value ω(ϖ(j)). Thus, ϖ
maps a reveal position to a vertex, while ϖ

↓1(i) is the step at which the assignment

8

20
26
 S
. -
T. 
Ya
u 
Hi
gh
 S
ch
oo
l S
cie
nc
e 
Aw
ar
d 

仅
用
于
20
26
丘
成
桐
中
学
科
学
奖
论
文
公
示
 



of vertex i is revealed. In particular, if ϖ(j) = i, then the value ω(i), or equivalently
the edge (i, ω(i)), is revealed at step j.

Given permutations ω↔ and ϖ and a vertex i, let s(i, ω↔
, ϖ) be the number of out-

neighbors still available to i when its assignment is revealed. An out-neighbor j is
unavailable to i if an earlier revealed assignment has already used j. Among the d

vertices that map to the possible out-neighbors of i, the position of i in the random
order ϖ is uniformly distributed on [d]. Consequently, s(i, ω↔

, ϖ) is also uniformly
distributed on [d].

Revealing which vertex an arbitrary matches to is equivalent to revealing a spe-
cific edge going out of that vertex. By saying that an out-going edge of a vertex
closes a cycle, we mean it maps back to the vertex beginning the path that vertex is
in. For every cycle, exactly one edge (i, ω(i)) can map back to the unique starting
vertex of that path, so exactly one choice of edge closes a cycle. Hence, instead
of directly counting the expected number of cycles, we may calculate the expected
number of edges that close cycles.If we assume that the chosen out-neighbor is uni-
formly distributed among all available out-neighbors, then the probability that ω(i)

closes a cycle is equal to the probability of choosing one specific out-neighbor from
the remaining s(i, ω↔

, ϖ). Given that s(i, ω↔
, ϖ) is uniformly distributed on [d],

Eω[|ω|] =
n)︄

i=1

P(ω(i) closes a cycle) (1)

=
n)︄

i=1

1

d

d)︄

t=1

1

t
(2)

→ n

d
(log d+ 1), (3)

proving the desired bound.

Example 3.3. Suppose n = 4 and the chosen cycle factor and reveal order are

(ω(1), ω(2), ω(3), ω(4)) = (2, 4, 1, 3),

(ϖ(1), ϖ(2), ϖ(3), ϖ(4)) = (3, 1, 4, 2).

These tuples list function values, not in cycle notation. The assignments are revealed
as follows:

Step j 1 2 3 4

Vertex ϖ(j) 3 1 4 2

Out-neighbor ω(ϖ(j)) 1 2 3 4

For example, ϖ(2) = 1, so the second step reveals ω(1) = 2, namely the edge (1, 2).
However, this does not yet reveal the outgoing assignment of vertex 2: being revealed
as an out-neighbor is di"erent from having one’s own assignment revealed.

9
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3.1.1 Counterexample for uniformity

The assumption that the chosen out-neighbor will be uniformly distributed among
all available out-neighbors is not true in general. It is usually not true that each
edge occurs in the same number of cycle factors.

Consider a graph on 5 vertices labeled 0 to 4, with an edge from i to each of
i↗ 1, i, and i+1, where arithmetic is modulo 5. This is a 3-regular directed graph.
This graph contains 13 cycle factors. Of all cycle factors, 5 cycle factors contain the
loop (0, 0) while only 4 cycle factors contain (0, 1) and only 4 cycle factors contain
(0, 4). Thus, in a uniformly random cycle factor, the three outgoing edges of vertex
0 have probabilities 5/13, 4/13, and 4/13, respectively. If vertex 0 is revealed first,
all three of its out-neighbors are still available, but its chosen out-neighbor is not
uniformly distributed among all available ones.

3.2 Bounding non-uniformity by entropy

Recall that maximum entropy is achieved through uniform distribution. Thus, when
entropy decreases, the probability of the random variable taking a certain value must
increase, breaking this balance. The following lemma gives an upper bound to this
probability as entropy deficit grows.

