NON-PRINCIPAL IDEAL CLASSES AND SELMER VANISHING
OVER QUADRATIC FIELDS

YICHENG WANG

ABSTRACT. The study of rational points on elliptic curves has long been con-
nected with descent, a method used by Fermat in the study of Diophantine
equations. In 1922, Mordell proved that the group of rational points on an
elliptic curve over Q is finitely generated, and Weil extended this theorem
to number fields in 1928 [2, Chapter IV]. Isogeny descent provides,a way to
investigate these groups through square classes and local conditions. Over
quadratic fields, non-principal ideal classes introduce an additional arithmetic
obstruction that can be reflected in the coordinates of points.

We study the contribution of these ideal classes to'the first isogeny descent
of Ep:y? = 2% + (m + VD)2 + z over K = Q(v/D), where D is fixed
and squarefree, D = 2 (mod 4), and m € Z. Both positive and negative D are
included. The possible descent classes lie in a finite group determined by units
and ideal classes.

We prove that the first isogeny Selmer group is trivial for density one of the
parameters, uniformly over translated long intervals, and that its average size
tends to one. We also determine the torsion groups exactly. They are Cy on
Ep n, and 022 on its associated curve.

The main step we take next is a local calculation showing that m4+/D = —2
at an odd prime forces the entire local first-descent image to be trivial. Cheb-
otarev’s theorem supplies sufficiently many degree-one primes detecting each
non-square case, and a finite application of the Chinese Remainder Theorem
gives the parameter results. Over Q(1/10), explicit local conditions prove van-
ishing whenever m = 3/(mod 15). At m = 1, however, the point (2,2 + 1/10)
realizes the non-principal ideal class, and the torsion theorem proves that it
has infinite order.® This example showcases the nuanced effect non-principal
classes have.

Key words and phrases. Elliptic curves; Quadratic fields; Isogeny descent; Selmer groups;
Non-principal ideal classes.
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1. INTRODUCTION AND MAIN RESULTS

Fix a squarefree integer D = 2 (mod 4). Write
K =Q(w), w= VD, A = M + W,

E., = Epm: y2 =23+ a,2°+x.

(1)

The letter D stays fixed over variable m. Since D is squarefree and even, w is
irrational. The quadratic integral-basis theorem gives ||, Example 2.41]

Ok = Z[w], disc(K) = 4D.

Here O is the ring of elements of K satisfying a monic polynomial with integer
coefficients. In particular a,, is integral for every m € Z.
The associated curve of E and the directions of the two maps are

B, Y = X(X —ay —2)(X —am+2), B4 E, " B,

Their formulas and their composition [2] are shown in.Section 2. The point at
infinity is denoted as O.

Lemma 1.1 (Non-singularity). For every D _.and-m satisfying the previous con-
ditions, both E,, and E]  are elliptic curves.

Proof. For y* = 2* + Az? + Bz, the diseriminant is 16 B?(A% — 4B). This curve
is nonsingular precisely when its discriminant is nonzero [2, Chapter II, Section
2]. Put d,, = a?, — 4. Substitution gives

A(E,,) = 16d,,,
A(E! ) =16d2 (4a>, — 4d,,) = 256d?,,
dy =0 = a,, =2o0r a,, = —2
— w=2—morw=-2—mecQ,

contradicting irrationality. Thus both discriminants are nonzero, and each pro-
jective curve has the rational point O. U

This paper concerns the relationship between points and ideal classes. A
nonzero coordinate.x of a point on F,, has even valuation at every finite prime.
Thus we know (z)'= a2 for a unique fractional ideal a,. The ideal a, can be non-
principal ‘whilelits square is principal. Even when it is principal, a non-square
unit can.still satisfy the conditions. Section 2 proves that this generates a finite
square-class group V' (K) which is independent of m.

We determine when non-principal classes contribute to first descent.

We impose the local conditions defining the first isogeny Selmer group

S, = Sel®(E' /K) C V(K).

The notation is indexed by E!  of (/b\m In this paper, ’first’ refers to this. We write
a multiplicative square class as [¢] and the trivial group as {[1]}. The definitions
will show that a point gives a class in .S,,, while a Selmer class could possibly not
come from a point.
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1.1. Parameter results. For B € Z and positive integer X, put Z(B, X) =
{B+1,...,B+ X}.

Theorem 1.2 (Density-one Selmer vanishing). For each fized squarefree D = 2
(mod 4), let B={m € Z:S,, # {[1]}}. Then

) IBNZ(B,X)|
1 —_— = 1.2
Xoooo pob X ’ b2)
I ! Y ISl -1 =0 (1.3)
im sup |— | — 1] =0. )
X=00 pez XmeI(B X)

The same density-one and average-size conclusions hold for pesitive parameters,
negative parameters, symmetric intervals, and every fived arithmetic progression.
In a progression b + qZ, the convergence is uniform mo matter what types of
translations are used.

Uniformity means that all starting points have a wvanishing proportion of ex-
ceptions as the interval length grows. Since the field is fixed, no uniformity as D
varies is claimed.

Theorem 1.3 (Vanishing on a subprogression). For every b € Z and ¢ > 1, there
are integers mqo and M > 1, with q | M and'mo = b (mod q), such that
m=my (mod M) = S, ={[]1]}.

Section b gives a finite selection of primes and uses the Chinese Remainder The-
orem to determine mqg and M.

