BRI

iz M RUMERSEAR

Bl LI

[R5 /HX

RS G RNy NI L7

PRI R, R

T‘//E\» XEE@ E 3 An Accelerated Inexact Newton-Type Projection

Method for Quasar-Monotone Nonlinear Equations




An Accelerated Inexact Newton-Type Projection
Method for Quasar-Monotone Nonlinear Equations
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Abstract Yin et al. [Numer. Linear Algebra Appl. 33(1), €70067 (2026)] proposed a
Newton-type projection method with an iteration-complexity bound of O(e~*) for comput-
ing an e-approximate solution. To improve the iteration complexity under mild assump-
tions, we introduce a well-defined enhanced adaptive line search and, by incorporating a
momentum-like acceleration mechanism, develop an accelerated inexact Newton-type projec-
tion method for solving unconstrained nonlinear equations with a quasar-monotone mapping,
where quasar-monotonicity is weaker than both monotonicity and pseudo-monotonicity. We
establish global convergence of the proposed method without requiring Lipschitz continuity
of the underlying mapping. Moreover, under an additional local Lipschitz continuity as-
sumption, the proposed method achieves an iteration-complexity bound of O(e~?2), thereby
improving upon the O(e™%) result in the existing literature. Preliminary numerical experi-
ments on standard nonlinear equations, as well as'applications to Tikhonov-regularized logis-
tic regression problems, demonstrate the effectiveness and practical potential of the proposed
method.
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1 Introduction

In this paper, we consider a system of nonlinear equations (SONE), which arises in numerous
practical applications such as Tikhonov-regularized logistic regression [3, 12, 28], compressed
sensing [26, 16], and traffic assignment problems [17, 18]. The SoNE can be formulated as

¢(x) =0, (1.1)

where € : R" — R” is a continuous mapping. We assume that the solution set of problem (1.1),
denoted by €2, is nonempty, and that € is quasar-monotone; that is, for any z* € €,

¢(z) (z—2%) >0, VzeR™ (1.2)

The quasar-monotonicity condition, introduced in [21, 22], is weaker than both monotonicity
and pseudo-monotonicity. The mapping € is said to be monotone-if

(E(x) —€&(z),z—2) >0, Vz,2€R",
and pseudo-monotone if
(E(2),z—2) >0 = (€(z),a—2) >0, Vz,zeR"
These concepts satisfy the following implication chain:
monotone = pseudo-monotone = quasar-monotone,

while the converse implications de net generally hold. Counterexamples illustrating this fact can
be found in the literature; see, for/example, [9, 14] and the references therein for one-dimensional
constructions.

Among the various methods for solving problem (1.1), the Newton method and its variants
play a fundamental role! /Given an iterate xp € R", the Newton method updates the iterate
according to xx411 ="Tg —|—d1,j, where the search direction dg is an (exact or approximate) solution
of the linear system

Vépd=—¢, (1.3)

with € := €&(zy) and V€& denoting the Jacobian matrix of € at zj, assuming that & is
differentiable.. If thetinitial point is sufficiently close to a solution z* of problem (1.1), at
which VE&(«*) is nonsingular, then the sequence generated by the Newton method converges
superlinearly or quadratically, depending on additional conditions. Nevertheless, the Newton
method may become ineffective or computationally demanding when the Jacobian matrix is
singular or nearly singular. In particular, if V& is singular, the linear system (1.3) may fail to
admit a solution. To address this difficulty, the Gauss—Newton method has been proposed, whose
main idea is to solve a sequence of linear least-squares subproblems. Consider the merit function
®(z) := 4[|€(z)|?. At each iteration, the search direction d{ solves mingegn 1||€) + V&d||?,
which is equivalent to

(VEIVEd = —Vd(z), (1.4)



where V® (7)) = V& €. It is straightforward to verify that the system (1.4) is consistent.
The iterate is then updated by xx11 = xx + dSN. If the initial point zg lies sufficiently close
to a solution x* € 2 with a nonsingular Jacobian, the Gauss—Newton method enjoys quadratic
convergence. However, similar to the Newton method, the system (1.4) becomes ill-conditioned
when V@;—VGk is singular or nearly singular. To mitigate this issue, the Levenberg—Marquardt
(LM) method [13, 20] incorporates a regularization strategy to enhance numerical stability. Yin
et al. [32] proposed a modified inexact LM method by introducing an adaptive inexact criterion,
and numerical results demonstrate its effectiveness and robustness.

For a SoNE problem of the form (1.1), Solodov and Svaiter [23] developed a derivative-free
line search and introduced a projection technique, leading to a globally cenvergent inexact New-
ton method. Since then, this framework has attracted considerable attention, and a variety of
(quasi-)Newton projection-type methods have been proposed; see, e.g., [35, 36, 37, 5, 34, 27].
Under the assumption that € is Lipschitz continuous, the global convergence of these methods
has been established in [36, 37, 5, 27]. Yin et al. [31] combined an inertial-relaxed strategy
with projection techniques and the line search to developran inertial-relaxed Newton-type pro-
jection method, and derived an iteration-complexity botnd of order O(¢~*) for computing an
e-approximate solution to problem (1.1). To the best ofour knowledge, this is the first iteration-
complexity result for Newton-type projection methods“under their assumptions. Nevertheless,
this complexity bound is still suboptimal, which motivates one of the main objectives of the
present work.

