S.-T. Yau High School Science Award

Mathematics Award

Quantitative Local Convergence of Random
Regular Graphs

A Configuration-Model Collision Bound

Student author(s): ),‘nz.' HEM,? Sheng QF‘QEHM Loy
School: N ;‘%bo )_(;a,g SA_; d]'ﬁ?}* gc,/nw(
State/Province: Aﬂd‘mn
Country: ch; O, N
Instructor(s): DAL{_E Z__ UCHE (EOUARDD

Submission_year: 20) b

Research report submitted for consideration in the Mathematics Award



ABSTRACT

A random regular graph is locally similar to the infinite regular tree. We give a detailed
proof of a quantitative convergence rate for a random d regular graph to the d regular
tree in the Benjamini Schramm sense. For fixed integers d > 3 and r» > 1, we show that
the probability that the induced radius r neighborhood of a uniformly chosen vertex in
a uniformly random simple d regular graph on n vertices is not rooted isomorphic to the
corresponding tree neighborhood is Og4,(1/n). We use the configuration model, explore the
neighborhood by breadth first search, and estimate the probability of a collision during the
exploration.

Keywords: random regular graph, configuration model, half-edge pairing, breadth-first
search, local convergence, tree-like neighborhood, collision bound.
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1. INTRODUCTION

Random regular graphs are graphs in which every vertex has the same degree. They
are useful models of sparse networks: the number of edges is only linear in the number of
vertices, but the graph is otherwise random. When n is large, it is difficult to study the
entire graph at once. A natural idea is therefore to choose a typical vertex and inspect only
a fixed-radius neighborhood around it. For a random regular graph, this neighborhood is
usually a tree, because a fixed exploration has only a bounded number of opportunities to
close a cycle while there are nd possible half-edges in total.

The limiting object is the infinite d-regular tree (T, 0). The main statement of this paper
makes the preceding idea quantitative.

Theorem 1.1 (Main theorem). Fiz integers d > 3 and r > 1. For every n.>'d such that nd
is even, let Gy, 4 be a uniformly random simple d-regular graph on |n|, andlet U, be uniform
on [n|, independently of the graph. Then, as n — oo,

PG, a(By (G Un) 2 B, (Tu:0)) = Oy (£ )

1

Here [n] = {1,...,n}, and B,(G,u) is the rooted induced radius-r ball defined in
Section 2.

The proot has three main parts. First, we explore the neighborhood of the root in the
configuration model. Second, we bound the probability that the exploration closes a cycle,
including the possibility of an edge joining two boundary vertices. Finally, we condition on
the graph being simple. The probability of simplicity stays bounded away tfrom zero, so this
conditioning preserves the order 1/n.

2. BACKGROUND: GRAPHS AND THE CONFIGURATION MODEL

2.1. Rooted balls and local convergence. The graphs considered in this paper are d
regular graphs. Every vertex in a d regular graph has degree d.

Example 2.1. Figure 1 illustrates an example of a 2-regular graph.

d-regular graph
where d=2

FIGURE 1. Example of a d-regular graph

However, a d-regular graph could be extended to an extremely large scale, and exploring
it uniformly could be extremely difficult. Thus, instead of studying the entire graph, we are
going to discuss the neighborhood around a typical vertex. If this local neighborhood has a
predictable structure, we can gain insight into the trend of the whole graph.

By choosing a ‘typical vertex’, here we refer to the process of fixing a root, which means
choosing one vertex uniformly at random from all the vertices in the graph. Fix the vertex
and call it a root. This means that for a graph containing n vertices, each vertex has the
possibility of % to be chosen.



In the following, we provide the formal definition for rooted locally finite graphs.

Definition 2.2. (Rooted locally finite graph)
(G, 0)
is a rooted locally finite graph if GG has a finite degree at each vertex and o € V.

Betfore comparing two graphs, we must clarify what it means for them to have«the same
structure. This is the role of graph isomorphism.

Definition 2.3 (Graph isomorphism). Let G and H be two graphs. An isomorphism
between G and H is a bijection f : V(G) — V(H) that preserves adjacency relations. That
18,

{u,v} € B(G) <= {f(u), f(v) € E(V)}
If there exists such a bijection, we say that G is isomorphic to"H .