Theorem 1.4 (Consequences of Selmer vanishing). For everym € Z, S,,, = {[1]}
15 equivalent to the following two. conditions holding together:

Ep(K) 20m(EL(K)),  Sha(El,/K)[¢] = 0. (1.4)

Whenever these two conditions hold, each affine K-point has square x-coordinate,
including 0 = 02. For'w # 0, its fractional half-ideal a, is principal. Thus these
conclusions hold on.the density-one set of Theorem 1.2 and on every member of
the subprogressions constructed previously in Theorem 1.5.

Here Sha(E! /K )[g/b\m] denotes the kernel of the induced map from Sha(E],/K)
to Sha(E,,/K). Section 6 defines this notation and states the canonical theorems
used to show it. The result will concern mostly the kernel of this object.

Theorem 1.5 _(Torsion in the restricted family). For every squarefree D = 2
(mod 4) and every m € Z,

Em(K)tors - {07 (07 0)} = 027
B (K)iors = {0, (0,0), (am +2,0), (@ — 2,0)} = C x Cs.

Here Cy = 7Z/27 and the torsion subgroup consists of the points of finite order.
Thus every point with nonzero ordinate on either curve has infinite order.

Appendix A proves this result at the unique prime above 2. Its hypotheses
include negative D thus proving the claim across the entire definition.
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Theorem 1.6 (An explicit example over Q(v/10)). Let D = 10, w = /10 > 0,
e=34w, and qz = (2,w). Then

CI(K) = ([az]) = Cs,
V(K) = {[(=1)'e’2"] :4,j, k € {0,1}} = (3,
([(=1)'e'2"]) = [a2]".

Here m sends a square class to the class of its half-ideal. At every parameter,
Sm C([—1],[2]). The primes (3,w — 1) and (5, w) give

m=3 (mod1l5) = S, ={[1]}
At m =1, however,
P=(2,24+w) e E(K), a1 ik (P) =142,
m([2]) = laa] # 1, S = {[1], [21}-

The point P has infinite order. Its coset generates El(K)/q/b\l(E{(K)) = (Cy, and
Sha(E1/K)[¢1] = 0.

1.2. Literature summary. Zywina [5] studies specializations for which both
isogeny Selmer groups are generated by. global points and obtains exact rank
results. In contrast, we fix a quadratic field K = Q(\/E) and study the first
qgm—Selmer group in the integer family-£,,. We prove that it vanishes for density
one of the parameters and on a suitable subprogression. The local-obstruction
strategy is related to that of Loughran—Smeets [0], but here the candidate group
and the excluding congruences are obtained from the equation.

25.DESCENT AND IDEAL CLASSES

We supply the group'maps and arithmetic definitions used in the proof and use
the descent map to-connect point coordinates with square classes and fractional
ideals.

2.1. Map directions on the associated curves. Fix m € Z and define a =
U, d ="a*— 4. By Lemma 1.1, d # 0 and both curves are elliptic. The
chord-and-tangent law makes the points on each curve an abelian group, with
inverse (z,y)+~ (2, —y) [2, Chs. I-II]. In particular T = (0,0) € E,,(K) and
T"'=40,0).€ E/ (K) have order two.

The following two maps, initially away from the displayed denominators, will
be isogenies:

, 1 1
¢m:Em_>Em7 (:E,y)>—> (x+a+;, y(l_ﬁ))7 (21)
i By By ()i (EE2EUE YOI

We extend them by ¢,(0) = ¢(T) = O and ¢,,(0) = ¢ (T") = O.
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Lemma 2.1 (Verification of the isogeny Pair). The formulas define degree-two
isogenies with kernels {O, T} and {O,T'}, respectively. They satisfy

Ombm =2 on Eny, bt =[2] on E.,.

Proof. First set X = x+a+1/x = y*/2* and Y = y(1—1/2?). Direct calculation
gives

Hence ¢,, fulfills the requirements. For the other direction, let u = X —2a+d/X =
Y?/X? and v =Y (1 — d/X?). Then

(u+2a)? —4d = x4 2
— <)

v* =u((u+ 2a)* — 4d)
= u® 4 4au® + 16w,

where we use a? — d = 4. Setting u = 4z and v = 8y gives E,,, and the resulting
map is exactly (2.2).

The rational maps.extend to the nonsingular projective curves. [2, Proposition
4.18]. At the points with zero first coordinate the displayed first coordinate has a
pole, so the image is'©. The same is true at O. No other point maps to O meaning
both maps preserve O and are therefore group homomorphisms [2, Proposition
1.5]. Theirkernels are the two pairs previously stated. We also use the separable-
fiber theoremwhich/claims that a separable map of curves has a general geometric
fiber with’as many points as its degree [2, Proposition 4.24(a)]. In characteristic
zerothe maps are separable. Since each fiber of a group homomorphism is a coset
of its kernel; the general fiber in this case has two points. Thus both maps have
degree two.

Next we verify the composition. The tangent slope on E,, is A = (322 + 2ax +

1)/(2y). Fory #0,

r(2P) =X —a — 2z
(32% 4 2ax + 1) —4y*(a+2x) (2 —1)°

492 492
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Put ¢ = 22+ ax+1, so y?> = zq and X = q/x. Using the equation of E/ to write
the first coordinate of ¢, as Y2/(4X?) gives
~ $2 -1 2
r@ntm(P) = S < sop)
¢® —do? = 2" + 2a2® + 62% + 2ax + 1,

Y(Omdm(P)) = (2" — 1)8(yq3 — da?)

