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First of all, according to NP-hard problem, entanglement witness is a really powerful and useful
tool that helps to detect entanglement. A Hermitian operator that has non-negative expectation
values on all product states is one entanglement witness. However, it attains a negative value
on more than one entangled state. Since witness can help detect entanglement, the relationship
between inertia of the matrix and geometry of the underlying bipartite Hilbert space still remained
a large amount unexplored, even the simplest bipartite configuration. As we researched, until now,
although many 2 x 2 entanglement witness all have inertia (1,0,3), but they are not proved-yet.

During our work, we first focused on 2 x 2 case, and we successfully proved that for any 2
dimension subspace of C? ® C2, they must contain only one negative eigenvalue. While proving, we
used fundamentally geometric to establish connection between dimension if the negative eigenspace
of a witness and the product vectors. After that, we come up with a assumptionthat for any 2 x n
entanglement witness, they all have at most n-1 negative eigenvalues. During our proof, we used
a rank argument on the block decomposition of the negative eigenspace, whichishows that every
subspace of dimension n have a product vector, which violate the witness/condition. Moreover, we
suppose that for every 2 x 2 entanglement witness, they all have (1,0,3) inertia index since according
to statistical data, all 2 x 2 entanglement witness established point to/the same result of inertia
index, which is (1,0,3), but without proof. Therefore, we tried to prove'it. We find hat the inertia
index will be (1,a,3-a) and we proved both a=1 and a=2 can not satisfy. Therefore a can only be 0
and therefore we successfully proved (1,0,3).

Our main results contains mainly three parts. First we successfully proved the largest number
of negative eigenvalues for a 2 X n entanglement witness is\n-1. In addition, we used our result to
construct a 2N x 2N diagonal unitary matrix and we advanced it by constructing a we provide an
example of a 2 X N subspace of dimension N-1 containing no product vector, which provides an
useful system for the exploration and experiment of quantum physics. Moreover, we successfully
proved the assumption that all 2 x 2 entanglement witness have the inertia index of (1,0,3), which
fill up the loss of proof around the world.
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I. INTRODUCTION

According to quantum information theory, we know that the quantum separability problem is a NP-hard problem?.
Later on, people showed it has a close connection with Edmonds’ problem, and it turns out that under some specific
conditions, the separability problem can be turned into an instance of Edmonds’ problem. This helps explain why
it is very unlikely we will get a simple, efficient, and universal criterion that always works that can be used every
time. Once researchers realized this point, they started focusing more on working out practical?. Separable state
having positive partial transpose gave the first easy-to-compute necessary condition for checking separability®. Not
long after that, the positive map criterion was suggested. It says that a state is separable if and only if it stays positive
semidefinite no matter what positive map you apply to any one of its subsystems. The positive partial:transpose is
actually just one special case of this more general theoretical framework. Past work has shownithat in 2 ® 2 and
2 ® 3 systems, the positive partial transpose is a necessary and sufficient condition, which is different from the PPT
criterion?. This only gives a necessary condition, and other sufficient criteria: when a state.meets an inequality that
comes from a specific positive linear map, we can be sure that the state will be separable®. Another different method
has shown that we can check if a state is PPT just by looking at its spectrum, without needing the full density matrix
for this work®. Later on, this spectral method was extended when researchers worked out specific spectral rules that
can confirm separability for qubit-qudit states, and it goes beyond PPT to tell us directly’if a state is separable only
from its spectrum’. When people went further in studying structured states, theyooked into the spectral features of
symmetric quantum states and how these connect to symmetric entanglement witnesses, and the results showed that
symmetry constraints can make the separability problem much easier to handle®.. Even with all these improvements,
the complicated nature of the separability problem is highlighted by strange effects like bound entanglement. Previous
work has shown that some entangled states that have zero distillable entanglement can still get activated when you
look at certain multi-copy cases; this shows that the line between separability and entanglement is actually more
complex than what people thought at first”. One recent paper includes the work to make a universal practical testing
rule as one of the main still unsolved problems in this area of research!®.

Entanglement witnesses are Hermitian operators that detect entanglement by taking negative values on some en-
tangled states but remaining non-negative on all separable states. “A’basic question is: how many negative eigenvalues
can an entanglement witness possess for a given bipartite system? Our main result shows that any 2 x n entan-
glement witness has at most n — 1 negative eigenvalues.” Moreover, we construct examples achieving this bound.
First, we prove that for a 2 x 2 entanglement witness, it has only one negative eigenvalue. Suppose there were two
negative eigenvalues A3, \y < 0 with corresponding~orthonormal eigenvectors us,us. Let V = span{us,us} be the
subspace spanned by these eigenvectors. Under the natural isomorphism C? ® C? = M,(C), any two-dimensional
subspace contains a rank-one matrix corresponding to a product vector a ® b: for basis matrices A, B, the equation
det(xzA + yB) = 0 is a homogeneous quadratic.equation in z,y, which always has a nontrivial solution over C. Since
a®b eV, we have (a ® b)*W(a ® b) = |2[2\3++ |y|?A\s4 < 0, contradicting the witness condition. Hence exactly
one negative eigenvalue exists. For the‘2 x.n case, we extend this result by a dimensionality argument. Suppose
the negative eigenspace has dimension at least' n. Choosing n orthonormal negative eigenvectors and forming the