Moreover, rooted isomorphism refers to the specific case in which the root is preserved.
That is, for the two rooted graph (G, o01) and (H, 03)

f(o1) = 02

Example 2.4. Figure 2 shows two rooted-isomorphic graphs, with the red dot indicating
the root of each graph.

FIGURE 2. Example for rooted isomorphism. Specifically, f(vi) = wuq,

f(v2) = uz, f(vs) = us, f(va) = ug, and f(vs) = u4. Adjacency rela-
tionships are preserved |3].

For the root of a graph, we say that the induced subgraph including exactly all the
vertices within at most distance r is its induced r-ball. Here, we are exploring the properties
of the neighborhood by gradually expanding the radius of the ball r.

Example 2.5. In the following figure, xg is the root of the graph. The blue dots on the left
indicate a 1-ball, while those on the right indicate a 2-ball.



FIGURE 3. Example for an r-ball

For two locally finite rooted graphs G(,v) and (H,w), define
R(G(,v), (H,w)) :=sup{s > 0: Bs(G,v) = Bs(H,w)}.

Subsequently, we have
d((G,v), (H,v)) := 27"

with the convention that 27°° := 0. A sequence of finite random graphs (G,,) converges
locally in the annealed sense to a random rooted graph (Gso, 0) if

(GnyUn) = (Goo,0)

in this metric, where conditional on G,,, the root Uj, is uniform on V(G,,).
The tfollowing type of graphs is probably the most important type that we will consider

Definition 2.6 (Tree). A forest is a graph-with no cycles. A tree is a connected forest.
The infinite tree is the natural limiting object for these local explorations.

Definition 2.7. (Infinite d-regular.tree) The infinite d regular tree is an infinite connected
ograph in which every vertex has degree d and no cycles.

Local convergence refers to the possibility that the neighborhood around a root of a finite
d regular graph becomes-increasingly similar to a neighborhood in the infinite d regular
tree. The pairing construction below provides the probabilistic mechanism for analyzing
this convergence.

2.2. The pairing: construction. When we choose a random d-regular graph, we mean a
graph chosen uniformly from the labeled simple d-regular graphs on vertex set |n|. Directly
sampling from this set is inconvenient because the number of such graphs is very large. The
configuration model gives a convenient equivalent sampling method after conditioning on
simplicity.

For fixed n and d with nd even, the configuration model is constructed as follows:

(1) Give each vertex d distinguishable half-edges.
(2) Pair all nd half-edges in a uniformly random perfect matching.

There are (nd — 1)!! such perfect matchings, and they are all equally likely. Each matched
pair becomes an edge between the vertices incident to its two half-edges. A half-edge may be
paired to another halt-edge at the same vertex, producing a self-loop, and two vertices may
be joined by more than one edge. Therefore the resulting object is generally a multigraph.
We denote it by CM,, 4. Probabilities concerning this matching will be written Pew, 4 when
it is useful to distinguish them from probabilities under the simple-graph law G, 4; the latter
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will be written Pg, ,. The root U, is sampled uniformly from [n], independently of this
matching.

Example 2.8. Figure 4 illustrates an example of the pairing, where the blue lines are the
given vertices and the red lines are the pairing construction.

when Az S

FIGURE 4. Example for the configuration model when d=3

The next lemma records the symmetry that makes sequential exploration possible. Even
after part of the matching has been revealed, the remaining matching is still uniform.

Lemma 2.9. Suppose that some pairs in_a-uniform perfect matching have been revealed.
Choose any remaining half-edge h by a rule measurable with respect to the revealed history.
Conditional on that history, the partner.of h is uniform among all other unmatched half-edges.

Proof. After the revealed pairs arefixed, every perfect matching of the remaining half-edges
is still equally likely: each such. matching extends the revealed partial matching in exactly
one way, and all complete matchings had the same initial probability. If N halt-edges remain,
symmetry therefore gives

1
N —1

P(h_is paired with h’ | revealed history) =

for each of the other N~ 1 half-edges h'.

For example, with 6 half-edges the first partner has probability 1/5. After one pair is
revealed;.the partner of a specified remaining half-edge has probability 1/3. No independence
of successive pairings is being assumed.