(e Y e,

492
These identities extend to the exceptional points, showing the first composition
formula. A nonconstant map of projective curves is surjective over the algebraic

closure [2, Chs. I-II]. Thus, from ¢, ¢mom = Om[2] = [2]é,, surjectivity of ¢,
gives the second formula. O

2.2. Homomorphisms on the square-class and its kernel. For a field F
containing K, write [c] for the class of ¢ € F* in. ¥ /F*%. Two elements have
the same class precisely when their ratio is a.square and every class has order
dividing two. Multiplication of classes therefore also defines addition in an Fo-
vector space.

Lemma 2.2 (The First Descent Map). ‘The map

m,(0) = o r(T) = [1], amr(z,y) =[] (z#0)
is a group homomorphism and has.kernel ¢, (E. (F)). So
B ()6 (EL,(F)) = im o, p. (2.3)

Proof. Step 1: Verify the homomorphism. The intersections of y = Az + v with
E,, have first coordinates satisfying

w2+ (a — A)2? + (1 -2 )z — 12 = 0.

If v # 0, theit~product is v?>. Counting tangent with multiplicity, the three
intersection points P, Q, R satisfy P+ Q + R = O. Thus

[2(P)][z(@N(R)] = [1] = amr(P+ Q) = amp(P)amr(Q),

because negation leaves the first coordinate constant.
A line'through T has v = 0. The line’s equation factors as

z(z® + (a— Az +1) =0.
The two nonzero intersection coordinates have product 1, and o, (7') = [1], so
the previous identity holds. A vertical line gives P + (—P) = O and [z]* = |1
while also accounting for 7'+ T = O. Thus homomorphism is proved.

Step 2: Show that points in the isogeny image have square class [1]. For X # 0,
formula (2.2) and the curve equation give

~ Y2
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If Y # 0, this is a nonzero square. If Y = 0, the image is T, whose class is [1].
The two kernel points map to O.

Step 3: Construct a preimage of every element in the kernel. Suppose P =
(r?,y) with r € F*, and let s = y/r. Then s* = r* + ar? + 1. Define

X =a+2r* +2s, Y =2rX.

The equality
(a4 2r* 4 2s)(a 4 2r* — 2s) = (a + 2r?)? — 452
—a?—4=d
shows that X # 0 and d/X = a + 2r? — 2s. It follows that
X?—2aX +d= 47X,
X(X?—2aX +d) =4°X* =Y?
2(Om(X,Y)) =1,

Y(om(X,Y)) = ;l (X - %) =rs=y.

This proves that (X,Y) is a preimage. The point O has a preimage, and (a +

2,0) € £/ (F) maps to T. Here a + 2 # 0'because d # 0. This proves the kernel
identity and thus also proves the quotient isomorphism. 0

2.3. Evaluation of ideals on the eandidate group. A nonzero fractional
ideal is an Og-submodule a C“K for which some nonzero integer multiple is a
nonzero integral ideal. Unique-ideal factorization in O states that

a=][r mez (2.4)
p

with finitely many nonzero exponents and a unique such expression [!, Theorem
3.7]. When p runsyover nonzero prime ideals we can write v,(a) = n,. For
c € K*, define vy(c)-to be the exponent of p in the principal fractional ideal (c).
In particular,

vy (cd) = vy(c) 4+ vp(d), vp(c?) = 20p(c).
The ideal class_ group Cl(K) is the group of nonzero fractional ideals modulo
the subgroup of principal ideals. Its subgroup CI(K)[2] consists of classes whose
squares are the identity.
A wnit u € OF is an algebraic integer with an inverse in Og. This means that
ue O < (u) =0k <= vy(u) =0 for every p.
Now define
V(K) = {[c] € K*/K*? : v,(c) € 2Z for every finite p}. (2.5)

Multiplying by a square changes every valuation by an even amount, so this
definition is independent of the representative. In this case the condition is closed
under multiplication and inverses, making V(K) a group of square classes.
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Proposition 2.3 (Units and Half-ideal Classes). The group V(K) fits into the
following exact sequence

0— O0;/0F — V(K) 5 CI(K)[2] — 0, (2.6)
where 7([c]) = [a] if (¢) = a®. It is finite, with

4| CUE)[2)|, D> o0,

2| CI(K)[2]|, D <o. (2.7)

IV(K)Iz{

Proof. Step 1: Construct and check w. For [c] € V(K), halving the exponents in
(¢) gives a unique fractional ideal a with (¢) = a?. Its class hasorder dividing
two. If ¢ is replaced by cz?, then its half-ideal is a(z), which has the same ideal
class. Thus 7 is well-defined. Also

(=% (d)=b = (cd) = (ab)* = w(lcdl)/=n([c])m([d).

So 7 is a homomorphism.

Step 2: Prove surjectivity. If [a] € CI(K)[2]; then by definition a* = (c) for
some ¢ € K*. This gives [c] € V(K) and 7 ([¢})="a].

Step 3: Determine the kernel and injection.Jf 7([c]) = 1, write a = (z). Then

(c)=a*=(2) = (¢/#*) = Ok

= ¢/=uc 0 = [ =[u.

Conversely every unit has a trivial half-ideal class. If a unit is a square in K, let
u = 2%, then 0 = v,(u) = 2vy(2) at every prime. Thus z is a unit. This proves
that units modulo their own squares inject into V' (K'), and proves exactness.

Step 4: Prove finiteness and count total possibilities. We use two arithmetic
theorems, both for the number field K: the ideal class group is finite [, Theorem
4.4], and Dirichlet’s unit-theorem states [!, Theorem 5.1]

O = wK)xZ, r=1(D>0), r=0(D<D0).