Lemma 3.4 ([Chr+25a]). Let X be a random variable taking values in a set X of
size s, and let ϱ = log s↗H(X). Then, for every x ↔ X ,

P(X = x) → 2

s
+ ϱ.

Proof. Since by Theorem 2.2 H(X) → log s and entropy is non-negative, the bound
holds trivially when s = 1 or s = 2. Assume s ↓ 3. Fix x ↔ X , let p = P(X = x),
and let IX=x be the indicator variable of the event X = x. That is, IX=x is 1 if
X = x and 0 otherwise. Using the chain rule, H(X, IX=x) = H(X) +H(IX=x | X).
Since X determines IX=x, H(IX=x | X) = 0. Thus,

H(X) = H(X, IX=x).

Since (X, IX=x) denotes the joint distribution, changing their order does not change
the entropy. Hence,

H(X) = H(IX=x) +H(X|IX=x) (4)

= Hb(p) + (1↗ p)H(X | X ↘= x). (5)

The random variable X given that X ↘= x can take the remaining s↗ 1 values in X .

10
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Therefore,
H(X) → Hb(p) + (1↗ p) log(s↗ 1).

Let h(q) = Hb(q) + (1 ↗ q) log(s ↗ 1). Intending to find a random variable whose
entropy is h(q), let Y be a random variable that takes the value x with probability
q and each other value in X with probability (1↗ q)/(s↗ 1). Then

H(Y ) = ↗q log(q)↗ (1↗ q) log

[︄
1↗ q

s↗ 1

]︄
= h(q).

Hence, h(q) → log s. Moreover, taking the derivative gives h
↔(q) = log

⌋︄
1↓q

q(s↓1)

⌈︄
,

which is decreasing in q. If p → 2/s, since ϱ is non-negative,the result holds imme-
diately. Suppose that p ↓ 2/s. For every q ↔ [2/s, p],

h
↔(q) → h

↔(2/s) = log

[︄
s↗ 2

2s↗ 2

]︄
→ ↗1.

The mean value theorem guarantees that there exists c ↔ [2/s, p] such that

h(p)↗ h(2/s) = h
↔(c)

[︄
p↗ 2

s

]︄
.

Since h
↔ is decreasing, h↔(c) → h

↔(2/s) → ↗1. Therefore,

h(p) → h(2/s)↗
[︄
p↗ 2

s

]︄
.

It follows that

log s↗ ϱ = H(X) → h(p) → h(2/s)↗
[︄
p↗ 2

s

]︄
→ log s↗

[︄
p↗ 2

s

]︄
.

Rearranging this inequality yields the desired bound.

3.3 Proof of Theorem 1.1

We use the same notation and setup as the simplified case. We reveal the assigned
out-neighbors one by one. To utilize Lemma 3.4, we give a bound to H(ω). Taking
the entropy of ω and recalling that ω was chosen uniformly at random from C,

H(ω) = H(ω(1), . . . , ω(n)) = log |C|.

Recall that ϖ is the auxiliary permutation introduced to specify the reveal order; it
is not the permutation ω that corresponds to the cycle factor. At step j, we reveal
the outgoing assignment of vertex ϖ(j), namely ω(ϖ(j)). Fix an arbitrary reveal
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order ϖ . Since ϖ is a bijection, the tuple

⌉︄
ω(ϖ(1)), . . . , ω(ϖ(n))

{︄

is just a reordering of
⌉︄
ω(1), . . . , ω(n)

{︄
. Applying the chain rule therefore gives

H(ω) =
n)︄

j=1

H
⌉︄
ω(ϖ(j))

}︄}︄ ω(ϖ(1)), . . . , ω(ϖ(j ↗ 1))
{︄
,

where the conditioning is empty when j = 1. If ϖ↓1(i) = j, let ϖ<i = {ϖ(1), . . . , ϖ(j↗
1)} be the set of vertices revealed before i, and write ω(ϖ<i) for restricting ω to this
set. Since ϖ is bijective, each term in the sum indexed by j occurs exactly once in
the sum indexed by i. We may therefore reindex the sum in terms of i:

H(ω) =
n)︄

i=1

H
⌉︄
ω(i) | ω(ϖ<i)

{︄
.