Motivated by the above observations, this-paper aims to improve the iteration complexity
for solving unconstrained quasar-monotone.SoNE (1.1) by incorporating an enhanced adaptive
line search together with a momentwm-like acceleration step, thereby proposing an accelerated
inexact Newton-type projection (aiNP) method. The proposed method possesses the following
theoretical properties: (i) The proposed new line search is shown to be well defined. (ii) Without
requiring the Lipschitz continuity of the mapping €, the global convergence of the aiNP method is
guaranteed. (iii) Under an additional local Lipschitz continuity assumption, the method achieves
an iteration-complexity bound of O(¢~?) for computing an e-approximate solution, improving
upon the O(e™*) restlt reported in [31]. Finally, we demonstrate the numerical performance of
the proposed aiNP method on standard nonlinear equations and Tikhonov-regularized logistic
regression problems.

The remainder of this paper is organized as follows. Section 2 presents the proposed aiNP
method and its iterative’ procedure. Section 3 establishes the global convergence and derives
the iteration-complexity bound of the aiNP method. Numerical experiments are reported in
Section4. Finally, ¢oncluding remarks are given in the last section.

2, Algorithm

In this section, we first present an enhanced adaptive line search, followed by a detailed
description of the proposed aiNP method (see Algorithm 1 below).

For inexact Newton-type projection methods, the choice of a suitable step size t; > 0 plays
a crucial role in both theoretical analysis and numerical performance. Yin et al. [31] employed



the line search introduced in [33] to develop a Newton-type projection method. Specifically,
the step size is determined as follows: given parameters v,0 > 0 and 7 € (0,1), compute
ty := max{y7’ : i =0,1,2,...} such that

—QE(CC]€ + tkdk)Tdk > O'tkHdkH2. (2.1)

They established an iteration-complexity bound of order O(e~*), which can be further'improved.
To this end, motivated by the line search in [24], we refine the line search (2.1)~and propose
an enhanced adaptive line search. Specifically, the step size is chosen as t := max{y7’ : i =
0,1,2,...} such that

—Qf(.il?k; + tkdk)—rdk > oty max{%lﬂéf(xk + tkdk)H HdkH7 %QHdkHQ}, (2.2)

where 31 > 0 and s > 0 are perturbation parameters whose selection is beyond the scope of
this paper.
The following lemma shows that the proposed line search (2:2) is well defined.

Lemma 2.1 If the search direction satisfies the descent property, then the line search (2.2) is
well defined; that is, there exists a step size t; > 0 satisfying.(2.2).

Proof. We establish the result by contradiction. Assume that, for all i > 0,
—C(ay, + y7idy) T dy, < o7 max{sal| €k + ' dp) ||| dill, seolldil*}-

Letting ¢ — oo and using the continuity of &; we obtain —&(x) ' dy < 0, which contradicts the
descent property of di. Hence, there exists a step size t; > 0 satisfying (2.2). This completes
the proof. O

Building on the enhanced adaptive line search (2.2) proposed above and the momentum-
like acceleration mechanism discussed in’[29, 15], we now formally present the proposed aiNP
method as follows.

Remark 2.1 (i) Let T4 = & — %@(%). The update step (2.6) can be equivalently

rewritten as
E(zk) " (@ — 21)
| €(2)]2

(ii) The inexactness eriterion (2.3), adapted from [32, 31], is designed to control the ap-

s = (=) + p (0~ €)= =P+ pins. ()

proximation error. In.particular, the first term on the right-hand side of (2.3) guarantees that
llgk|l < py/n for all k, thereby preventing the solution of the system &(zy) + (Mg + vil)dr, = 0
associatedwith (2.4) from being excessively inaccurate.

(i1i) The search direction generated in Step 2 of the aiNP method satisfies a sufficient descent
condition, whose proof can be found in [31, Lemma 1]; that is, for all £ > 0, it holds that

&(ax) "di < —(1 — p)vg|di|* < 0. (2.8)

(iv) For a prescribed tolerance € > 0 in numerical experiments, one may adopt min{||&(x)||,
€@, 11€(2x)]|} < € and ||di|| < € as the stopping criteria. In particular, it is reasonable
to use ||di|| < € as a termination condition. Indeed, if dj = 0, then it follows from (2.3) that
qr = 0, which, together with the definition of g, implies (Zj) = 0. As usual, a point Z is called
an e-approximate solution to SONE (1.1) if it satisfies || &(Z)| < e.