= X

~—

The group u(K) of roots of unity is finite cyclic. Its order is even since it contains
—1. A cyclie group of even order has two cosets modulo squares. The rank r is
one for a real quadratic field (two real embeddings) and zero for an imaginary
quadratic field-(one pair of complex embeddings). Consequently

0% /O =2,
V(K| =2 CUK)[2]| < oo.

The second equality is derived by counting the equal-size fibers of the surjective
homomorphism 7. This shows (2.7). O

Thus there are two different possibilities to an element not being a square. If
(¢) = a? with a non-principal, then c is a non-square. If a = (z) is principal, then
c = uz? for a unit u, and it remains to test the unit class.
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2.4. Selmer Group as constraints. For a finite place v of K, write K, for the
completion, with valuation v, valuation ring O,, maximal ideal m,, and residue
field x,. We use the standard valuation identities and set v(0) = +o0.

Definition 2.4. With res, denoting the map on square classes induced by K <
K,, define

Sy ={[c] € K*/K*? : res,[d] € am.k,(En(K,)) for every place v}. (2.8)
This is the first isogeny Selmer group Sel‘gm(E,’n /K) in source notation.

It is a subgroup, since it is an intersection of preimages of subgroups. A global
point gives a point at every completion, so

En(K)/Om(En(K)) = S (2.9)
Section 6 checks the square-class Kummer identification and.relates this definition
to Sha.

The local test also has a direct equation. If x = c¢(U/V)?, write y = cUW/V?3.
Substituting and cancelling gives
v =2 far’ + v = AUW? = AUS $actUV? 4 UV

— W?=cUdacU?V:+V* (UV #£0).
Thus a non-trivial class [c] belongs to the local image exactly when this last
equation has a solution with UV # .0 'in K,. Allowing (U,V) # (0,0) also
includes [1] as if U = 0 or V' = 0, the-equation forces ¢ to be a square, and the
trivial class has such a solution. These equations explain concretely what the

local conditions mean. We domet infer a global solution merely because all the
local tests pass.

Lemma 2.5 (The uniform finite candidate bound). For every m € Z,
Sm CV(K),  [Sm| <[V(K)]

Moreover, the nonzero x-coordinate of a global point has a unique fractional half-

1deal.

Proof. Work at_a finite completion F' = K, and put a = m + w € Op. Suppose
first that zy '+ 0, and\set n = v(z). If n > 0, then

v(2?) >0, ‘vlar) >0 = v(r* +ar+1)=0
— 2u(y) =v(z(z® +ax + 1)) =n = n € 2Z.
Ifn < 0, factor the equation in a different way:
v =2*(1+a/r+1/2%), v(a/x) >0, v(1/2°)>0 = 2v(y) =3n
= n € 2Z.

The case n = 0 already has even valuation. If y = 0 and  # 0, then 22 +ax+1 =
0. For n > 0 the constant term is the unique term of least valuation. For n < 0
the 22 term is the unique such term. Neither can cancel, so n = 0 in this case as
well. The two special points have class [1].
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Consequently every local image class has even valuation, including at primes
above 2. Since multiplying by a local square changes valuation by an even integer,

[c] € S = vp(c) € 2Z for all p = [c] € V(K).

For a nonzero global coordinate x, define a, = Hp p»@/2 The exponents are
integers, and unique ideal factorization proves (z) = a2 and uniqueness. L

The coefficient 1 of  makes the constant term in z2+ax+1 a unit at everyfinite
place. This is the reason for the even-valuation statement and for the candidate
group defined using all finite primes, with no exceptional prime set.

3. LocAL EXCLUSION AND PRIMES

Fix a non-trivial class [c] € V(K).
We only need to calculate a = —2 at an odd prime.

3.1. Hensel’s Lemma.

Theorem 3.1 (Hensel’s lemma in simple-root form). Let A be a complete discrete
valuation ring with mazimal ideal (w) and residwe. field k. If f € A[T] and t € k

satisfy B B
f&) =0, f)#0,
then there is a unique t € A reducing to t with f(t) = 0.

This is [!, Proposition 7.31]. When charx # 2 and u € A*, apply it to
f(T) =T? —u. A nonzero root t has derivative 2t # 0. Consequently

u€ F*? == uecK? F = Frac(A). (3.1)
In particular, every element of.1 + () is a square, so we use the root ¢ = 1.

Lemma 3.2 (The local exclusion rule). Let p be a prime of K above an odd
rational prime, and put F'= K,. If a,, = —2 (mod mpg), then o, p(E,,(F)) =

{11}
Proof. Abbreviate @ = a,,. The points O and (0, 0) have trivial class. For a point
with x # 0, Lemma 2.5’s valuation calculation shows that y = 0 can occur only
when v(z) = 0. Thus y # 0 in each of the following nonunit cases.

If v(x) >0, write y*> = xu with u = 1+ ax +2* € 1+ mp. Hensel gives u = 2%,
SO

v =12 =  ax=(y/2)>
If v(7) < Opwrite y* = 23w with u = 1+ a/r+1/22 € 1+ mp. Again u = 22, and
v =132 = o= (y/(x2))>

Both cases have trivial square class.

It remains to treat v(z) = 0. The equation makes y integral. Reducing it gives

=77 -27+1) =z(z - 1)

If 7 =1, it is a square. If Z # 1, division by (7 —1)? gives T = (y/(Z — 1))?. This
is nonzero since z is a unit. Equation (3.1) now shows that x is a square in F.
This also covers y = 0 in the unit case. All image classes are therefore trivial. [J
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3.2. Application of Chebotarev. For a prime ideal p above a rational prime

p, put

Np =|Ok/pl =p",  f, =[0k/p:Fp.
The integer f, is its residue degree over Q. The prime-decomposition theorem
gives Zp‘p epfy = 2, where e, is the exponent of p in (p). Thus there are at most
two primes above each p [1, Theorem 3.34].