. X . . .
matrix V = <Y> with X, Y € C"*" ‘we show that there always exists a nonzero vector a € C™ such that Va is a

product vector. This is established by considering three cases: if X is singular, a nonzero solution to Xa = 0 yields a
product vector (0;Ya); if Y is singular, the argument is symmetric; if both are invertible, set 7= Y X ~! and take an
eigenvector w of T' with Twi = fiw. Let a = X ~'w, then Ya = uXa, hence Va is a product vector. For this product
vector, the negative definiteness of V*HV yields (Va)*H(Va) < 0, contradicting the witness condition. Therefore
the negative eigenspace has dimension at most n — 1. Finally, we provide a constructive method to generate 2 x n
entanglement witnesses with any prescribed number of negative eigenvalues between 1 and n — 1. Starting from a
witness with n — 1 negative eigenvalues, we add rank-one operators of the form |An4;| 4Ty 1> Where x; are the
corresponding negative eigenvectors. FEach addition lifts one negative eigenvalue to zero while leaving the remaining
negative eigenvalues unchanged; yielding a new witness. After that, we did some research online and we found that
no one had proved this before. All we can find is the guess of inertia index for 2 x 2 entanglement witness, which is
(1,0,3), which comes from-the collecting of data of numerous entanglement witness. Therefore, we tried to prove it.
Accoridng-to the previous proof, it has one negative. Therefore, the inertia index will be (1,a,3-a), and we break the
topic-nto. some circumstances, which are (1,0,3), (1,1,2),(1,2,1), and (1,3,0). During our proof, we found that except
(1,0,3), the other three can not suit. Therefore, we proved the inertia index of 2 x 2 entanglement witness is (1,0,3).



II. NOTATIONS AND DEFINITIONS
A. Matrix
1.  Hermitian matriz

Definition 1 A complex field square matric H € C%*?¢ that satisfies H* = H, then we call H as a~Hermitian
matriz. (H* means performing complex conjugation on H and then transpose it)

There are three properties for Hermitian matrix. First, Hermitian matrix has real eigenvalues. Second;eigenvectors
of a Hermitian matrix corresponding to distinct eigenvalues are orthogonal to each other. Third, every Hermitian
matrix is unitary diagonalizable. See the proof in Appendix A.

2. Kronecker product

Definition 2 The Kronecker product of two complex matrices A € C™*™ and B € CP* ‘denoted AR B, is an mp xXngq
block matric where the (i, j)-th block is formed by multiplying the scalar entry a;; with-the entire matriz B.

a11B a;2B - a;p,B

a1 B apB - aB
A®B= ) . )

CLmlB amgB s amnB

This operation is distributive with respect to matrix addition, mamely A ® (B+C) = (A® B) + (A® C) and
(A+B)@C=(A®C)+ (B®C), and it is compatible with scalar multiplication, so that e ® A = A ® a = aA and
aA®bB = ab A® B for any scalars a and b. For conforming matrices with products AC and BD defined, one has the
mixed-product rule (A® B)(C'® D) = AC ® BD and transposition and conjugate transposition of Kronecker product
yield (A® B)T = AT @ B" and (A ® B)* = A* ® B*, tespectively.

It satisfies the non-vanishing identity A # 0, B« 0 iff A ® B # 0, and it is not commutative in general, so
A® B # B ® A for arbitrary matrices, but trivially“equal when the two operators are the same. If A and B are
both Hermitian, A = A*, B = B*, then the Kronecker product A ® B is also Hermitian, which is obvious from the
conjugate transpose identity. For column vectorsia and b, there holds the vector identity a' @ b=ba' =b®a'.

3. Unitary matriz

Definition 3 A matriz U € M,,(C)us called a unitary matriz if it satisfies:
UU=U0U"=1I,.
All unitary matrices form a group. N
Pauli matrices X, Y,Z satisfy two key identities:
X*=X, Y=Y, Z*=17Z,

X*X=Y'Y=2"7Z=1.

Where X = ((1) (1]), Y= <(2 _Ol>, Z = ((1) 01). If UU* = I, U*U = I5. Proof. See Appendix B.

4. Positive semi-definite matriz

Definition 4 For the Hermitian square matriz X , if for any complex vector y € C™ satisfies y* Xy > 0 then X is
called a positive semi-definite matriz, denoted as X = 0. N



5. Trace

Definition 5 The trace of a square matriz is the sum of the entries on its main diagonal (from the top-left to the
bottom-right corner). N

For example, assume there is an n-order square matrix, the trace of it would be Tr(A) = a11 + a2 +ass + -+ + ann-
Also, the trace operator is linear, which satisifies additivity and homogeneity:

Tr(A + B) = Tr(A) + Tr(B), (1)
Tr(kA) = k x Tr(A). 2)

6. Normal matrix

Definition 6 A complex square matriz X is called a normal matrix if it commutes with/its conjugate transpose. M
An equivalent formulation is:
XX =X"X
It can also be shown using the commutator notation:
[X, X" =XX*"—X"X =0

Normal matrix is unitary diagonable. See the proof in Appendix.~C

7. Schur’s.theorem

Lemma 1 Set T € M, (C),which meets all the entries under the diagonal line is zero, then T is a upper triangular
matriz. Set A € Cpxyp, there must be a unitary matric' U that meets UAU =T. 1

8.  Symmetric Matrix

Definition 7 A square matriz Y is symmetric’if Y =Y T, which implies Y;; = Yj; for all i # j. Real symmetric
matrices are orthogonally diagonalizable, and all eigenvalues are real numbers. M

9. Basic Operational Properties

1. Transpose identity: (AB)" = BTAT.
2. Complex conjugate identity: AB = A B.

3. Each real symmetric matrix admits a diagonal representation, with diagonal entries being its eigenvalues.

B. Intertia index

For an/n'x n Hermitian matrix H € M,, such that H = H* = HT, all eigenvalues of H are real. Counted with
algebraic multiplicities, all its eigenvalues can be split into three subsets according to their signs: the total number of
negativeeigenvalues is denoted v_; the total number of zero eigenvalues (same as the dimension of the null space of
H) is denoted vy, and the total number of positive eigenvalues is denoted v. The triple v(H) = (v—, vy, v4) is the
inertia (inertia index) of the Hermitian matrix, and the three quantities always satisfy v_ + vy + vy =n, and v_, 1y
and vy are all non-negative integers.



C. Abelian group

Definition 8 An Abelian group is a group in which the binary operation is commutative, and an Abelian group satisfies

closure, Va,be G, a+be G, (16)
associativity, Va,b,c € G, (a+b)+c=a+ (b+c), (17)
identity, I0€ G, Vae G, a+0=0+a=a, (18)
inverse, Ya € G, 3—a€ G, a+(—a)=(—a)+a=0, (19)

(20)

and commutativity, Yu,v € G, u+v="v+ u.
|

Matrices of the same dimensions form an Abelian group under addition.