Algorithm 1 The aiNP method
1: Step 0. Initialize xg = z_; € R™. Choose parameters a,p, 7 € (0,1), X\, 0,7, 31, 30 >0,
0<p<2, and & € [{min, Emax] With 0 < Emin < Emax- Set k := 0.
2: Step 1. Compute ||E(zg)||. If ||E(zx)|| = 0, terminate. Select an acceleration parameter

ay € [0,a] and compute T = zp + ag(zr — xx—1). If [|E(ZL)|| = 0, terminate.
3: Step 2. Set vy = &J||€(#x)||}. Choose a positive semidefinite matrix Mj,, and\compute
di, € R™ such that

lakll < pmin{v/n, vgl|dyll}, (2.3)

where

qr = @(fik) + (Mk + l/kf)dk. (2.4)

If ||dk|| = 0, terminate.
4: Step 3. Perform the enhanced adaptive line search. Compute the step size t; := 7'k,
where i is the smallest nonnegative integer ¢ such that

—€(Fy, +r'dy) Ty = o7 max{sa || €(F et wr'di) |1 dill, se2ldi*). (2.5)

Set zr, = Ty + trpdg. If [[€(zx)|| = 0, terminate.
5: Step 4. Update the iterate by

o ) (@ )
T+t = Tk OGP &(z). (2.6)

6: Step 5. Choose k11 € [Emin, Emax), set k := k + 1, and return to Step 1.

3 Convergence Result

In this section, we establish.the global convergence and derive the iteration-complexity bound
of the aiNP method. We first introduce the following assumption.

oo
Assumption 3.1\ The sequences {z}} and {«ay} generated by the aiNP method satisfy > ag||lxr—
k=1
Tp_1]]? < 0.

The following theorem provides a sufficient condition to guarantee that Assumption 3.1 holds
by impesing mild and easily verifiable conditions on the sequence {ay}. Since its proof can be
derived from [1, Theorem 2] and [30, Theorem 3.3], we omit the details.

Theorem 3.1 Let {x;} and {oy} be the sequences generated by the aiNP method. Assume
that there exists a constant a € [0, 1) such that, for some ¥ € (0,1),0 < o < a1 <a <9 <1
for all k > 0, and p = p(¥) := 2(193(119)2% € (0,2). Then Y22, apllzk — wp—1l|* < S50 ok —
xk_1||2 < 0Q.



3.1. Global Convergence

Lemma 3.1 Let {z}, {Zx}, and {zx} be the sequences generated by the aiNP method. Then,
for all z* € Q,
lekss — 212 + s < i — 2|2, ¥ k>0, (5.1)

where
22,2 ~ 2 2 oll%k — Zk||4 -1 )
k1 = (2 = p) max ¢ po”sqty]| Ty — 2|7, po %2W7 P ek — Zkll7 ¢ (32)
Proof. From (2.5) and zp = Ty + txdy, it follows that
€(z1) " (Ex — 2k) = oti max{ser | €(zp) [l dill, se2lldplfZ} > 0. (3.3)
Setting x = z;, in (1.2) yields €(z;) " (zx — 2*) > 0, or equivalently,
E(z) (2" — 2) <0, (3.4)

This implies that Q C H, := {x € R" | &(z,) " (z — z¢) < 0}. Combining (3.3) and (3.4), we
deduce that the hyperplane Hy, := {x € R" | &(z;,) (#'— 2;) = 0} strictly separates &), ¢ H,
from the solution set Q C H, . By the definition of.#;4 in (2.7), 241 is the projection of Zy
onto H, . Since z* € Q C H,_, it follows from [2;Lemma 2.2] that (£541 — 3x) ' (2* — Z41) > 0.
A direct computation gives

N . Lo « . -

=5 lanen =@ g Uhan — 2717 = llawsn — 24l1%) > 0,

ie.,
1k — 232> [Ers1 — 27117 > 2w — Zxl. (3.5)

It follows from (2.7) that x4 — 2* = (1 — p)(Zk — 2*) + p(Tg+1 — ™). Hence,

* ~ * -~ * 2

41 — (12 (L= p) (@ — 27) + p(Ers1 — )|
= (1= pllae — 2*|° + pllzrsr — 27|1° = p(1 = p)ll2s1 — 2kl
Combining this avith the definition of #4411, (3.3), (3.5), and the fact that p € (0,2), we obtain
12 — 2P = lowyr =2 1* = p(| &% — 2717 = l2n1 = 2* %) + p(1 = p)l|Zkr1 — Zxl?
> pllanrs = &l + p(1 = p)ll2kss — Tkl

= p(2 = p)[|Zr+1 —ﬂka

T — 21)
H ||Qf z) |12 &e) 30
B B &(2e) " (T — 21) ?
=2 ”)< TEeN] )
(ot max{a | €(zo)l I dall, sealldil®))?
= p2=7) < 1€C)] ) 37)

We consider two cases for (3.7).



e (i) When max{s||€(zx)||lldxll, s22dil?} = sall€(z)|/||dk|l, combining (3.7) with 2z, =
Ty, + trdy, we obtain