Theorem 3.3 (Chebotarev in quadratic Dirichlet-density form). For our fized
quadratic field K, let L/ K be a quadratic extension. Let T be the prime ideals of
K unramified and inert in L. Then

> (Vp)

T CUA (3.2)

sl IOgL 2

s—1

Here inert means that p stays prime in L and the‘relative residue extension
has degree two. The statement is the quadratic ‘ease of the Chebotarev density
theorem [3, Theorem 28.9]: in a finite Galois extension, primes with Frobenius
in a union C' of conjugacy classes have Dirichlet-density |C|/| Gal(L/K)|. For a
quadratic extension take C' to be its single non-identity automorphism. Only this

Dirichlet-density form, not an error estimate,"is used below.

Lemma 3.4 (Enough degree-one primes). For every non-square ¢ € K*, there
1s a set P. of odd rational primes satisfying

1
E — = 00.
pepcp

For each such p, one can choose p | p with Ok /p =, such that c is a unit at
p and has non-square residue. The set can avoid any preassigned finite set of
rational primes.

Proof. Step 1: wusé the quadratic extension detecting c. Since ¢ is non-square,
L = K(+/c) is quadratic over K. By (3.2), its inert prime ideals have a divergent

reciprocal-norm sum:
1
E — = 0.
Np

p inert in L/K
Indeed, a finite sum at s = 1 would bound all the sums for s > 1, because
(Np)~° < (Np)7', contradicting their divergence as s | 1.
Step 2: remove higher residue degrees over Q. Using the bound of two prime
ideals above each rational prime, we have

1 1
ZN—pSQZE

pof K p prime

fy>2
> - 0.
=
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Thus deleting these primes leaves a divergent sum over inert prime ideals with
residue degree one. The relative residue degree in L/K is still two. The degree
now being restricted is the degree of Ok /p over F,,.

Step 3: pass to distinct rational primes. Let P, initially be the set of rational
primes under those degree-one inert ideals. Each p is counted at most twice, 80

DR I

pfmelit pE'Pc
p

The right-hand sum must also diverge.

Step 4: ensure the needed local square test. Delete the primes dividing 2D,
all primes below the finitely many nonzero valuations of ¢, and any prescribed
finite set. The sum still diverges. At a chosen remaining nert ideal p, c is a
unit. If its residue were a square, Theorem 3.1 would give y/c € K,,. Then T? — ¢
has two distinct linear factors over K,. The completion decomposition theorem
says that the irreducible factors of the defining polynomial over K, correspond
to the primes above p, with their degrees equal te the completion degrees [I,
Propositions 8.1, 8.2]. It applies because L/K fis finite and separable. The two
linear factors would give two primes over p, contradicting inertness. Therefore ¢
has non-square residue, as required. [l

3.3. Primes as integer congruences: Fix a non-trivial class [¢] € V(K) and
choose one representative ¢ € K*. For every p € P., choose a prime p(c,p)
as in Lemma 3.4. Since Og = Z[w] and the residue field is F,, the image ¢,
of w satisfies t7, = D (mod p),jand p(c,p) = (p,w — tcp). Indeed, evaluation
A+ Bw — A+ Bt,., is a surjection onto F, with this kernel. There is therefore
a residue 7., € Z/pZ satisfying

rep=—2—w (mod p(c,p)).
For every parametet. the local exclusion rule gives

m=r., (modp) = m+w=-2 (modp(cp))
= am,Kp(c,p)(E ( p(e,p) )) {[1]}
= [d] & Sm. (3.3)
Thelast implication uses that ¢ remains non-square in this completion. A prime

ideal of larger'residue degree would not necessarily allow its residue —2 — w to
berepresented by an integer. This explains exactly why degree one is needed.

4. DENSITY-ONE VANISHING

We prove Theorem 1.2. The key estimate uses only finitely many congruences
at a time. This is what makes the argument uniform in the starting point of an
interval.
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4.1. Application of Chinese Remainder Theorem. We use the Chinese re-
mainder theorem in its coprime-modulus form: if dy, ..., d, are pairwise coprime
positive integers, then

h
Z)(dy - dp)Z — | [ Z/diZ
i=1
is a bijection, given by reduction in each coordinate [I, Theorem 1.14]. ~Thus
imposing or avoiding residues in different coordinates gives an exact product
count.
Fix [¢] # [1] in V(K), with the separating set P, from Lemma 3.4, For a finite

subset T' C P,, put
1
=TI =TI (1-1).

peT peT p

At each p € T', condition (3.3) says that survival of [¢] requires avoiding the single
residue r.,. There are p — 1 choices left. By the Chinese Remainder Theorem
the number of permitted residues modulo Mr is-exactly

H(p — 1) = Mrpr-.

peT

Each one of these residues occurs at most X/Mr + 1 times in any interval of X
consecutive integers. Hence, for every B,

#{m e Z(B,X) : [c] €.Sn}
X
S MTPT (M + 1> = XpT + MTPT S XpT + MT. (41)
T

The right side has no dependence on B.

4.2. Limits on ordered sets. For the fixed class [¢|, define
meZ(B,X):[cdeSn,
S M ETBX) i [ € 5.}

BeZ X

Keep T fixed while taking X — co. Equation (4.1) gives

M
ne(X) < pT+7T

= limsupn.(X) < pr.