Let’s proceed. The configuration model may contain self-loops or multiple edges. The
resulting object is therefore a multigraph rather than a simple graph. Multiple edges and
self-loops are called collisions.

Because a cycle occurs when collisions happen during BF'S, while a tree has no cycles.
Those collisons are considered as unwanted situations that we want to avoid.

Example 2.10. Figure 5 illustrates two collision events, with a multiple edge on the
right and a self-loop on the left. These examples show why cycles may appear during the
exploration.



Vil

063

FIGURE 5. Avoiding collisions and cycles

Definition 2.11 (Simple event). Let S,, be the event that the multigraph produced by
the configuration model has no self-loops and no multiple edges. Equivalently, the outcome
graph is a simple d-regular graph on [n].

We conclude this section with the conditioning fact that connects.the two models.

Lemma 2.12 (Conditioning on simplicity). Conditional on S,,, the_projected configuration
model has the uniform distribution on simple labeled d-reqular-graphs on [n].

Proof. Every configuration projects to a d-regular multigraph. On §,, there are no loops
or multiple edges, so the projection is a simple d-regular graph. Conversely, every simple
d-regular graph has exactly (d!)™ configurations: at each vertex, its d incident edges can be
assigned to the d distinguishable half-edges in d! ways.“Since all configurations were initially
equally likely, all simple graphs have the same«conditional probability. This is the standard
configuration-model argument (see, for example, [4]).

3. NEIGHBORHOOD EXPLORATION

We now describe an exploration that reveals the pairings around the root. We first count
the vertices and half-edges in the tree neighborhood that we hope to obtain.

3.1. Tree enumeration. For a rooted d-regular tree 1,, the root is the only vertex at
distance 0 (to the root). There are d vertices at distance 1, and each vertex at a positive
distance has one parent and d — 1 children. Therefore the number of vertices at distance
exactly k > 1is d(d<1)% L. Then the number of vertices other than the root within distance
r 1S
d((d—1)"—=1)

d— 2 '
Thus theradius r-ball’contains My, +1 vertices and Mg, tree edges. The number of vertices
on the/bouridary is d(d — 1)"~!. Each boundary vertex has d — 1 half-edges left after its edge
to its parent is revealed, so the number of unmatched boundary half-edge is

bar =d(d—1)".

Md,?“:d‘|‘d(d—1)—|—d(d—1)2_|_..._|_d(d_1)’r—1:

3.2. Exploration algorithm. We perform a first-depth exploration starting from a uni-
formly chosen root U,. Starting with the discovered vertex set {U,}, we iteratively reveal
vertices at increasing distances from the root. After reaching level k£, we extend to level
k + 1 by pairing the unmatched half-edges incident to the vertices at level k. We repeat this
process until we have discovered the vertices of the ball of radius r. During exploration, we
reveal half-edge pairings sequentially.

More precisely, give the half-edges a fixed order to break ties, and use the following
procedure.
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Step 1 Mark U,, as discovered and give it level O.

Step 2 Choose an unmatched half-edge at a discovered vertex of level less than r, processing
smaller levels first, and reveal its partner.

Step 3 If the partner belongs to an undiscovered vertex, mark that vertex as discovered and
give it level one greater than the current vertex. The new edge becomes its edge to its
parent. On the contrary, if the partner belongs to an already discovered vertex, record a
collision and stop the procedure.

Step 4 If no collision has occurred, continue until all halt-edges at levels 0,...,r — 1 have been
paired.

If the procedure finishes without a collision, it has revealed exactly Mg, /pairings and
discovered My, + 1 vertices. The revealed edges form the desired rooted tree. There are
still b4, unmatched half-edges at level r.

Our goal is for the induced ball to be a tree. As section 2 mentioned, if a collision occurs,
the explored ball contains a cycle and cannot be a tree. There is one-more point to check:
two of the remaining boundary half-edges might be paired to each other. Such an edge is
part of the induced ball and also creates a cycle. We therefore ¢ontrol both a collision during
the exploration and a boundary-boundary pairing in the.réemaining matching. Edges from
the boundary to vertices outside the discovered set do not belong to the induced radius-r

ball.
Then we bound the probability of both types of bad events.