1k — 2|2 = llorsr — 2717 = p(2 = p)o?seitylldill® = p(2 — p)o? sty ]| Tn — 2

o (ii) When max{se||€(z1) |||k, »e2||dk|?>} = s¢2||dk||?, combining (3.7) with zj, =@+ trd,

we obtain
tpo3 || die||* |2 — 2|
12 — 2|1 = llzper — 2> 2 p(2 = p)o? T2 5 = p(2 — p)o’smr e
1€z 1€z 12
On the other hand, from (2.6), (3.6), and the fact that p € (0,2), we have
12 — " |* = llzrer — 22 2 p7H(2 = p)lensfi~GAl*. (3-8)

Combining the above two cases with (3.8), and the definition of'wy in (3.2), we conclude that
(3.1) holds. O

Based on Lemma 3.1, Lemma 3.2 can be established; and its proof is similar to that of
[29, Lemma 3.2] and [15, Lemma 3.2]. Building on this result, we further derive Theorem 3.2,
which is frequently used in the convergence analysis-ofiinertial-type algorithms; see, for example,
[29, 1, 15] and the references therein. The proofs of Lemma 3.2 and Theorem 3.2 are therefore
omitted.

Lemma 3.2 Let {x}, {1}, {2}, and {ey} be the sequences generated by the aiNP method.
For all x* € €, define ¥y := ||, — 2*)|? (k > —1) and &, = ar(1 + ap)|lzx — 211 (K > 0),
and let py be defined in (3.2). Then ¥g.= v¥_1 and Y11 — ¥k + prr1 < ax(Vp — Yg—1) + O for
all k> 0.

Theorem 3.2 Let {zx}, {Zg}, {21}, and {ag} be the sequences generated by the aiNP method.
Suppose that Assumption.3.1.s satisfied. Then, for all z* € , (i)—(ii) hold.

(i) The limit limg_, [Jor =2*| exists.

(ii) The sequence {uy} defined in (3.2) satisfies Y, | g < 00.

Corollary 3.1 Suppose that the assumptions of Theorem 3.2 hold. Then the following state-
ments are valid:
~ . T —_ 2 . ~
(i) T ot | ]| & Timy oo LEZZHE = Timy oo [|lax — 1] = 0.
(ii) The sequenges {zx} and {Zx} are bounded.

Proof. Statement (i) follows from Theorem 3.2(ii) and the definition of py in (3.2). Moreover,
Theorem 3.2(i) implies that {zj} is bounded. Combined with the fact that limg_,o ||2x—Zk—1]] =
0, this further shows that {Z} is also bounded. O

Theorem 3.3 Let {zy}, {Zx}, and {zx} be the sequences generated by the aiNP method.
Suppose that Assumption 3.1 holds and that there exists a constant Qg > 0 such that || M| < Qo
for all K > 0. Then the sequences {x}, {Zr}, and {zx} all converge to the same solution of
problem (1.1).



Proof. We divide the proof into two parts.
(i) We show that lim infy_, ||€(Zx)|| = 0. Suppose, by contradiction, that lim infy_,~ || &(Zg)|| >
0. Then there exists a constant (21 > 0 such that

1€(Z)] = @1, V k= 0. (3.9)
By the continuity of € and the boundedness of {Zy}, there exists a constant Q2 > (J1-such that
1€(@x) || < Q2, Y k> 0. (3.10)
Combining (3.9) and (3.10) with the definition of v and 0 < &pin < & <'Emax, We obtain
Emin@1 < vk = &[|€(@0) (1" < Emax@3, ¥ b 20 (3.11)
It follows from (2.3), (2.4), the triangle inequality, and || M| < Qo that

€@k < [[(My + vl )di|| + llgrll < (M|l + vi)llde || + Pl dil|
< (Qo + (14 P)&max@?) ||| =: Qs]|dk|, (3.12)

where Q3 := Qo + (1 + p)&max@?. Hence, by (3.9),
ldill = Q1/Qs4 ¥V k > 0. (3.13)

On the other hand, from (2.8) and the Cauchy=Schwarz inequality, we have

le@nl _ Q2
L=pve — (1 - p)émin@7’

where the last inequality followsfrom (3.10) and (3.11). Hence, {dj} is bounded. Together with
zk = Tj + trdy, 0 < tx <y, and the boundedness of {Zy}, this implies that {zx} is bounded. By
continuity of &, the sequence {&(z;)} is also bounded, and thus there exists a constant Q4 > 0
such that [|€(z;)| < Qu for'all k > 0, which implies that 1%L < Izt - Combining this
with Corollary 3.1(i), we.deduce that

x| < (3.14)

k—oo k—oo

Together with (3.13).andzx, = &j + trdg, this yields limy_, o, tx = 0. By the adaptive line search
(2.5), we-haye

~&(p + 7 dy) Ty < o7t max{e || €(F + 7 rdi) ||| dills s |dr]?}- (3.16)
Since {7} and {d;} are bounded, there exists a subsequence {k;} such that
Ty, — &' and dy, — d'. (3.17)
Taking k = k; in (3.16), passing to the limit, and using limy_,~ tx = 0 and (3.17), we obtain

—¢@)'d <o. (3.18)



On the other hand, by (2.8), (3.11), and (3.13), we have

2
N

—&(@x) d > (1= p)vgldil® > (1 — p)émn@7 il > (1 *P)éminéh@ >0,
3

which contradicts (3.18). Therefore, lim infy_, ||€(Z)|| = 0.