X—o00 -

We now enlarge the finite set T" inside P.. The elementary inequality log(1—u) <
—u for 0 < u < 1 follows, for example, by integrating 1/(1 —¢) > 1 from 0 to u.

It gives
1
log pr = log <1 — —)
r=2 ;

peT

1
<-) -— -0 = pr—0
peTp
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Since 7.(X) > 0, we conclude that
ne(X) — 0. (4.2)

The order of limits is important as the first X grows with the finite modulus
fixed, and only afterwards do we add more primes. The argument does not give
a claimed rate of convergence in X.

There are finitely many non-trivial classes in V(K), by Proposition 2:3. A
non-trivial S,, must contain at least one of them. Therefore

IBN{B+1,...,B+ X} < Z ()

sup
Bez X []eV(K)
[c]#[1]
— 0.

This is the uniform density assertion (1.2). If V(K ) has no non-trivial classes,
the sum is empty and the conclusion is immediate.

4.3. Progression sequences and signs. Write the supremum in (1.2) as n(X)
where we have just proved n(X) — 0. Choeesing B = 0 counts the positive
parameters 1,...,X. Choosing B = —X_—.1 counts the negative parameters
—X,...,—1. Choosing B = —X —1 and interval length 2X +1 counts — X, ..., X.
Each therefore has exceptional proportion tending to zero.

For a fixed progression b + qZ, where g > 1, consider a block of X parameters

b+q(J+1),....0+q(J + X).
It lies in the integer interval {b+qJ + 1,...,b+ qJ + ¢X}. Consequently

1
y#{J<j§J+X:b+qjeB}
< qn(gX) — 0. (4.3)

This estimate is'even uniform in J, with b and ¢ fixed. Thus the assertion for
arithmetic progressions follows directly from the stronger interval statement.

4.4. Average size. Set Cx = |V(K)|. For every m € Z, Lemma 2.5 gives the
pointwisebound

0 <[Sm| =1 < (Ck —1)15(m), (4.4)

where the indicator is 1 for m € B and 0 otherwise. For X > 1, averaging over
Z(B,X) gives

1
meZ(B,X)
B+1.... B+X
(BB B XY
X
< (Ckx — )n(X).
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The bound is independent of B and tends to zero. This proves (1.3), and in
particular the symmetric average

1
1. 4.

Im|<X

The same inequality applied to a progression block, followed by (4.3), proves
its average-size limit. The bound by the fixed number C is essential to this
deduction: density-one triviality alone would not control the average of arbitrarily
large exceptional groups. This completes the proof of Theorem 1.2:

5. VANISHING SUBPROGRESSIONS

We now make a finite selection of one prime for each non-trivial candidate. This
proves Theorem 1.3 and gives an explicit formula for the'resulting progression
once those primes are chosen.

Proof of Theorem 1.3. Step 1: choose the finitely. many primes. Fix the pre-
scribed progression b + ¢Z with ¢ > 1. List the non-trivial classes of V(K) as
[c1], - .., [en]. Choose primes

successively, requiring each p; to be~distinct from the earlier ones and not to
divide ¢q. Lemma 3.4 allows this, since removing any finite set leaves a divergent
reciprocal sum and hence infinitelysmany choices. For each 7, choose its indicated
degree-one prime ideal and let #; = 7, ,, be the forbidden residue in (3.3).

Step 2: combine the conditions inside the original progression. Write m =
b+ gt. Since ¢ is invertible;modtlo p;, the desired condition m = r; (mod p;) is
equivalent to

t=d;:=q '(r;—b) (mod p;).
Put P = H?zl pi. Forh > 0, choose integers u; satisfying
P
w— =1 (mod p;).
bi

They exist,because P/p; and p; are coprime. The usual explicit Chinese Remain-

der Theorem is
h
P
to = dzuz—

1

Indeed, reduction modulo p; leaves only the ¢th summand, which is d;. Hence
every t = tg + P/ satisfies every condition. Set

Then mg + MZ C b+ gZ, and each member satisfies m = r; (mod p;) for every
1. If h =0, take the empty product P = 1 and ¢ty = 0 to return to the original
progression.
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Step 3: exclude every non-trivial candidate. For any m = mgy (mod M) and
every i,

m=r; (mod p;) = i, ., (En(Kpepy)) = {11}

All non-trivial elements of V(K) have been excluded. Since S,, C V(K and
[1] € Sp, we get S, = {[1]}. This holds for every member of the constructed
subprogression, not merely for almost all of them. O

The construction uses only finitely many primes, so the modulus M is an
ordinary positive integer. The proof gives no small upper bound on M. Its
assertion is the existence of a full subprogression of vanishing, with every member
included.

6. CONSEQUENCES FOR POINTS AND IDEAL CLASSES

We now state the classical descent theorem that translates S,, = {[1]} into
information about points and ideal classes.

6.1. The Kummer-Selmer exact sequence. We use the standard isogeny
Kummer-Selmer exact sequence. Here Sha(A/K) denotes the Tate-Shafarevich
group of A.

Proposition 6.1 (Classical isogeny Kummer—Selmer theorem). Let ) : A — B
be a degree-two isogeny of elliptic curves over our fized field K, with A[v] rational
over K. For F' = K or a completion K,, its Kummer map

o : B(F) — F*/F*?

is a homomorphism with kernel ¥ (A(F)). The class g (P) is the square class of
the two-point fiber "NP) as it is [c| when adjoining \/c separates its two points,
with (1] for a split fiber. Let SY(A/K) consist of the global square classes whose
images lie in 6, (B(K,)) at every place. Then there is an exact sequence

0~ B)/Y(A(K)) 25 S¥(A/K) — Sha(A/K)[¢)] — 0.