Consider a non-empty set H which is a subset of an Abelian group (G,+). In order for 'H to be a subgroup of
G, H must satisfy the following three conditions: H should be closed under the operation of the group (Va,b € H,
a+b e H), H must contain the identity element of G (0 € H) and H must be closed/under inverse elements (Va € H,
—a € H).

We set F as a number field (R/C).Then order-n general linear group GL,(F)'= {A € M, ., (F)| det(A) # 0}. We
show that this is indeed a group.

(i) If A, B € GL,, then det(AB) = det A - det B # 0, so AB € GL,,.

(ii) Matrix multiplication naturally satisfies (AB)C = A(BC).

(ii) AT, = I,A = A.

(iv) For any A € GL,,, A~! is also reversible, A=t € GL,.

D. Ring

Definition 9 A triple (R, +,") is a ring if (R, +) is an Abelian-additive group. Multiplication(-) satisfies multiplicative
closure and associativity.

Ya;b € R, ab € R, (21)

(ab)e = a(be). (22)
There is also distributive laws for a ring, which are left distributive and right distributive.

a(b+ c) = ab+ ac, (23)

(b+ ¢)a = ba + ca. (24)

|
For a matrix ring M, it is a non-Abelian ring and it has multiplicative identity.

I,-A=A-I,=A, VAecM,. (25)

E. Linear space (vector space)

Definition 10 Let F be-a field, can be the real field R or the complex field C. A mon-empty set V, along with two
binary operations:” vector addition and scalar multiplication, is said to be a linear space over F if it satisfies the
following axioms:

axioms-for vector addition,

closure, Yu,v eV, u+v eV, (26)
associativity, Yu,v,w €V, (u+v)+w=u+ (v+w), (27)
identity, 30V, YVueV, u+0=0+u=u, (28)
inverse, Yu €V, I—ueV, ut+(—u)=(-u)+u=0, (29)
commutativity, Yu,v €V, u+v=v+u, (30)



azioms for scalar multiplication,
closure, Yk eF,ueV, kueV,
associativity, Vk,l € F,u eV, k(lu) = (kl)u,
identity, Yu eV, 1-u=u,

distributivity over vector addition, Vk € F,u,v €V, k(u+v) = ku + kv,
and distributivity over scalar addition, Vk,l €F,u eV, (k+)u = ku+ lu.

Linearity contains additivity and homogeneity. For F' : X — Y additivity is
fle+y)=fl2)+ fly), VoyelkX,

and homogeneity is

k- f(x)= f(kx), VxeX,keP.

III. RESULT

Suppose W is an m x n entanglement witness (EW). Therefore, W is an, Hermitian matrix in M,, @ M, = M,,,
with m,n > 1, and there is at least one vector x € C™" such that x*W=z < 0. Further for each product vector

a®beC™"®C"(aeC™beC"), wehave (a®b)*W(a®b) > 0.

A. properties for-EW

Lemma 2 If W5 is a 2 X 2 EW and and P,Q € GLs are invertible, then
W3 := (P Q)W (P®Q)

isa2x2 EW.
Proof 1
= (P ® Q) Wy( P®Q)]
=(PoQ)" W; - (PeQ))
=(PRQ)'W2(P®Q)
=W;3

W3 is a hermitian matriz

(aEh) Wa(a @ b) = (a2 b)[(P© Q) Wa(P 2 Q)|(aw
Ya,b

= (Pa® Qb) Wa(Pa®Qb) >0,

W3 2 0. Therefore,/W3 has at-least one negative eigenvalue.

Lemma 3 If.P € GL,,sand Q'€ GL,,, then P® Q € GLy, C My -

Proof 2
A1 M1
P®Q=(U- -U*)®(V- ,
Am Hn,
A1 1

b)

=U®YV) ® U* V™).

>\m Hn



Let R denote the matrix in the brackets. Then
det [(U@V) "R (UV)"| =det(U®V)-det R - det ((U®V)*) =det R # 0,

hence P ® Q € GL,,,. O

Lemma 4 Sylvester’s law of inertia If P and P~ are in M, (i.e. P € GL,,), then
v(PHP*) =v(H).

Here v(-) denotes the inertia indez.

Lemma 5 Let A,B € M,,. Then A and B are congruent if and only if there exists P € GL,, $such that A = PBP*.
Notation: A~ B = v(A) =v(B).

Lemma 6 If, in addition, A = A* and B = B*, then

Lemma 7 If W is a 2 x 2 EW, then
(i) v(W) = (1,0,3);

(ii) W has exactly one negative eigenvalue.

Proof 3 We prove the statement in two parts: at least one negative eigenvalue, and at most one negative eigenvalue.

Part 1: At least one negative eigenvalue.

Let W be a 2 x 2 entanglement witness. By definition, Wis Hermitian, and there exists some vector x € C? @ C?
such that z*Wax < 0.

Since a Hermitian matrix is positive semi-definite if and only if all its eigenvalues are 0 or positive, which is
equivalent to x*Wx > 0 for all vectors x.

Because there exists x with x*Wax < 0, W is not positive semi-definite. Therefore, W cannot have all eigenvalues
non-negative, i.e., W has at least one negative eigenvalue.

Part 2: At most one negative eigenvalue.
We prove this by contradiction. Assume.that W has at least two negative eigenvalues.
Since W is Hermitian, it is unitarily diagonalizable:

A

A2

4
W=U " U* =" X\jujul
j=1

A4
where U = (u1,ug, us, uq) is unitary, and {u;} are orthonormal eigenvectors with real eigenvalues \;.

Sort the eigenvalues in decreasing order. By our assumption that there are at least two negative eigenvalues, we
have:

A > A >0> A3 > A\

Let V. = (span{usz,us} C C? ® C% = C* be the subspace spanned by the eigenvectors corresponding to negative
etgenvalues. Then dimV = 2.