(ii) We show that {zx}, {Zx}, and {zx} all converge to the same solution of problem (1.1).
By the boundedness of {Zy}, the continuity of &, and the fact that liminf, 5| &(Zx)|| = O,
there exists a subsequence {k;} such that Z, — &’ and ||€(Z,)|| — 0. Hence, by continuity of €&,
it follows that &(z’) = 0, that is, ' € Q. Combining %, — &’ with Corollary.3.1(i), we deduce
that &’ is also an accumulation point of {z}}, and zy,41 — Z’. Setting z* t= ¢’ in Theorem 3.2,
we obtain limy_,o ||zx — Z'|] = lim;_eo |2k, +1 — Z’|| = 0. Therefore, the entire sequence {zy}
converges to &' € Q. By Corollary 3.1(i) and (3.15), it follows that {Zx} and {zx} also converge
to #’. This completes the proof. O

3.2. Iteration-Complexity Analysis

Next, we derive an iteration-complexity bound for computing an e-approximate solution to
problem (1.1). For this purpose, we impose an additional assumption.

Assumption 3.2 The mapping € in problem (1.1) is locally Lipschitz continuous.

From Theorem 3.2(ii) and the definition of sy, it follows that Y oo 2|7k — 2i/|? < oo.
Consequently, there exists a constant ()5 > 0 such that
k—1
S tlF— al? < Qs VE> 1 (3.19)
i=0
Lemma 3.3 Suppose that theiassumptions of Theorem 3.3 and Assumption 3.2 hold. For a
prescribed tolerance € > 0, if\||E(zy)|| > € for all k£ > 0, then the following statements hold:
(i) There exists a constant Qg € (0,7] such that t; > Qg for all k£ > 0.
(ii) There exists a constant ()7 > 0 such that Zi:ol |di||* < Q7 for all k > 1.

Proof. (i) Since ||€(Zx)|| > € for all k > 0, it follows from the definition of v, and & > &min > 0
that

vk = &l €(@) |} > Gmine®, V k> 0. (3.20)
Using arguments analogous to those leading to (3.14), we conclude that {dj} is bounded. Let
ty == 7't and“gp = Z}, + trdy. By the boundedness of {#;}, together with ¢, € (0,7], it
follows~that both {2} and {%;} are bounded. Hence, there exists a compact set A C R" such
that {Zy, 2} € A. By Assumption 3.2 and [6, Theorem 2.1.6], there exists L > 0 such that

1€(z) — €|l < Lllx —yll, ¥V 2,y € A. (3.21)

If t), = ~, then the desired result follows immediately. Otherwise, ¢, does not satisfy the line
search (2.5), i.e.,
—€(2) "dy < oy max{sa[|€(2)|[|dil, se2lldi - (3.22)

We distinguish two possible situations.



e (i-a) Suppose that the maximum is attained at the first term, i.e., max{s¢ ||€(Z) |||l di|l, 2e2||dk||*} =
1| €(z6) |yl Then, by (3.22),

—€ (&) "di < otser || €)1 il
Combining this with ¢, € (0,7], (2.8), (3.12), (3.20), and (3.21), we derive

(1= p)émine |di|> < (1 — p)vglld]|® < —€(Fx) Tdr = (€(2k) — €(F1)) " di — € (%) " dy,
< Ligl|di||” + orse | €(2:) | [ di |
= Liy|ldil* + otrsa (|€(20) || = W&(E@) || + | €E)|)]Idx |
< L£k||dk||2 + UkalL'dekHZ %+ Jfk%1Q3||dkH2
= (L + 0501 Ly + 030 Q3)T .||k ||,

(lfp)TéminE)\
Hence, t; > ThomlntomnOs:

e (i-b) Alternatively, if the maximum is realized by the second term, namely, max{s« ||€(2x)]|||dk ||,
%QHdkHQ} = %QHdkHQ, then (3.22) yields

—@(ﬁ’k)—rdk < Ufk%g”dkHQ.
Combining this with (2.8), (3.20), and (3:21), we obtain

(1= p)émine M |dil” < (1 — p)vhdill® < —€E(@x) "di = (€(2k) — E(@x)) " di — € (%) " dy;
< Lig||dg|* + oty dy]?
= (L -+ U%z)TiltkHdk”Q,

(1_p)T£min5)\

which implies ¢ > 2= o

In both cases, we conclude that there exists Qg > 0 such that ¢, > Qg for all k& > 0.
(ii) Combining.(3.19), part (i), and z; = Z; + t;d;, we obtain

k—1 k—1 k—1
4 2 4 2 2 ~ 2
Q6 > lldill® < tildill® =D #11F: — zl|* < @s,
i=0 i=0 i=0
which yields Zi':ol |di||* < Q5/Q8 := Q7 for all k > 1. This completes the proof. O
Based on Lemma 3.3, we establish an iteration-complexity bound for computing an e-
approximate solution to problem (1.1).