We use’this proposition as a cited classical input. The square-class identifica-
tiom'is Kummertheory [2, Example 1.8(b)], and the exact sequence is [/, Equation
(2.1)]./Their, Remark 2.2 explains that their Selmer notation names the target B,
whereas our notation names the source A. In particular the last group belongs
tothe source curve.

6.2. Isogeny verification. Apply the proposition with

Lemma 2.1 supplies the degree-two isogeny and its rational kernel {O, T'}, where
T" = (0,0). The characteristic is zero, so its fibers are separable two-point fibers.
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We check its Kummer map without introducing cocycles. Write a = a,,, d =
a’ — 4, and use (X,Y) on E/ . Its equation and the formula for ¢,, give the
identity of rational functions

X -2a+d/X Y? (Y>2

4 4X2 2X (60)

0P =

To distinguish the two points of a fiber, compute translation by its non-identity
kernel point 7”. The joining line has slope A = Y/X. If (X;,Y]) = (X}¥) + 17,
the addition law gives

Y2 d
X1:A2+2a—X:—+2a—X:X,

XQ
dYy
le)\(X—Xl)—Y:—ﬁ,
i Y
2X, 2X’

For P = (z,y) with z # 0, the two points over P therefore have respective values
Vo and —y/x for this function. These two distinct values distinguish the two
points, so an automorphism fixes either point.exactly when it fixes its value. The
points are therefore defined over F'(y/z);.and their Kummer class is [z]. The
point O has the rational preimage O, .while 7" = (0,0) has the rational preimage
(a+2,0). Both classes are [1]. Thus'éz = a,,, p over K and every completion K.

Definition 2.4 consequently gives.S,, = S (E! /K), and the theorem becomes
En(K)
Om (£, (K))

The kernel of the final arrow is exactly the image of the global point quotient.
This is the concrete obstruction measured by the last group.

K, Sy — Sha(E. /K)|ém] — 0. (6.2)

6.3. Proof of the results.

Proof of Theorem 1.J. Exactness means that the middle group in (6.2) is trivial
if and only if both outer groups are trivial. Hence
S ={1l} $= En(K)/ém(E,(K)) =0 and Sha(E},/K)[¢n] = 0
= En(K) = ¢n(E,(K)) and Sha(E},/K)[¢m] = 0.
Suppose these conditions hold and take (z,y) € E,,(K). For  # 0, the global
descent class belongs to .S,,. Thus

2

[z] € S, ={[1]} = x=2° forsomez € K*

— (2) = (2)%

If x = 0, it is the square 0>. The descent map at (0,0) was defined separately,
without assigning a square class to zero.
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For x # 0, Lemma 2.5 gives the unique fractional ideal a, with (z) = a2. For
every nonzero prime ideal p,

al = (2)? = 2up(a,) = 20,(2)

= vp(z) = vp(2)
— a, = (2),

where the last implication uses unique factorization of fractional ideals. Therefore
the half-ideal is principal.

Theorem 1.2 makes these conclusions valid for a set of integer parameters of
density one, with its stated uniformity. Theorem 1.3 makes them valid for every
member of each constructed subprogression. 0

7. AN EXAMPLE OVER Q(v/10)

We now specialize the family to D = 10, which is squarefree and satisfies D = 2
(mod 4). Throughout this section, put

w=1+v10 >0, K =Q(w), e =3+ w, E,, = Eiom.
Thus the equation under study is
E, :y* =2° + (m+w)® + , m € Z.

The choice w > 0 fixes one real embedding for the calculations of units. Both
real embeddings will be stated explieitly when used. The earlier results also allow
negative D as the sign arguments‘in this section concern only the present field
Q(\/E) We abbreviate o, = e, within this section. The notation [¢] denotes
an element of K*/K*2 while [a] denotes an ideal class. These are different
groups, connected by the half-ideal map 7 of Proposition 2.3.

We prove Theorem 16 by first computing the field arithmetic, then imposing
local conditions. This*will also explain why a non-principal candidate can be
excluded for one parameter and realized by a point for another.

7.1. The ring_ of integers and the full ideal class group. The quadratic
integral-basis.formula, [, Example 2.41] gives
Ok = Z[w], disc(K) = 40.
The two embeddings send w to w and —w, and the field norm is
Ngsgla+bw) = (a+ bw)(a — bw) = a® — 10b°.

For a nonzero integral element (3, the norm of the principal ideal (3) is [Nk /q(5)].
Ideal norms are multiplicative.

The ideal q2 = (2, w) has quotient Fy, so its ideal norm is two. Its square can
be checked by multiplying the generators:

95 = (4,2w,w?) = (4,2w, 10) = (2).
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Indeed all three generators are multiples of 2, while 10 — 2 - 4 = 2 belongs to the
ideal. Thus [q2]?> = 1. If g2 = (a + bw) were principal, its generator would be
integral, with a,b € Z, and
Nqz =2 = |a® — 100°| = 2
= a’=2o0r3 (mod5).

The squares modulo 5 are 0,1,4. This is impossible, proving

[92] # 1. (7.1)

We must still show that there are no other ideal classes. Minkewski’s ideal-class
bound [!, Theorem 4.3] for a real quadratic field gives an integral representative
of each class with norm at most

V40
T<4.