Claim:( V' contains a non-zero product vector a ® b.
Proof of claim: There is a natural isomorphism between C? @ C? and My(C) (the space of 2 x 2 complex matrices),
given by:

S1

S S1 S
2 152
S3 53 S84

S4



Under this correspondence, a non-zero vector is a product vector a®b if and only if the corresponding matriz has rank
1, which is equivalent to its determinant being zero:

s$1 8
det ( ! 2) =0 <= 5184 = S953.
53 S4

Let the two basis vectors ug,uq correspond to matrices A, B € Ms(C). Any vector in V is a linear combination
xus + yuy, which corresponds to the matriz A+ yB.
Consider the equation:

det(zA+yB) = 0.

This is a homogeneous quadratic equation in x and y. Over the complex numbers, a homogeneous quadratic equation
always has a non-trivial solution (zq,yo) # (0,0).

For this solution, the matriz oA + yoB has determinant zero, hence rank < 1. Since xg,yo are not both zero, the
matriz is non-zero, so its rank is exactly 1. Therefore, the corresponding vector xous + Yous is a non-zero product
vectora@be V.

This proves the claim.

Now we derive the contradiction. Since a @ b € V = spanf{us,uys}, we can write:
a® b= xuz+ yuy

for some scalars x,y € C, not both zero.
Compute the quadratic form:

(a®@b)" W(a®0b) = (zus + yug) Wo(zus + yuy).
Since us,uyq are orthonormal eigenvectors with eigenvalues Azgy Ay < 0, the cross terms vanish and we get:
(a®b) W (a®b) = |z[*Xs]lus§+ Yyl Aaluall® = [2]*X5 + |y|*Aa-
Since A3 < 0, Ay <0, and x,y are not both zero, we-have:
(a@by*W(a®b) <0.

On the other hand, since W is an entanglement witness, by definition the quadratic form is non-negative on all
product states:

(a®b)*W(a®b) > 0.

This is a contradiction. Therefore, our assumption that W has at least two negative eigenvalues is false. Hence,
W has at most one negative eigenvalue.

Looking at both Part 1 and Part 2, we find that every 2 X2 entanglement witness has exactly one negative eigenvalue.

|
B. Proofof 2 x n EW matrix have at most n — 1 negative eigenvalue
Suppose the Hermitian matrix H € C?"*2" has k negative eigenvalues A1, ..., \; < 0, with corresponding orthonor-
mal eigenvectors wq, .., urs Define
U= fur ],

which satisfies
U'U = Iy, U*HU = diag(A1,...,Ax) < 0.
We proceed by contradiction. Assume k > N. Take the first NV eigenvectors and construct

V= [ul UN] S CQNXN.
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It follows that
V*V:IN, V*HV:AN-<O,

where Ay = diag(A1, ..., Ay). Partition V as

— X NXN
V—<Y>, X,Y e CN*V,

We suggest that a nonzero vector @ € CV exists such that

Case 1: X is singular. Since det X = 0, the homogeneous equation Xa = 0 has a nontrivial solution. Choose a
nonzero vector a such that Xa = 0. Then
0
Va= (Ya) .

As V has full column rank, Va # 0, which implies Ya # 0. Consequently, Xa =0 -Ya.

Case 2: Y is singular. By symmetry, there exists a nonzero vector a satisfying Ya = 0 and Xa # 0, so
Ya=0-Xa.

Case 3: Both X and Y are invertible. Set 7 =YX ~! € CV*¥, Then T is invertible. Every complex square
matrix possesses eigenvalues, so there exist a nonzero vector w € € _and a nonzero complex scalar u such that
Tw = pw. Let @ = X 'w; clearly @ # 0. Substitution yields

Xa =w, Ya =Tw=pw.

Hence Ya =y Xa.
for some nonzero y € CV and p € C. Set z = Va. On one hand,

z*Hz=a"V*HVa=a*"Aya < 0.

Moreover, z is a separable vector of the form (,uyy> According to the definition of entanglement witness, z*Hz > 0.

This yields a contradiction.
Therefore, the assumption k£ > N fails, and'we.conclude k£ < n — 1.

C. «Proof of 2 x N space without product vector

Let H be a 2N x 2N Hermitian entanglement witness matrix. Then the number of linearly independent eigenvectors
associated with the negative eigenvalues of H is at most N-1 .Assume dim S > N, i.e. the total dimension of the negative
eigenspace is at least N. From' this negative eigenspace .S, pick N linearly independent eigenvectors and form the
matrix

V= [ul Uy - uN] € C2NxN,

Since H is Hermitian, eigenvectors belonging to distinct eigenvalues are orthogonal, and for a repeated eigenvalue we
may choose an orthonormal basis. Thus we can take V' such that

V'V = Iy, V*HV <0.

Partition. V' into upper'and lower N x N blocks:

— X NXxN
V‘(Y)’ X, YeC .

We look for a nonzero vector @ € CV*1 such that

Xa
Va= <Ya>
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is a product vector. This means that there exists a scalar p € C for which the two blocks are proportional; more
precisely, a product vector has the form (ay; By), which covers the cases Xa = 0, Ya # 0 (take « =0, 8 = 1) and
Xa #0,Ya =0 (take a« = 1, 8 = 0), as well as the generic proportional case Ya = uXa.

We distinguish three cases.

Case 1: X is singular. Then det X = 0, so the homogeneous system Xa = 0 has a nonzero solution a. Because
the columns of V are linearly independent, Va # 0; hence Ya # 0. Thus Va = (0;Ya) is a nonzero product vector
(witha =0, 5 =1).

Case 2: Y is singular. Similarly, a nonzero a with Ya = 0 exists. Again Va # 0, so Xa # 0. Now Va = (Xa;0)
is a nonzero product vector (with « =1, 8 = 0).