Theorem 3.4 Suppose that the assumptions of Lemma 3.3 hold. Then the proposed aiNP
2
method requires at most {@—‘ iterations to compute an e-approximate solution to (1.1),

where [-] denotes the ceiling function.
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Proof. Let N := {%-‘ Then

Ne = ¢ {Qgcﬂ > Q30 (3:23)

2
Suppose, by contradiction, that the proposed aiNP method does not terminate within N it-
erations. Then || &(Z)|| > € for all & = 0,1,...,N — 1. Combining this with (3.12) and
Lemma 3.3(ii), we obtain fg;; < Qingigl 1€(z)]12 < NG 1dil|2 < Q7. This'implies that
Ne? < Q3Q7, which contradicts (3.23). Therefore, the proof is complete. O

4 Numerical Experiments

In this section, we present a series of numerical experiments to assess the performance of
the proposed aiNP method on standard SoNE benchmark problems and regularized logistic
regression tasks. All experiments were conducted in MATLAB R2025a on a 64-bit workstation
equipped with an Intel(R) Core(TM) Ultra 9 275HX processor operating at 2.70 GHz, 32 GB
of RAM, and running the Windows 11 operating system.

Throughout this section, we compare the proposed aiNP method with two existing inertial
methods, namely IRNM [31, Algorithm 2] and NM [31, Algorithm 2]. The parameter settings of
these methods are adopted from their original references. All methods are terminated whenever
one of the following conditions is satisfieds.||&(x)|| < 1076, ||&(3)|| < 1076, ||&(z)] < 1075,
|dx|| < 1077, or Itr > 500, where “Itr”denotes the iteration number. If Itr > 500, the method is
deemed to have failed and the corresponding result is reported as “NaN”. In the inner iteration,
the linear conjugate gradient «(CG)» method is employed to compute the search direction in
[3, Algorithm 5.2], with initialization similar to that in [32]. Following [8], we choose v =
min{&;||&(Zx)||*, ¢} with ¢«> 0. Unless otherwise specified, the parameters of aiNP are set to
a=0.001,p=09,7=05X=10=001v=1, s =102, 30 = 0.007, p = 1.765, &, = 0.34
and ¢ = 0.001. For the iNP variant without the inertial step, we set ap =0 and p = 1.6.

4.1. Numerical Experiments on Standard SoNE Test Problems

In this subsection,/we employ several benchmark instances to evaluate the numerical
performance of theproposed aiNP method. The four standard SoNE test problems consid-
ered are listed below, where @ in (1.1) is defined by €(z) = (€1(x), €a(x),...,E,(x)) . For
each method and each test problem, the initial point zg is generated by the MATLAB com-
mand “rand(n,1) x 11 — 1”. In the experiments, the problem dimensions are chosen as n =
100, 300, 500, 800 and 1000. All reported results are averaged over five independent runs.

Problem 1. [25]. Set €;(z) =€ —1fori=1,2,...,n.

Problem 2. Modified from [7]. Set &;(z) = 2z; —sin (|z; — 1|) fori=1,2,...,n.

11
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Figure 1: Performance profiles on Time Figure 2: Performanceprofiles on Itr
Problem 3. [29]
€(r) = € —1,
Ci(r) = e""—z;—1fori=2,3,---,n.
Problem 4. [5] &(x) = Az+f(x), where f(z) = (2e% —1, 3e*2 — 1, ..., 3e®1 — 1, 2% — l)T
and
2 -1
-1 271
A =
-1 2 -1
-1 2

The numerical results are reported in Table 1, where “n” denotes the problem dimension,
“Itr” represents the number, of iterations, “Initr” denotes the number of inner CG iterations,
“NF” denotes the number of function evaluations, “Time” represents the computing time, and
“||€*||” denotes the final'residual norm ||&(-)|| at termination.

Following the methodology proposed by Dolan and Moré [10], we employ performance profiles
to assess the numerical performance of the proposed methods. These profiles provide a com-
prehensive statistical comparison among the competing methods, where the uppermost curve
indicates the method exhibiting the best overall performance. Figs. 1-2 present the performance
profiles of “Time” and “Itr”.

The results reported in Table 1 and Figs. 1-2 demonstrate that the proposed aiNP method,
together with its corresponding iNP variant, significantly outperforms the other two methods
in terms of computational time, iteration number, and solution quality. These results further
confirm the effectiveness and robustness of the proposed approaches. Moreover, they clearly in-
dicate that the inertial-relaxed technique is capable of substantially accelerating the convergence
of the Newton-type projection method.