Conditioning each term on the event ω(ϖ<i) = ϑ gives

H(ω) =
n)︄

i=1

)︄

ε

P
⌉︄
ω(ϖ<i) = ϑ

{︄
H
⌉︄
ω(i) | ω(ϖ<i) = ϑ

{︄
,

where ϑ ranges over all possible partial maps. Since ω was chosen uniformly at
random, P

⌉︄
ω(ϖ<i) = ϑ

{︄
= |{ω↔ ↔ C : ω↔(ϖ<i) = ϑ}|/|C|. We reindex the sum by all

full cycle factor ω
↔ ↔ C. For each such ω

↔, condition on ω
↔(ϖ<i) = ϑ. Since any fixed

history ϑ appears in the reindexed sum once for every ω
↔ that extends it, the number

of occurrences of ϑ in this sum is exactly the numerator |{ω↔ ↔ C : ω↔(ϖ<i) = ϑ}|.
Thus, dividing by |C| and factoring out of the sum gives

H(ω) =
n)︄

i=1

1

|C|
)︄

ω→↑C

H
⌉︄
ω(i) | ω(ϖ<i) = ω

↔(ϖ<i)
{︄
.

Given the history ω(ϖ<i) = ω
↔(ϖ<i), the value ω(i) must be one of the available out-

neighbors because it is the vertex chosen. Hence its conditional entropy is at most
log s(i, ω↔

, ϖ). Define the entropy deficit

ϱ(i, ω↔
, ϖ) = log s(i, ω↔

, ϖ)↗H
⌉︄
ω(i) | ω(ϖ<i) = ω

↔(ϖ<i)
{︄
.

This notation is meant to resemble Lemma 3.4. Indeed, later on we use the upper
bound of ϱ(i, ω↔

, ϖ) and Lemma 3.4 to bound the probability that an edge closes a

12
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cycle. With this in mind, we write H(ω) by substituting:

H(ω) =
n)︄

i=1

1

|C|
)︄

ω→↑C

⌉︄
log s(i, ω↔

, ϖ)↗ ϱ(i, ω↔
, ϖ)

{︄
.

The preceding identity holds for every fixed reveal order ϖ . We now average over a
uniformly random ϖ , chosen independently of ω. Independence ensures that fixing
the reveal order does not change the distribution of ω, so the left-hand side remains
H(ω). Thus, we obtain

H(ω) = Eϑ

⟨︄
n)︄

i=1

1

|C|
)︄

ω→↑C

⌉︄
log s(i, ω↔

, ϖ)↗ ϱ(i, ω↔
, ϖ)

{︄
⟩︄
.

By linearity of expectation,

H(ω) =
n)︄

i=1

1

|C|
)︄

ω→↑C

Eϑ

/︄
log s(i, ω↔

, ϖ)
\︄
↗ L

where

L =
n)︄

i=1

1

|C|
)︄

ω→↑C

Eϑ

/︄
ϱ(i, ω↔

, ϖ)
\︄
.

Since s(i, ω↔
, ϖ) is uniformly distributed on [d],

Eϑ [log s(i, ω
↔
, ϖ)] =

1

d

d)︄

t=1

log t.

Substituting,

H(ω) =
n)︄

i=1

1

|C|
)︄

ω→↑C

1

d

d)︄

t=1

log t↗ L.

We can factor out 1/|C| in the first expression, and since the second sum is indepen-
dent of ω↔, it is equivalent to removing the sum and multiplying by |C|. Canceling
out and using

/︂d
t=1 log t = log d!,

H(ω) =
n

d

d)︄

t=1

log t↗ L =
n

d
log(d!)↗ L.