Case 3: X and Y are both invertible. Let i be one of the eigenvalue of the matrix YX-1'and b # 0 a
corresponding eigenvector:

YX b= pb.
Set @ = X ~'b # 0. Then
Xa =b, Ya=YX b= pub,

so Ya = puXa. Hence Va = (b; ub) is a nonzero product vector.
In every case we obtain a nonzero product vector w = Va. For this vector,

w*Hw =a*(V*HV)a <0,

because V*HV is negative definite. On the other hand, an entanglement witness matrix H satisfies w*Hw > 0 for
every product vector w. The assumption dim S > N is false is shown from this contradiction. Therefore

dim$S < N —1;
i.e. the number of linearly independent eigenvectors that are associated with negative eigenvalues is at most N — 1.

D. Construction of entanglement witnesses on/C%® C" with k negative eigenvalues, 1 <k <n—1

We construct d)j =€ ® fj +cjr1€2 @ fj+1 € C? ®(Cn, and 0 < ¢ < - < ¢poo < Cp_1. Lo = {61762}, I, =

{f17f27~~'1fn}~

n—1
P=Y 4\ W =P, (Tx®Ig)oP =P

=1
We expand on P.
1#]1/1; = (61 & fj +cjr1e2® fj+1) (eil' & f; +¢jt1 e;— ® f;—;l) (38)
=(e1® fi)(e] ®f])+ (1@ f)cir1es @ fiy1) + (cirrea® fira)(ef ® f7)+ (cje1e2® fig1)(cir1es @ fiyy)
(39)
= (e1e] ) ® (fif]) +ejma(eres ) @ (fifr1) + cjrileae] ) ® (fi1f]) + Fiileaes ) ® (fi1fiin)- (40)

And we know (¢;9%)F = (Ta ® Ip) o (¥;47).
W = (1)) & UM da(ered) @ (Fi50) + crnleaed) © (i £7) + 2 paleaed) © (i Fivn):

W must be an EW and have n/— 1 negative eigenvalues. We prove it via the following (i), (ii) and (iii).

(i) The first ‘thing is prove that W is Hermitian.
Recall that ¢; € R™*". P* =;¢7 = P. So P is Hermitian.

W* = (PF)* _ (P*)F :PF =W.

So W' is also Hermitian.

(if) We need to prove (a ® b)*W(a ® b) > 0. (product vector positive semi-definite).
We introduce a lemma.
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Lemma 8 Tr(AB) = Tr(BA).
FOT’ TI‘(AB), (AB)ij = Z:l AikBik-

n n n

i=1 i=1 k=1

For Tr(BA), (BA)k, = > BriAig.

3

By Ay

=1

Tr(BA) = Y (BA)wk

k=1 k

Il
-

And we find that 7 S0 ApBri = S0 S BryAge. So Tr(AB) = Te(BA). W
Now we return to W. Let (a ® b)* = A, W(a®b) = B.
Tr(AB) =Tr [(a®b)*W(a®b)] = (a®b)*- W - (a®D) (41)
=Tr(BA) =Tr [W(a®b)(a®b)*]. (42)
Using W = P, we have
Tr [W-(a®b)(a®b)*] =Tr [P" - (a®b)(a®b)*]
(Ta®Ip)o P (a®b)(aa b)*}

[
[Stesel @D P (el @ 1)) - (a@b)awb)}

3.k

{
{
=T {P- Y (esef @)@ b)(a@b)(eje] @ 1)}
{
{

=" ®b*) P (@x®b), ltv=axb.

=v*Pv > 0.

(iii) We prove that W has exactly n=— 1 negative eigenvalues.
Take a set of bases for the full space of C?> ® C™.

B={e1® fiyea®f1, e1® fa, e2® fo,e1 @ f3,..., 2@ frn1, €1 ® fn, e2® frn}.
The entries of W have four_categories by means of (38).
L (e1 ® fi)(ef ® ff)
2. cir1(er ® fj)(e5 ®.f51 1)
3. cipi(el ® f1)(e2 ® fiv)
4. c5 1 (0@ fi1)(e3@ fii1)

If we expand W, we canfind

By
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For By, basis (e2 ® f1, €1 ® f2)

0 c
Blz(c2 12), det By =0-1—c3=—c3 <0.

The determinant of Hermitian 2 x 2 matrix is negative, which means one positive eigenvalue and one negative eigenvalue
exists.
For Bj, 2 S j S n — 2, basis (62 X fjv e1 ® fj+1)~

2
cioc
) j Jj+1 ) 2.1 _ 2 2 _ 2
B]—<cj+1 1 ), det B =cj-1—cj 4 =cj —cjq <O.
Wekn0W0<cl<02<~-~<cn,1,soc?+1>c?.

det B; = c? — C? 11 <0. As same as B;. The eigenvalues of B; are one positive and one negative.

For B,,_1, basis (e2 ® fn_1, 1 ® fn).

2
By = (Cz_l Cg;) , detB,_1=ci_; - 0—ci=—c2 <0
n

So the eigenvalues of B,,_; have one positive and one negative.

There are n — 1 B; matrices and each matrix have one negative eigenvalue. “And other n eigenvalues are all
non-negative. So W have n — 1 negative eigenvalues.

So W is entanglement witness and has n — 1 negative eigenvalues.

In the following, we construct an 2 x n EW of exactly k € [1,n — 1] negative eigenvalues.
Fora2xnEW W = Z?Zl Ajzjzs, we construct a 2 x n EW

k
Wi =W+> nsil wnrirhyd (ke{l,...,n})

=2

which can have [1,n — 1] negative eigenvalues.
First we need to prove that W is still entanglement witness.

1. W is Hermitian matrix, |A|zz* is still Hermitian matrix, and the addition of two Hermitian matrices still results
in a Hermitian matrix.