4. THE COLLISION ESTIMATE'AND THE SIMPLE MODEL

In the previous section, we described.the breadth first search exploration process and
defined the collisions that may occur during this exploration. In this section, we prove that
for fixed d and r, the probability that a-collision occurs during the exploration up to depth
is . A standard approach is to first establish a collision bound conditional on the simple
event Sy, then transfer it to the unconditional setting. It is known [1] that

1—d?
P(S,,) — exp 0 =: 54 > 0.

Thus, for sufficiently large n;P(S,) > % > 0. Consequently, an % bound on the conditional
probability implies an % bound on the unconditional probability.

Proposition 4.1 (Configuration-model bound). For fired d > 3 and r > 1. If nd is
sufficiently large, then

P(Br(CMya,Uy) 2 B, (Tu,0)) = O (“ - ”27”) |

n
For fized d and r, this is Og,(1/n).

Proof. If n < My, + 1, then My (Mg, 4+ 1)/n > 1, so the displayed bound is trivial. We
may therefore assume n > M, + 1 and proceed with the collision-iree exploration.

Reveal the half-edge pairings sequentially, layer by layer, beginning at the uniformly
chosen root U,,. We control two possible sources of collision: a collision among the first Mg,
pairings that discover new vertices, and a pairing between two boundary half-edges atter
those vertices have been discovered.
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Suppose that the first 7 pairings have succeeded without a collision, where 0 < 5 < M, —1.
Then j + 1 vertices have been discovered. They contribute d(j + 1) incident half-edges, of
which 25 have already been paired. Excluding the current half-edge, at most

d(j +1)—2j — 1

unmatched half-edges are incident to discovered vertices and hence can cause a collision.
The current half-edge has

N—-25-1
possible unmatched partners. By theorem 2.9,
iy . . . d(j.+1)
Pom, ,(the next pairing creates a collision | that collision-free history) < N 97 1
’ = ] —_

For sufficiently large n, for example when n > (4My, + 2)/d, every denominator above
is at least N/2. Therefore, writing E; for the event that the first j pairings are collision-free,
the conditional bound above gives Pcn, ,(£; N {a collision at step j+ 1}) < 2(j + 1)/n.
Summing these bounds (a union bound) gives

T G+ )
Pom,, 4(a collision in the first My, pairings) < Z N — 9
jmo v 2
c ng 23 +1) Mg, (Ma, + 1)
e n n '

Condition further on any particular collision-free history of these first M, , pairings. The
remaining matching is uniform by theorem 2.9, and the b4, boundary half-edges are all still
unmatched. For any fixed pair of boundary half-edges, the probability that they are matched

to each other is 1/(N — 2My, — 1).“A“union bound over the (bdQ’"“) pairs gives, uniformly
over all such histories,

Pom,, 4(a boundary—boundary pairing | that history)

o [ as 1 - ba,r(bd,r — 1)7
=\2 )N oMy, 1= dn

where the last_inequality uses the same sufficiently-large-n condition. Averaging over the
collision-free histories gives the same bound conditional on no early collision.

If neithertype of eollision occurs, every newly exposed vertex is new. All half-edges
incident. to levels O, ...,r — 1 have already been exposed, so the only edges between vertices
at distance at most r are the tree edges. Any remaining boundary half-edge paired to a
halt-edge outside the explored set cannot put that new vertex within distance r: every path
of length at most » would have entered it through a half-edge incident to a level < r vertex,
and all such half-edges were already exposed. Thus the new vertex is at distance at least r+1
and does not belong to the induced radius-r ball. Hence the rooted induced ball is B, (T, o).
Combining the two bounds proves the displayed inequality. Finally, Mg, = Oq((d — 1)")
and bg, = Og4((d —1)"), which gives the stated order of magnitude.

5. THE PROBABILITY OF SIMPLICITY

The previous sections established that a fixed neighborhood in the configuration model
agrees with the corresponding neighborhood of the infinite d-regular tree with probability
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1 — Og4,(1/n). This section goes a step further. First, we are going to show the general
convergence trend via Poisson distribution, then condition on it’s simplicity.