By Theorem 3.2, |C| ↓ n!(d/n)n ↓ (d/e)n. Using |C| ↓ (d/e)n and Stirling’s approx-
imation d! → (d/e)d(ed),

n log

[︄
d

e

]︄
→ log |C| → n log

[︄
d

e

]︄
+

n

d
log(ed)↗ L.
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Thus, L → (n/d) log(ed).
Forming a cycle requires exactly one edge to close it. Counting the expected

number of edges closing a cycle and taking the expectation,

Eω[|ω|] =
n)︄

i=1

P
⌉︄
ω(i) closes a cycle

{︄
.

Conditioning on the event that the previously revealed vertices follows a specific
permutation ϑ, where ϑ runs through all possible permutations,

Eω[|ω|] =
n)︄

i=1

)︄

ε

P
⌉︄
ω(ϖ<i) = ϑ

{︄
P
⌉︄
ω(i) closes a cycle | ω(ϖ<i) = ϑ

{︄
.

Again, since the permutations were chosen uniformly at random, we reindex the
sum by all full cycles ω

↔ ↔ C and divide by |C|:

Eω[|ω|] =
n)︄

i=1

1

|C|
)︄

ω→↑C

P
⌉︄
ω(i) closes a cycle | ω(ϖ<i) = ω

↔(ϖ<i)
{︄
.

For a fixed history, if the edge from i closes a cycle, it must use the unique available
out-neighbor that completes the corresponding cycle. Thus,

P
⌉︄
ω(i) closes a cycle

}︄}︄ ω(ϖ<i) = ω
↔(ϖ<i)

{︄
→ max

j↑N+(i)
P
⌉︄
ω(i) = j | ω(ϖ<i) = ω

↔(ϖ<i)
{︄

Lemma 3.4 therefore gives

P
⌉︄
ω(i) closes a cycle

}︄}︄ ω(ϖ<i) = ω
↔(ϖ<i)

{︄
→ 2

s(i, ω↔, ϖ)
+ ϱ(i, ω↔

, ϖ).

Summing over all vertices and histories gives

Eω(|ω|) →
n)︄

i=1

1

|C|
)︄

ω→↑C

[︄
2

s(i, ω↔, ϖ)
+ ϱ(i, ω↔

, ϖ)

]︄
.

Again, since this bound holds for every ϖ , we take the expectation over ϖ :

Eω(|ω|) → Eϑ

\︂
n)︄

i=1

1

|C|
)︄

ω→↑C

[︄
2

s(i, ω↔, ϖ)
+ ϱ(i, ω↔

, ϖ)

]︄⎛

=
n)︄

i=1

1

|C|
)︄

ω→↑C

Eϑ

[︄
2

s(i, ω↔, ϖ)

]︄
+ L.
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Since s(i, ω↔
, ϖ) is uniformly distributed on [d], this simplifies to

Eω(|ω|) →
n)︄

i=1

1

|C|
)︄

ω→↑C

1

d

d)︄

t=1

2

t
+ L

→ 2n

d
(log d+ 1) + L

→ 4n

d
(log d+ 1).

3.3.1 Limitations

A natural question arising from Theorem 1.1 is whether the bound O((n/d) log d) can
be improved. In expectation, this bound is asymptotically tight. To see this, suppose
that d | n, and let the graph be the disjoint union of n/d copies of K→

d . A uniformly
random cycle factor on each copy corresponds to a uniformly random permutation of
d elements, whose expected number of cycles is !(log d). By linearity of expectation,
the expected number of cycles in the entire graph is therefore !((n/d) log d).

However, tightness in expectation does not rule out stronger existential results.
Christoph et al. [Chr+25b] conjectured that every d-regular directed graph on n

vertices contains a cycle factor with O(n/d) cycles. This is consistent with the
example above: choosing a single cycle through all vertices of each copy gives a
cycle factor with exactly n/d cycles, even though a uniformly random cycle factor
has !((n/d) log d) cycles on average.