2. W7 have negative eigenvalue so W7 is not a.positive semi-definite matrix.
3.
(a@b)" W (a@b)=(a®@b)*W(a®b)+ |\ (a®b)"zz"(a ® D).
Because W is EW so (a ® b)*Wi(a ® b) > 0.
I\i| - (a@b)*zx*(a®b) = |\ - |2*(a @ b)|* > 0.
So (a®b)*Wi(a®b) > 0:
And then we need to prove that W; have [1,n — 1] negative eigenvalues.
When k=2, Wy =W + ‘)\n+2| 1‘n+2$2+2.
We have |\ 2| = #Ang2, T 0Tpi2 = 1.
Wlxn+2 = Wxn+2 + |>\n+2‘ xn+2$:¢+2xn+2
= )\n+2xn+2 + |)\n+2|xn+2 -1
= (An+2 - )\n+2)xn+2 =0.

So original negative (eigenvalue A has now become zero.
For other, eigenvectors’y of W.

Wiy = Wy + | Anye| Tniory, 1oy = Wy 4+ 0 = py.

So among the original n — 1 negative eigenvalues, one has been “raised” to 0, while the remaining n — 2 negative
eigenvalues remain unchanged.

As k increase, it is easy to see that more and more negative eigenvalues become 0, but the remaining negative
eigenvalues remain unchanged.

So Wj have [1,n — 1] negative eigenvalues.



14
E. An example of a 2 x N subspace of dimension N - 1 containing no product vector

In this subsection, we construct a 2IN x 2N diagonal unitary matrix:
Let C2®CY be the bipartite complex tensor product space of total dimension 2N. Let {e;, e>} denote the standard
basis of C2, and let {f,, f5,. .., f,,} denote the standard basis of CV. Define the linearly independent vectors

vy=e1®@fr+e® fr, k=12,...,N—-1, (43)
and let S = span{vy,va,...,vx_1}. Then
1. dimS=N —1;
2. S contains no nonzero product vectors. That is, there exists no nonzero € S that can be written as u ® v for
some u € C? and v € CV.

Step 1. Dimension. For each index k € {1,2,..., N — 1}, the vector v; has a unique nonzero entry at the position
corresponding to e; ® f,, which does not exist in any other v; with j # k. Hence the set {v1,03,...,vx_1} is linearly
independent, and therefore dimS = N — 1.

Step 2. No nonzero product vectors. We proceed by contradiction. Assume there éxists a nonzero vector x € S
such that & = u ® v for some u € C? and v € CV. Write

U1

U1 U2
u = y v = .
u2 .

Un
By definition of the tensor product,

uU1v1
U1v2

U1
U2V1
U2V2

URQU =

U2Vn,
Let ; € CV be the first N components of &,‘and.zs € CV be the last N components. The product structure implies

U2
To=Ax1, A=—,
Uy

i.e. the two blocks are linearly proportional.
On the other hand, since € S,«there exist coefficients ¢y, ca,...,c,—1 € C such that

n—1
r = E CrUE.
k=1

Expanding component-wise gives

C1 0
C2 C1
— . — C
L1 = : ; T2 = 2
Cn—1
0 Cn—1

Substituting into the proportionality condition o = Az yields the system

0= )\Cl,
c1 = Aca,
C2 :)\63,

Ch—1 = A-0.
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From the last equation we obtain ¢,_; = 0. Substituting backwards, we inductively get ¢,,_o =0, ..., ¢c; = 0. Thus
x = 0, contradicting the assumption that x is nonzero.
Therefore, S contains no nonzero product vectors.

F. proof of 2 x 2 EW have a (1,0,3) inertia index

Let W be a 2 x 2 entanglement witness. Then In(W) = (1,0, 3).
Let W be a 2 x 2 EW of inertia

In(W)=(1,a,3 — a), a € [0,3].
(i)a=3
4
W=> Najzi, A=A >X>0> A\
j=1
Thus W = A4}, Since x4 # 0, not every product vector is orthogonal to x4 (otherwise vectorization forces x4 = 0).
Hence 3 a ® b := ¢ such that
We = c*(M\gzary)e = Ay - (c*2q) - (Thc) = Npe |e¥a4]?.
Since Ay < 0 and |c*x4]? > 0, we have ¢*We < 0, a contradiction.
(i) a = 2

4
W:Z)\jl‘j.ﬂj, A <0 < M.
j=1

Lemma 9 Let V C C? ® C? have dimension three. Then V. is spanned by product vectors.

Since dimV = 3, we have dimV+ =4 — 3 =1, s0.V- = span{t}.

Case 1: v is a product vector. By a local unitarytransformation, assume b = e; ® e1. Take the standard product
basis

e1®ey, ne1 ey, ex®e;, ez es.

Among them, e; ® ea, ea ® e1, and es ® és. are_all orthogonal to v = e; ® ey, and they are linearly independent. So
these three product vectors all lie in V', and since dimV = 3, they span V.
Case 2: ¢ is an entangled vector. Then ¥ can be written as

= Aier ® e; + Aaex @ ea.
A product vector u @ v, with u =(x,y)T and v = (s,t)T, is orthogonal to v iff
A1zs + Ayt = 0.

We find three groups (®y,y; s,t) satisfying this equation:
lL.xz=1,y=0;s=0,t=1 = e1®eq, sinceA;-1-0+X-0-1=0;
2.2=0,y=1, s=1, t=0 = es®eq, since \; -0-14+Xy-1-0=0;

o x=d, y=1; s=4, t=—X /A, since \y - 1- 14+ Xy-1-(=X1/A2) =0.

All three product vectors e; @ ez, ea ey, and (1,1)T @ (1, =\1/X2)T are linearly independent. Since dimV = 3, these
three product vectors span' V. N

Now take a three-dimensional subspace V' = span{zy4, 23, z2}. Then V is orthogonal to x1, and by the Lemma V is
spanned by product vectors. Hence there exists a product vector

C1 = MoZ2 + (3X3 + 4Ty
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with pg4 # 0 (otherwise all product vectors in V' would lie in span{xs, x5}, which is only two-dimensional). Because
C1 1 1,

iWer = |pa?As <0,

a contradiction.
(iii) a=1

W = )\41‘4562 + /\21‘21‘; + /\1I1IT, A <0< Ay < A

Take a two-dimensional space U; = span{z4,x3}. This space has only the negative eigen-direction and the zero
eigen-direction. If we can find ¢ = a ® b in Uy with pg # 0, then

cWe = |pa*Xq <0.
So the problem transforms to: is there a product vector with z4-component in U; = span{x4,z3}?
Situation A: U; can be spanned by two product vectors. Then those two product vectors must have one with

non-zero xr4-component; otherwise they are linearly correlated and cannot span two dimensions. Hence we are done.
Situation B: U; cannot be spanned by two product vectors.