5.1. Exploring the convergence rate. We index each possible selt-loop or parallel edges
by ¢+ € I,,. Recall that a selt-loop is two half-edges at one vertex pair together and a
double-edge is two distinct vertices have two pairs of half-edges paired. Let B; be the i-th
bad event, i.e. self-loop or parallel edges, happen. Its complement B; is the event that the
bad event does not happen.

We would like to introduce the indicator variable

o 1, B, occurs,
X 0, B, does not occur.

Each indicator records whether one self-loop or double-edge appears. Moreover,

Xn:ZXi:Ln‘|‘Dn
€1,

where L,, is the number of selt-loops and D,, is the number of unordered pairs of parallel edges

between distinct vertices. If m edges join the same two distinct vertices, they contribute
(f';l) to D,,. For example, three parallel edges contribute three, not one. Thus

Sp={Ln=0,D, =0} ={xs =0} = () B
1€y
The events B; are not independent, so the probability of this intersection cannot in general
be replaced by a product of probabilities.

We expect each of the two bad events.to be rare. A Poisson distribution often describes
the total number of rare events when their dependence is sufficiently weak. We establish this
using counting and inclusion exclusion,a method known as Brun’s sieve. See |5, Section 8.3,
Theorem 8.3.1]. A random variable Z has the Poisson distribution with parameter y > 0 if

P(Z=t)=e " t=0,1,2,...

The first step is calculating the limiting mean. Let’s first compute the mean number of

self-loops. Each vertex has (g) possible pairs of half-edges, so there are n(g) possible pairs

in total. Recalling Lemma 2.9

1
nd—1

Pen,, ,(one particular pair is matched) =

Thus by linearity of expectation,

5 =: 0.
9 1

d\ 1  ndld-1) d-1
nd—1 2(nd—1) 2

ECMn,d(Ln) — n(

Similarly, let’s compute the mean number of double-edge. We choose two distinct vertices

u and v from all n vertices. There are (g) choices. WE then choose two half-edges at
2

each vertex which there are (g) choices. Say the half-edges chosen from w are a,b and

those chosen from v are c¢,e. There are exactly two ways to pair them across the vertices:

(a,c), (b,e) or (a,e), (b,c). For either pairing the probability that both pairs occur is
1
(nd —1)(nd — 3)
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Indeed the first specified pair has probability 1/(nd — 1) and conditional on it we have the
second has probability 1/(nd — 3). So

(n) (d\” 2 (d-1)?
ECMW(D”)_<2> (2) (nd —1)(nd—3) =~ 4 G2

By adding 6 and 65 we can see that

d? —1
4

Ecwm, ,(xn) = Y Pom, ,(Bi) = 61 + 02 =
€1,

So we have

Theorem 5.1. For fired d > 3, as n — oo through integers with nd even,

t d2 1
PoM,, ,(Xn =t) — e_“% for every fixed t > 0, b=

In particular,

_ d* — 1
Pom,, 4(Sn) — e H =exp | — 7 > 0.

Remark 5.2. This simplicity limit is classical. It follows from the enumeration of Bender and
Canfield [1]. We give the counting the inclusion-exclusion proof here so that the dependence
between the bad events is addressed explicitly. The proof of this theorem will be shown
later.

Lemma 5.3. Suppose q disjoint pairs of half~edges are prescribed, with no half-edge appearing
in more than one pair. In a uniform. perfect matching of N = nd > 2q half-edges, the
probability that all of these pairs occurs

q—1 1
j=0

We set po(N) = 1. If two_prescriptions require the same half-edge to have different partner,
their joint probability is zero.

Proof. Reveal the prescribed pairs one in a time. By Lemma 2.9, after j pairs have
been revealed;the next specified pair occurs with conditional probability 1/(N — 25 — 1).
Multiplying.these conditional probabilities proves the formula. A half-edge has exactly one
partner, which proves'the last statement.

For.the later of this section, for a nonnegative integer x and k > 1, write
() =x(x—1)---(x — k+1), (x)g = 1.
And thus (2), = k!(}).
Lemma 5.4. For every fixed integer k > 0,
Ecm,, ,(xXn)i — 1.