4 Fixed points

Christoph et al. [Chr+25a] posed the question of whether a uniformly random cycle
factor of a directed d-regular graph on n vertices has an expected number of fixed
points bounded by O(n/d). The expected number of fixed points in a uniformly
random permutation of n elements is 1, so the proposed bound holds for complete
directed graphs with loops. For general regular graphs, however, the problem is
more di!cult.

A natural attempt at this problem is to utilize the correspondence between cycle
factors and perfect matchings in the bipartite presentation. Let G be a d-regular
directed graph on n vertices, and let BG be its simple bipartite presentation, with
partite sets L and R. If v is a fixed point, then LvRv is an edge of the corresponding
perfect matching in BG. Deleting Lv and Rv yields a bipartite graph B

↔
G whose per-

fect matchings correspond to the perfect matchings of BG that contain LvRv. Thus,
provided that v has a loop, the probability that v is a fixed point is pm(B↔

G)/ pm(BG)

where pm(BG) denotes the number of perfect matchings in BG. If v has no loop,
this probability is zero. Linearity of expectation therefore shows that the expected

15
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number of fixed points equals the sum of these vertex-wise probabilities. However,
combining Theorems 3.1 and 3.2 in this direct way is too weak to prove the desired
O(n/d) bound. In fact, it does not improve upon the O((n/d) log d) bound that
follows from Theorem 1.1 by every fixed point being a cycle.

Using entropy, we prove Theorem 1.2. Its bound is weaker than the original
conjecture but improves upon the bound implied by Theorem 1.1. We will use
a lower bound of Schrijver [Sch98] on the number of perfect matchings, which is
stronger than the estimate in Theorem 3.2.

Theorem 4.1 ([Sch98]). Every d-regular bipartite graph on 2n vertices has at least
((d↗ 1)d↓1

/d
d↓2)n perfect matchings.

The following lemma will be used in the proof of Theorem 1.2. It allows us to
obtain an upper bound on H(S(ω)), the entropy of a random set of fixed points,
with respect to p.

Lemma 4.2. Let S be a random subset of [n], and let p = E[|S|]/n.

H(S) → nHb(p).

Proof. Represent S by its indicator vector X = (X1, X2, . . . , Xn), where Xi = 1

if and only if i ↔ S. Then S and X determine each other, |S| =
/︂n

i=1 Xi, and
E[|S|] =

/︂n
i=1 E[Xi]. Using the chain rule,

H(S) = H(X) =
n)︄

i=1

H(Xi | X1, . . . , Xi↓1).

Conditioning cannot increase entropy, so

H(S) →
n)︄

i=1

H(Xi).

Each Xi is a Bernoulli random variable; write pi = E[Xi]. Its entropy is Hb(pi).
Thus, H(S) →

/︂n
i=1 Hb(pi). Also,

/︂n
i=1 pi = E[|S|]. Since the binary entropy

function is concave, Jensen’s inequality yields

1

n

n)︄

i=1

Hb(pi) → Hb

\︂
1

n

n)︄

i=1

pi

⎛
= Hb

[︄
E[|S|]
n

]︄
.

Thus,

H(S) → nHb

[︄
E[|S|]
n

]︄
.
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Proof of Theorem 1.2. Throughout this proof, logarithms and entropy are measured
using natural logarithm. Changing the base multiplies every entropy by the same
constant, so Lemma 4.2 remains valid. Let G be a directed d-regular graph on n

vertices with vertex set V . A cycle factor is a permutation ω on the set of vertices
such that i ≃ ω(i) is an edge of G for every i. Its fixed points are the vertices
satisfying ω(i) = i.

Let BG be the bipartite presentation of G. Denote the set of perfect matchings
of BG by M, and let ω be a uniformly random element of M. Let S(ω) be the
random set of fixed points of ω.