12
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Table 1: Numerical comparison of Problems 1-4

Problem

n

aiNP

iNP

IRNM

NM

Itr/Initr/NF /Time/|| €*||

Itr/Initr/NF /Time/|| €*||

Itr/Initr/NF /Time/||E*|]

Itr/Initr/NF /Time/|| €*||

100

300

500

800

1000

21.0/328.4/85.8/0.003/6.17¢-07
17.8/370.4/73.0/0.009/3.78¢-07
18.6/368.2/75.0/0.013/5.71e-07
20.0/384.6/82.2/0.043 /4.66e-07

20.4/392.0/89.0/0.070/4.99¢-07

24.8/352.0/113.6,/0.002/6.89¢-07
24.4/393.2/110.4/0.009/6.81e-07
27.4/419.8/137.0/0.018,/7.62c-07
35.8/479.2/187.6/0.076,/7.51e-07

27.0/430.2/123.2/0.093 /7.47¢-07

27.8/384.0/129.6/0.002/6.61e-07
29.6/461.0/153.6/0.011/7.73¢-07
36.2/52074,/201.2/0.025/7.47e-07
34.0,/529.6/183.0/0.072/7.41e-07

38.6/580.8/217.2/0.130/6.39¢-07

42.2/468.2/138.6/0.002/8.30e-07
65.6,/635.6,/285.8/0.018,/7.39¢-07
80.8/696.2/397.4/0.049/6.71e-07
76.4/738.4/364.2/0.159/6.67e-07

90.0/774.6/468.8/0.289/7.07e-07

100

300

500

800

1000

10.0/37.6/45.4/0.001/4.09¢-08
11.8/45.8/53.2/0.003/4.00e-07
11.2/47.8/51.0/0.005/2.26¢-07
11.0/47.4/49.4/0.021/3.45¢-07

11.0/47.0/48.4/0.032/6.11e-07

14.4/50.0/66.6,/0.001/6.35¢-07
15.4/55.6/71.2/0.003/7.006-07
15.6/56.8/72.4/0.007/3.85¢-07
15.6/56.6/72.4/0.031/6.77¢-07

17.8/64.4/81.0/0.055/5.13¢-07

16.2/48.4/75.6/0.001/6.69¢-07
16.8/57.0/78.8/0.003/6.48¢-07
16.6/57.0/77.8/0.008/6.13¢-07
17.4/58.2/81.2/0.034/5.64¢-07

17.0/60.0/79.2/0.053/9.24¢-07

30.0/64.6/112.4/0.001/7.10e-07
30.4/68.4/115.0/0.005/6.07e-07
30.2/71.0/114.2/0.013/7.50e-07
30.2/69.4/114.6/0.058/8.18¢-07

31.6/73.4/118.8/0.096/9.00e-07

100

300

500

800

1000

13.0/232.4/45.2/0.001/4.93¢-07
13.0/272.0,/44.4/0.005/5.05¢-07
13.8/277.6/48.2/0.009/4.50e-07
13.8/279.2/48.4/0.030/3.52¢-07

16.6/282.8/59.8/0.057/5.76¢-07

16.8/248:0,/60.2/0.001/6.92¢-07
18.6/296.0,/67.4/0.006 /7.80e-07
16.4/293.8/57.4/0.010/5.28¢-07
15.6/293.6/53.4/0.034/8.09e-07

16.2/292.2/55.2/0.057/6.58¢-07

19.0/257.0/70.4/0.001/7.78¢-07
19.4/303.4/72.0/0.006 /7.94e-07
19.4/305.4/72.0/0.011,/7.10e-07
20.0,/308.2/74.0,/0.043/7.08¢-07

19.6/305.2/72.6/0.066,/7.08¢-07

31.4/309.2/85.6/0.001/7.29¢-07
32.2/371.8/88.4/0.008/7.29¢-07
32.6/379.6/89.8/0.017/7.04e-07
33.0/383.8/91.0/0.068/6.41c-07

33.0/379.8/91.0/0.108/6.81e-07

100

300

500

800

1000

31.4/517.6/108.2/0.003/7.88¢:07
35.6/615.2/128.2/0,024/8.18¢-07
32.0/597.6/111.2/0.087/8.73¢-07
32.8/618.0/114.6/0.310/8.56¢-07

37.2/642.8/128.6/0.545/8.63¢-07

97.8/500.8,/96.4/0.002/8.19¢-07
31.0/589.8,/109.8,/0.021/8.62¢-07
30.6/604.0,/108.0,/0.083/8.87¢-07
32.0/623.6/113.8/0.308,/7.80e-07

32.0/621.4/114.2/0.483/8.75e-07

35.0/556.2/132.8,/0.002/6.84e-07
35.2/623.6/135.0/0.023/7.97e-07
36.6/647.0/140.8,/0.105/6.80e-07
37.8/675.6/145.4/0.381/7.72e-07