Proof. k = 0 is trivial. For k > 1, (xn)r counts the ordered lists of k£ distinct bad
event /collision, again recall that to be self-loop or parallel-edges, that occur. Therefore

distinct 21,...,2. €1,
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We divide this sum according to whether the patterns use disjoint sets of original vertices.

Patterns on disjoint vertex set. Fix an order of ¢ loop patterns and m double-edge
patterns, with £ +m = k. Together they use q = £ 4+ 2m vertices and prescribe g pairs of
half-edges.

There are (n),/2™ ways to choose the distinct vertex labels for these ordered patterns:
each loop uses one vertex, and the two vertices of each double-edge pattern are unordered.
At every chosen vertex there are (g) ways to choose its two half-edges. Each double-edge
pattern also has two possible pairings. Consequently the number of such lists is exactly

(n)q d qm_ d ’
() (3) 7= ().

By Lemma 5.3 their contribution to the sum is

m(‘j) py(nd) — ((‘j) /d) — oy
k

The limit follows because ¢ is fixed, (n),/n? — 1 and (nd)%pg(nd) — 1. There are () ways
to place the loop patterns among the k£ positions. Summing over ¢ shows that all lists on
disjoint vertex sets contribute a quantity tending to

“(k
) <€> 0105 = (61 + 62)" = p".

¢=0

Patterns sharing a vertex. A listuin which some half-edge is required to have two
different partners contributes zero. For a list with no such conflict, let H be the multigraph
formed by the union of its prescribed pairs. Repeated prescriptions of the same pair are
counted only once. Write v for its. number of vertices and e for its number of edges.

Every vertex of H has degree at least two, since it belongs to a loop or a double-edge
pattern. A loop contributes two to the degree. Moreover two distinct patterns in such a list
that share a vertex must use at least three half-edges there. To see this, suppose they use the
same two half-edges‘at that.vertex. If these are paired together, both patterns must be that
same loop. Otherwise their partners are fixed by the prescribed pairings, and both patterns
must be that same double-edge patterns. Both cases contradict distinctness. Therefore at
least one vertex-has degree greater than two, and the degree-sum formula gives

2e = Z degy(x) > 2w, soe > v + 1.

For fixed d and k, there are only finitely many possible arrangements of vertices and half-
edges in such a list: at most 2k vertices and 2k edges can occur. Choosing v vertex labels
gives at most n' possibilities, and the remaining choices are bounded by a constant depending
only on d and k. Thus there are Og4(n") lists of each arrangement. Each has probability
Pe(nd) = Og(n™°), so its arrangement contributes

Odjk(nv_e) — Odjg(l/n).

Summing over the finitely many arrangements shows that all overlapping lists have total
contribution Og(1/n). Combining the two parts proves the lemma.
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These moments limits give the claimed probabilities. Define

Snk 1= Z Pem, 4 (ﬂ Bz’) = Ecwm, 4 <<>ZL>> : Sn,0 = 1.

Je(7) e
Here each unordered set of £ distinct patterns appears once. By Lemma 5.4,

k

Sn.k — al for every fixed k.

k!

The Bonferroni inequalities (a special union bound, or called inclusion-exclusion bound)
give, for each integer s > 0,

2s+1 9
> (=1)°Spk < Pom, ,(xn = 0) < Y (=1)"Sp .
k=0 k=0

These are the finite truncations used in Brun’s sieve [5, Section 8.3]

proof of Theorem 5.1. First consider t = 0. Fix s and let n —({o0 in the Bonferroni bounds.
We obtain

s+1
Zi (=" < liminf P (Xn =.0)
k| — n—oo CM,,a\Xn
k=0
2s
- _ (—p)"
< lim sup Pon, (Xn = 0) < Z 1

n—oo k—1 .