Since ω is chosen uniformly at random,

H(ω) = log |M|.

By Theorem 4.1, |M| ↓ ((d↗ 1)d↓1
/d

d↓2)n. Therefore,

H(ω) ↓ n log
(d↗ 1)d↓1

dd↓2
.

Fix ω
↔ ↔ M, and let S(ω↔) be its fixed-point set. Then P(S(ω) = S(ω↔)) > 0.

Let B
↔
G be obtained from BG by deleting both copies of every vertex in S(ω↔).

Conditional on S(ω) = S(ω↔), the matching edges at these vertices are fixed, so the
remaining matching in B

↔
G determines ω uniquely. Let M(B↔) denote the set of all

perfect matchings of B↔
G. Not every matching in M(B↔

G) need be compatible with
S(ω) = S(ω↔), since some may contain additional fixed points. Nevertheless, the
number of possible values of ω under this conditioning is at most |M(B↔

G)|. The
entropy bound in Theorem 2.2 therefore gives

H(ω | S(ω) = S(ω↔)) → log |M(B↔
G)|.

Write ri for the degree in B
↔
G of the left copy of i ↔ V \S(ω↔). Since B

↔
G has a perfect

matching and is a subgraph of B, we have 1 → ri → d. Theorem 3.1 gives

|M(B↔)| →
⌊︄

i↑V \S(ω→)

(ri!)
1/ri →

⌊︄

i↑V \S(ω→)

(d!)1/d = (d!)(n↓|S(ω→)|)/d
.

For the second inequality, note that (r!)1/r is increasing in the positive integer r.
Taking logarithms yields

H(ω | S(ω) = S(ω↔)) → log |M(B↔
G)| →

n↗ |S(ω↔)|
d

log(d!).

By definition, H(ω | S(ω)) is the weighted average of H(ω | S(ω) = S(ω↔)) over
the distinct possible fixed-point sets S(ω↔), with each set weighted by its probability
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P(S(ω) = S(ω↔)). Applying the preceding bound to each term gives

H(ω | S(ω)) =
)︄

S(ω→)

P(S(ω) = S(ω↔))H(ω | S(ω) = S(ω↔))

→
)︄

S(ω→)

P(S(ω) = S(ω↔))
n↗ |S(ω↔)|

d
log(d!)

=
log(d!)

d

⎞

⎡n

)︄

S(ω→)

P(S(ω) = S(ω↔))↗
)︄

S(ω→)

P(S(ω) = S(ω↔))|S(ω↔)|

⎤

⎣

=
log(d!)

d
(n↗ E[|S(ω)|]) .

Here the sums range over the distinct sets S(ω↔) arising from ω
↔ ↔ M, with each

set counted once, not once per matching. The final equality uses the fact that these
probabilities sum to 1 and the definition E[|S(ω)|] =

/︂
S(ω→) P(S(ω) = S(ω↔))|S(ω↔)|.

Also, Lemma 4.2 gives H(S(ω)) → nHb(E[|S(ω)|]/n). Since ω determines S(ω), the
chain rule gives H(ω) = H(S(ω)) +H(ω | S(ω)). Let

p =
E[|S(ω)|]

n
.

Applying the preceding bounds and dividing by n gives

log
(d↗ 1)d↓1

dd↓2
→ Hb(p) + (1↗ p)

1

d
log(d!).