37.6/657.6/144.8/0.592/7.10e-07

49.0/700.2/135.4/0.003/8.33¢-07
48.8/801.8,/137.2/0.028/7.72¢-07
49.4/828.4/139.0/0.121/8.62¢-07
52.8/874.6,/149.0,/0.438/8.16¢-07

52.2/859.6/147.6/0.675/7.62e-07




4.2. Numerical Experiments on Regularized Logistic Regression Problems

In this subsection, we consider the following Tikhonov-regularized logistic regression problem
[19]:

N
. 1 n
min g(x) = I ;:1 log <1 + exp (—cﬂjm)) + 5”35“27 (4.1)

where (d;,¢;) € R" x {—1,1} (i = 1,2,...,N) are generated from a given dataset, and n > 0
denotes the regularization parameter. In all experiments, we set n = 0.02. -As shown in [11],
the unique optimal solution of problem (4.1) can be characterized by the-folloewing first-order
optimality condition:

N T
. 1 —c; exp (—cidi x) d; )
€(x) = Vg(z) = & ; I+ exp (—end 1) Hqz= 0. (4.2)

Therefore, to obtain the solution of problem (4.1), we employ.the proposed aiNP method to
solve the nonlinear system (4.2). By direct computation,.we.obtain

cidTaz) d;d]

N
1 exp i id;
J =V — +nl.
(@) NZ: (Lo (—ad 2)?

In this subsection, we set p = 1.6 for the aiNP method and p = 1.5 for the iNP method.
The parameter settings of all competing methods, including the stopping criteria, are chosen
according to their original references. “Moreover, the origin is selected as the initial point for
all experiments. The test datasets are taken from [4]. The statistics of the employed datasets
are reported in Table 2, while the corresponding numerical results are presented in Table 3. In
addition, the evolution of ||&|| ‘with respect to the iteration number is illustrated in Fig. 3, and
the corresponding bar charts.are displayed in Figs. 4-5.

The results demonstrate.that the proposed aiNP method converges more rapidly toward the
solution than the other competing methods. Although IRNM exhibits competitive performance
in certain cases, the aiNP method achieves the best overall performance in most instances. Fur-
thermore, the iNP method without the inertial step also performs competitively, which further
confirms the effectiveness of the proposed framework. Combining the observations from both
the tables and figures with“those obtained in the previous subsection, it can be concluded that
the propesed aiNP method possesses strong efficiency and robustness for solving the considered
problems.
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Table 2: Statistics of the LIBSVM test datasets

No. Dataset Data points N Variables n

1 ala.t 30,956 123

2 aba.t 26,147 123

3 aba.t 21,341 123

4 ara.t 16,461 123

5 wla.t 47,272 300

6 wba.t 39,861 300

7 wba.t 32,561 300

8 w8a.t 14,951 300

Table 3: Numerical results on the LIBSVM test instances
Dataset aiNP iNP IRNM NM
Itr/Initr/Time/||&*|| Ttr/Initr/ Time/||€*|| Itr/Initr/Time/||&*|| Itr/Initr/Time/||E*||

ala.t 27/118/1.164/5.253e-07  57/303/2.472/9.835e-07 70/259/3.122/8.152¢-07 93/333/3.754/8.042¢-07
aba.t 31/128/1.058/8.510e-07 36/153/1.223/6.065e-07 67/256/2.410/8.831e-07 90/341/2.911/9.132e-07
aba.t 31/134/0.874/8.797¢-07 39/159/1.109/4.168e-07 63/253/1.835/6.317e-07 93/341/2.431/8.073¢-07
a7a.t 29/124/0.606/3.801e-07 39/163/0.807/6.886e-07 56/226/1.213/5.903e-07 92/323/1.801/7.438e-07
wla.t 10/39/0.542/9.194e-07 ~18/78/1.006/8.784e-07  17/72/0.968/5.339e-07  18/73/0.897/9.633e-07
wba.t 15/72/0.694/6.496e-07 +17/71/0.789/8.907e-07  16/66/0.762/9.883e-07  18/71/0.763/9.734e-07
wéat  15/72/0.559/5.879¢-07  16/68/0.594/9.368¢-07  16/66/0.616/9.738¢-07  18/73/0.629/9.676e-07
w8a.t 14/67/0.271/6.126e-07  19/88/0.360/6.687e-07  17/72/0.319/5.701e-07  18/74/0.308/9.584e-07

o
£

Figure 4: Comparison of Methods in Terms of Time

16




& & & X &
0 O & o &

Figure 5: Comparison of Methods in Terms of Itr

5 Conclusions

In this paper, we propose an accelerated inexact Newton-type projection method for solving
quasar-monotone SoNE (1.1). Under mild assumptions, we establish the global convergence of
the proposed method and derive an iteration-complexity bound for computing an e-approximate
solution. Numerical experiments on standard nonlinear equations and Tikhonov-regularized
logistic regression demonstrate the effectiveness and efficiency of the proposed method.
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