AS s — oo, both finite sums converges‘toe *. Hence

PGMn,d(Xn =0) —» e ¥,

The same argument proves the limit for every fixed ¢ > 0. The generalized Bonferroni
bounds are

28—|—]. . 23 .
[ TF St
Z (—1)’ ( j) Snit+j < Pem, 4 (Xn = 1) < 2:(—1)*7 ( j) Sntti-
j=0

= t t

Alternatively, we can see that for any integer x > ¢, the truncated binomial sum satisfies

(") = o (T
j=0 i) k)

It is nonnegative for even K and nonpositive for odd K. When z = ¢, the sum equals one.
Multiply by (}). When x < ¢, take the resulting expression to be zero. This bounds the
indicator of {x =t} from above for even K and below for odd K. The identity

(0= (V)

then gives the displayed probability bounds after setting x = v,, and taking expectations.
For fixed s, the terms in these bounds converge to

t )@+



X1V

Letting first n — oo and then s — oo, the lower and upper bounds both tend to

5.2. Conditioning on the simplicity of the graph. Throughout the proofs, we have
worked in the configuration model because it is much easier to analyze. However, the config-
uration model can produce multigraphs containing loops and multiple edges. Theorem 5.1
tells us that the probability of having none of these defects tends to the positive constant
sq. After conditioning on this event, the distribution becomes exactly the uniform simple
d-regular graph by Theorem 2.12.

Proof of Theorem 1.1. Recall from Definition 2.11 that .S;, is the event-that the configuration
model is simple. Define the event

An — {BT(CMn,d7 Un) = Br(Tda 0)}

We are looking for Pcyy, ,(An | Sn), or equivalently an upper-bound on Py, , (A7, | Sn). The
root is independent of the matching, so conditioning on. 5,, leaves it uniform and independent
of the resulting simple graph. Therefore,

]P)Gn,d (Br(Gn,d, Un) & Br(Tqy0))= IP)CMn,d (A5 | Sn)
- Pom, 4(A7, N Sn)
B ]P)CMn,d(Sn)
< PCMn,d (A;:’L)
B PCMn,d(Sn).

By Proposition 4.1, the numerator is at most

Ca.r ba.r(bgr — 1
;ZL’ ) Cd,?“ = Md,’r(Md,r_l_l) | < ( C?i )7

for sufficiently large n. By Theorem 5.1, the denominator is at least s;/2 for sufficiently
large n. Consequently,

QCd,'r

]P)Gn’d (Br(Gn,da Un) 7’1/: B, (Td7 0)) <
Sqn

— Od,,,a(l/n),

which ‘proves the theorem.

6. DISCUSSION

The results of this paper provide a quantitative explanation for the local tree-like structure
of large random regular graphs. When the degree d and the radius r are fixed, the breadth
first exploration exposes only a finite number of half-edges. At each step, however, the
partner half-edge is selected from a set whose size is approximately nd. As a result, the
probability of encountering a previously discovered vertex becomes small as n increases.

In case of collisions, s collision may create a selt-loop, a multiple edge, or an additional
connection within the explored neighborhood. The number of potentially dangerous half-
edges grows with the size of the explored region. Since the number of vertices within distance
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r is of order (d — 1)", the total collision probability is of order

( d — 1)2r

- :

This explains why the neighborhood becomes increasingly similar to the corresponding
neighborhood of the infinite d regular tree.
The configuration model also makes it possible to study the difference between random
multigraphs and random simple graphs. The probability that a configuration produces a
simple graph converges to a positive constant. Therefore, conditioning on simplicity changes
the probability estimates only by a constant factor. The local tree like estimate obtained in
the configuration model consequently remains valid for uniformly random simple d regular
graphs.

The proof relies on the assumption that d and r remain fixed as n tends to infinity. If
the radius grows too quickly with n, the explored neighborhood may contain a number of
vertices comparable to the total number of vertices in the graph. In'that regime, collisions
are no longer sufficiently rare for the present estimate to guarantee a-tree like neighborhood.
A more refined analysis would be needed to study larger radii

In conclusion, the configuration model provides a direct and intuitive method for proving
local convergence. By counting the number of exposed-halt-edges and applying a union
bound, we obtain

B (B, (Goya, Un) 2 By (Ty,0))= Oy (%) |

Thus, from the perspective of a unitormly chosen vertex, a large random regular graph is very
likely to resemble the infinite regular tree within any fixed radius. This local approximation
is useful because it allows properties of-infinite trees to serve as accurate models for the
local behavior of large finite random regular graphs.
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