Lemma 10 Any two-dimensional subspace of C?> @ C? not spanned by product vectors is SLOCC-equivalent to
Vo = span{e; ® e1 +e2 R ez, €1 @€5}.
|
Under the vectorization isomorphism:
e1 e +exRex — <1 0), el ®ey — <O 1).
01 00

Take v € Va:

v =1x(e1 Rlep+er ®ea)+yler ®ea).

& 1) +v(34)= (5 2):

Then

When det(M,,) = 0 and M, is not the.zero matrix, the rank of M, is 1, i.e. v is a product vector. Now

xy—-—~:2: =
det(ox)—a:x y-0=z 0 = xz=0.

So M, = (8 g) =y (8 (1]), e. y - (61 ® eg). Thus V5 cannot be spanned by product vectors.
In V3, the only preduct yvector direction is e; ® es.
Under the V4 type, through alocal unitary transformation, assume z3 = e; ® e. Since x4 L x3, the matrix of x4

. (a0 pa q
is (c d)' A general element pz4 + grs € Uy corresponds to <pc pd)

Va-type, this vanishes for only one direction (p = 0), so ¢ = 0. Thus x4 is diagonal; after rescaling,

with determinant p(pad — qc). Since U; is of

T3 =e1 Q e, ra=AegRer+ea®ey, A>0.
The positive eigenvectors are orthogonal to z3 and x4, so
rj=pjle1®er — ez ®ez) +rjea ey, =12
In‘components:

x4 = (A\,0,0,1), x3 = (0,1,0,0), zj = (pj,0,75, —Ap;j).
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Take v = (1,p) ® (1,¢), and assume pg = %, S0 q = %p. Then

Negative eigen-direction x,:

1 1 1\°
vieg=1-A+—-1=X+ -, viagP=(A+ <] >0.
4 : oo k= (A 3)
Zero eigen-direction x3:
1
vy = —,
3 p
but A3 = 0, so there is no contribution.
Positive eigen-direction z;:
1 i e (AD) = s D — P — 1 2 22
vzg=1l-pjt+p-r;+ (=Apj) = pj +7jp —pj = 7D, fo* 25" = [rs]°|p|°.

A

Therefore

2
VW = v a2 + M |orz]? 4 Aefvias]? = M (A + %) + (A1l 2+ Aa|r2]?) [p].

Since Ay(A + +)? < 0 is a fixed negative number and the second termy is non-negative and tends to 0 as [p| — 0, for
sufficiently small |p| > 0 (note p # 0 since ¢ = 1/(Ap)) we have v*Wwv < 0.

Since v is a product vector, this contradicts the definition of an entanglement witness.

Both Situation A and Situation B lead to a contradictiony.so’a = 1 is impossible.

Conclusion:

The cases a = 3,2, 1 are all impossible. Therefore.a = 0; and

In(W) = (1,0,3).

IV. CONCLUSION

We showed that for a 2 X n entanglement witness, it has at most n — 1 negative eigenvalues. We proceeded this
proof by first establishing the 2 x 2 case via a geometric rank-one argument. We then extended to the general 2 x n
case through a dimensional analysis of the negative eigenspace. Moreover, the method we used for construction
demonstrates that every integer between 1 and n — 1 can be realized as the number of negative eigenvalues of some
2 x n entanglement witness, These results completely resolve the negative eigenvalue counting problem for the 2 x n
bipartite system. We also.proved that the inertia index of 2 X 2 entanglement witness is (1,0,3).

Our results suggest several directions for future investigation. A most immediate problem is the generalization
to general m x n bipartite systems. In this setting, the question reduces to determining the maximal dimension
of a subspace of M, %, (C) coutaining no rank-one matrices. It remains to be seen whether this bound is always
attainable by entanglement-witnesses, and whether sharper bounds exist for m # n. Another challenging direction
is the extension to multipartite systems C% ® - -- ® C%. Here the notion of separability is leading to different types
of entanglement witnesses and correspondingly different constraints on negative eigenvalue counts. The geometric
problem now involvestsubspaces avoiding matrices of tensor rank one, or more generally, avoiding states that are
separable across certain partitions. A complete characterization in the multipartite setting appears to be a difficult
but worthwhile and meaningful open problem.
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V. APPENDIX
Appendix A: Proof of Properties of Hermitian Matrices
Proof for real eigenvalues:

Let A be a n x n Hermitian matrix, A = A*. Let A be an eigenvalue of A, and let v be a corresponding eigenvector,

v # 0.
Av =

(Av)* = (Ao)*

vRA* = o
Since A = A*,
v*A = \v*
Now, multiplying v* on the left of Av = Av:
v*Av = Av*v

Similarly, multiplying v on the right of v*A = Av*:

v¥Av = \vfv

Therefore,
Mvfo = Av*v
A= Nv*o =0
Since v # 0,
A=A

Thus A is equal to its own complex conjugate, which means X is real.

Proof for orthogonal eigenvectors:

Let A be a Hermitian matrix. Let A1 # A2 be two distinct eigenvalues of A, and let v1,vs be corresponding
eigenvectors, vy, vy # 0.

Avy = M1,  Avg = Aovg
Taking conjugate transpose,of the second equation:
vy A* = v
Since A ="A* and A, is real (from the previous result),
vy A = Avj
Now, multiplying v3 on the left of Avy = Ajv;:

vy Avy = Avsuy
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Similarly, multiplying v; on the right of v3A = Aqv3:
vy Avy = Aguiuy
Therefore,
/\111;1}1 = )\Q’US’Ul
(/\1 — )\2)’0;1}1 =0
Since A1 # Ag,

vivy =0

Thus v; and vy are orthogonal.