To isolate the term containing p, expand the last term and then move the corre-
sponding terms to the opposite sides:

log
(d↗ 1)d↓1

dd↓2
→ Hb(p) +

1

d
log(d!)↗ p

1

d
log(d!),

log
(d↗ 1)d↓1

dd↓2
+ p

1

d
log(d!) → Hb(p) +

1

d
log(d!),

p
1

d
log(d!) → Hb(p) +

1

d
log(d!)↗ log

(d↗ 1)d↓1

dd↓2
. (6)

We proceed by bounding (1/d) log(d!) and log((d↗ 1)d↓1
/d

d↓2). Using Stirling’s
approximation in the form

d! =
↑
2ϑd

[︄
d

e

]︄d [︄
1 +O

[︄
1

d

]︄]︄
,
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and using log(1 + x) = O(x) as x ≃ 0, we obtain

1

d
log(d!) =

1

d

⎦
1

2
log(2ϑd) + d log d↗ d+ log

[︄
1 +O

[︄
1

d

]︄]︄⎢

= log d↗ 1 +
1

2d
log(2ϑd) +

1

d
O
[︄
1

d

]︄

= log d↗ 1 +
1

2d
log(2ϑd) +O

[︄
1

d2

]︄
(7)

= log d↗ 1 +O
[︄
log d

d

]︄
. (8)

In the final line, we used log(2ϑd) = O(log d) and absorbed the smaller O(1/d2)

term into O((log d)/d). Also,

log
(d↗ 1)d↓1

dd↓2
= (d↗ 1) log(d↗ 1)↗ (d↗ 2) log d. (9)

Since log(d↗ 1) = log d+ log(1↗ 1/d),

log
(d↗ 1)d↓1

dd↓2
= (d↗ 1) log d↗ (d↗ 1)

[︄
1

d
+

1

2d2
+O

[︄
1

d3

]︄]︄
↗ (d↗ 2) log d (10)

= log d↗ 1 +
1

2d
+O

[︄
1

d2

]︄
. (11)

The two expansions have the same leading term, log d↗ 1. Subtracting them there-
fore gives

1

d
log(d!)↗ log

(d↗ 1)d↓1

dd↓2
=

log(2ϑd)↗ 1

2d
+O

[︄
1

d2

]︄
= O

[︄
log d

d

]︄
.

Substituting this back to the right-hand-side of (6), and the expansion of
(1/d) log(d!) into its left-hand side, yields

p

[︄
log d↗ 1 +O

[︄
log d

d

]︄]︄
→ Hb(p) +O

[︄
log d

d

]︄
.

Move the error term on the left to the right. Since 0 → p → 1, combining the two
error terms thus gives

p(log d↗ 1) → Hb(p) +O
[︄
log d

d

]︄
.

For p ↔ [0, 1], the binary entropy satisfies Hb(p) → p(↗ log p+ 1). Hence

p(log d↗ 1) → p(↗ log p+ 1) +
C log d

d
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for some constant C > 0, independent of n, d, and p. Moving the p(↗ log p + 1) to
the left and combining logarithms gives

p(log d↗ 1)↗ p(↗ log p+ 1) → C log d

d
,

p(log d+ log p↗ 2) → C log d

d
,

p
⌉︄
log(dp)↗ 2

{︄
→ C log d

d
.

Let t = dp = dE[|S(ω)|]/n. Then

t(log t↗ 2) → C log d.

Set
T = 4(C + 1)

log d

log log d
.

For all su!ciently large d,

log T ↗ 2 = log log d↗ log log log d+ log(4(C + 1))↗ 2 ↓ 1

2
log log d,

so
T (log T ↗ 2) ↓ 2(C + 1) log d > C log d.

Since x(log x ↗ 2) is increasing for x > e, it follows that t → T for all su!ciently
large d. Therefore,

E[|S(ω)|] = nt

d
= O

[︄
n log d

d log log d

]︄
.

5 Concluding remarks

The remaining question, conjectured by Christoph et al. [Chr+25a], is whether the
bound in Theorem 1.2 can be improved to O(n/d). Theorem 1.2 reduces the gap to
a factor of order log d/ log log d. It would also be interesting to determine whether
the entropy argument can be refined to remove this factor or whether a completely
di"erent approach is required. Theorem 4.1 as used in the proof disregards the fact
the remaining vertices in B

↔ must be derangements. Applying a stronger bound
could improve this result substantially.
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