Proof for unitary diagonalization:

Let A be an n x n Hermitian matrix. We prove by induction on n that there exists a unitary matrix U and a real
diagonal matrix D such that A = UDU*. For n = 1, trivial. Assume true for m.— 1. Let A\; € R be an eigenvalue of

A, and let v; be a corresponding eigenvector with |lv1]| = 1. Extend v; t0 an‘orthonormal basis {v1, wa,...,wy,} of
C". Let

Ulz[vl wo - wn}

Then U; is unitary. Since Av; = A\jv; and A = A*, we have

. Xy 0
Uy AU (01 B)

where B is an (n — 1) x (n — 1) Hermitian matrix./By.induction hypothesis, there exist unitary V' and real diagonal

D’ such that B = VD'V*. Define
B 10 (A O
v2ov) 2= (3 p)
Then U is unitary, D is real diagonal, and

A=UDU*

Thus every Hermitian matrix is unitarily diagonalizable.

Appendix B: Proof of UU = I, = UU"

a b\ (a c\ _ (laP+[b]* ac+bd \ _ (10
cd)\bd)  \ cat+db |c*+]|d?*) \01)"

Let U = (¢ b), a,be,d € C, U* = (%

s

cd
Since UU* = I,

SY

So,
af? + b2 = 1
ac+bd =0
ca+db=0

el + 1> =1
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For U*U,
e L AN A la|> + |c[* ab+cd
bd)\cd) \ ba+dc |b*>+|d?)"
In order to prove U*U = Iy, |al? 4 |c|?> = |b|? 4+ |d|?> = 1 and ab + &d = ba + dc = 0 should be shown.

aé = —bd
lac|* = | — bd|?
laf? - |ef* = [bf? - |df?
jaf?lel* = (1 = lal*)(1 — |c*)
la?lel* =1 — la|* — |c|* + |al?|c]?
la]* + |c]* = 1.
Similarly, [b? + |d|*> = 1
Let S =ab+ cd.
|S|? = (ab + ed)(ab + cd)
|S|? = |a|?|b|? + abed + edab + |c|?|d|?
|S|? = |al?|b|? + cdba + abéd + |c|?|d|?
|S[? = |al*[b]* + |e[*|d|* + (ac) (bd).+(2a) (db)
|S|? = 0.
Since |af? + [b* =1, |e[* + [d|* =1, |a|*|c]* = [b]*|d],
bl* =1el?,  |af? = |d]*.
Then,
|17 = |al?[B]Z =16 [d|* — 2[b]*|d|*
|17 = |al*[b}'— [b]*|d*
|S17°< [BlE(Jal” — 1d]?)
|S|* =.0.

Therefore S = ab + éd = 0. Similarly ba 4 de = 0.
Thus U*U = I,.

Appendix C: Proof for normal matrix

set A as a normal matrix; B as a diagonal matrix, then

U*AU = B
A=UBU~"
A*=UB"U"

AA* = (UBU*)(UB*U*) = UBB*U*
A*A = (UB*U*)(UBU*) = UB*BU*
BB* = B*B

AA* =A"A
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o= OO
oo = O

Appendix D: Proof for EW

€ My ® My

_= o OO

Wl =w*=w

(a®b)*"W(a®Db) = a11bi1 - a11b11 + @12b11 - a11b12 + G112 - a12b11 + G12b12 - ar2bis

a11b11 - a11binr = arrbiiaiibi = (Tnan)(abu) = |(111|2|l711‘2

Q12011 - a11b12 = @i2b11a11b12 = (alzan)(bnbm)

a11b12 - a12b11 = @r1bizai2bi1 = (@ aie)(bi2bi1)

@1ab12 - a12b12 = A12b12a12b12 = (0712012)(@512) = |¢112|2|b12\2

(a®b)* W(a®b) = |ai1*|b11|* + (@1za11) (b11b12) + (@1a12) (b12b11) + |aiz|?|bi2|?

[{a,b)|? = [@i1b11 + G1ab12|?

=(@11b11 + @12b12)(a11b11 + a12b12)

= ¥1111|2|bl1|2 + @i1b11a12b12 + @12b12a11b11 + \Cl12|2|l712|2

= a1 [*[b11|* + (@irar2) (brzbi1) + (@2a11)(b11b12) + |a2|?|bi2|?

(a®b)*W(a®b) = |(a,b)|* = [ar1b11 + Grzbi2|*

(a®b)*W(a®b) >0

21
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Appendix E: Proof for Sylvester’s law of inertia

Let A and B be Hermitian matrices of the same size. Assume B = P*AP for some invertible P. For any nonzero
vector x € C™, we have

2*Bx = 2" P*APx = (Px)" A(Px).

Since P is invertible, the subspaces on which x* Bz > 0, < 0, or = 0 have the same dimensions as the corresponding
subspaces for A. Hence

e The dimension of the subspace on which x*Bx > 0 equals the dimension of the subspace.on which y* Ay > 0,
where y = Pux;

e The same holds for the cases less than 0 and equals 0.

Hence A and B have the same positive, negative, and zero inertia indices:

(ma,va,04) = (7B, VB, 0B).

Suppose A and B have the same inertia. By the spectral theorem, there are‘unitary matrices U4, Up such that

A=UxDAU3, B =UpDgUg,

where

Dy=Dp= dia’g(lﬂ'7 _Il/706) =D.

Thus

A=U,DU%,  B=UyDU}.

From the first equation,

D =U3AU,.

From the second,

D = U},BUp.

Hence

U% AU, = U, BU.

Multiplying on the left by Up and on the right by Uj, we obtain

B = (UgU3)A(UAU).

Let P/~= U,Uj. Since unitary matrices are invertible, P is invertible, and

B =P*AP.

Therefore A and B are congruent.
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