Only norms 1,2, 3 therefore need to be considered.» Norm 1 gives the principal
class, and g5 is the only prime above 2, since g3=/2).
Modulo 3, the polynomial of w factors as

T —10= (T — 1T+ 1) (mod 3).
Thus the two primes of norm 3 are
q3:(37w_1)7 qé:(37w+1)7 QSqé:(?))

These factorizations are instances of prime-ideal factorization from [1, Theorem
3.41]. They can also be ehecked here from the quotient maps w +— 1 and w — —1
modulo 3. Now

Nk o(2+ w) = —6, 2+ w € q2Nqs, 2+ w ¢ q;.

The ideals g, and.gs are distinct primes, so their product divides (2 + w). The
product and (2+w) both have norm 6. Unique factorization of ideals [I, Theorem
3.7] therefore gives
(24 w) = g203
= [q3] = [a2) ™" = [a2],
9505 = (3) = [a3] '

[a3] 7 = [a2]-

Every ideal of norm 2 or 3 is prime, because its quotient ring has prime order.
We have accounted for all such ideals. The Minkowski bound therefore proves

CUK) = {1,[q0]} = Z/2Z. (7.2)

This determines the full class group, not just its subgroup of elements of order
two.
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7.2. The units and the eight virtual square classes. The element ¢ = 3+w
is a unit because

N(g)=9-10 = —1, el =w—-3¢e .

We verify explicitly that it generates the units up to sign. Suppose u = a + bw-is
a unit with 1 < u < € at the embedding where w > 0. Its conjugate is u’ = +1 fu,
since the norm of a unit is 1 or —1. Thus

o
u—u <u+1/u<6+1/8:

0<b=
20 T 2w 2w

1.

The strict inequality holds because t+ 1/t is strictly increasing for #.> /1. Equiva-
lently, for v > u > 1 its difference is (v—u)(1—1/(uv)) > 0. We haye contradicted
b € Z. There is therefore no unit in the interval (1,¢).

For an arbitrary unit u, choose s € {1, —1} so that su, >0 at this embedding,
and take j = |log(su)/loge]|. Then

g <su<dtt —= 1 <sust<e

The element sue™/ is a unit. The preceding argument forces it to equal 1, so
u = se’. Hence

O = {*e : j eZ¥. (7.3)
Modulo squares, its four classes are represented by 1, —1,, —e. Here is the inde-
pendence check. If (—1)%’ = 22 with 4,5 &40, 1}, then v,(z) = 0 at every finite
prime because its square is a unit. Thuswzis itself a unit, and (7.3) gives z = se”
for s € {1, -1} and r € Z. Consequently

(_1)i5j =2 ="=i=0 by positivity at w > 0,

el =e¥ = j=2r becauseec > 1

— 5 =0.

Thus the four unit square elasses are distinct.
Apply Proposition. 2.3, Its exact sequence becomes

0 == ([=1],[e]) — V() = ([a2]) — 0.

The map in this exact sequence is the ordinary ideal-class map: if (¢) = a?, it
sends [c] to'[a]. Since (2) = q3, the class [2] maps to the non-identity ideal class.
In particulary.[2] # [1]: a hypothetical square root 2 = z? would imply q3 = (2)?,
hence gy = (2) by unique ideal factorization, contradicting (7.1). Therefore every
class-in V(K ) has a unique expression

(] =[(-1)%72",  i,5,ke{0,1}. (7.4)

For existence, use [2]* to remove the ideal-class image and then use the unit
generators. For uniqueness, applying 7 first forces k£, and the independence of
the unit classes then forces ¢, 7. In particular

V(E) = {[1], [-1], ], [~e], (2], [=2), [2¢], [~ 2¢]},  a((e]) = [qa]".
Exactly four virtual classes map to the non-principal ideal class: those with

k = 1. The local conditions still have to be checked. The class group alone does
not decide whether these classes belong to 5,,.
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7.3. Conditions for the parameters. Let ' = K,, with normalized valuation
v. The equality g3 = (2) gives v(2) = 2. Since 5 is a local unit and w? = 2-5, we
have
20(w) =v(2)+v(B)=2 = v(w)=1.

Thus w is a uniformizer, and (w?) = (2) in Op. Completion preserves the qlios
tients by powers of the maximal ideal: local integers can be approximated modulo
any such power by global integers, with the same kernel of reduction. This-is the
finite quotient property of completion [I, Aside 7.30]. Applying it at the power
g3 gives the explicit calculation

Or/(w?) = O /a3 = Z[w]/(2)
= Fyft] /(7).

The four elements of this quotient are 0, ¢, 1, 1+¢. Their squares are, respectively,
0,0,1,1. Its two units are 1 and 1 + ¢, and both are their own inverses.
Lemma 7.1. For every integer m, every first local amage class over F has a
representative in 1+ w?Op. Consequently, if [(—1)'e’2¥] € S,,, then j = 0.
Proof. First, there is no local point with v(x) =/0."For such a point y is integral.
Dividing the equation by z? gives

(y/2)* =z + (mAw) + 27
Modulo w?, the unit z equals its inverse, so x + 2~' = 0 in the quotient. The
right side is therefore (m mod 2) +,-which is neither 0 nor 1. It cannot be a
square. This is a contradiction.

For a point with = # 0 and v(x) % 0, the valuation calculation of Lemma 2.5
shows that v(z) is even. To cheek that we may divide by y, observe that y = 0
would give 22 + (m + w)z+4+1"=.0. If v(z) > 0, the constant term would have
uniquely smallest valuation: Tf v(x) < 0, the term 2% would have uniquely smallest
valuation. Neither sum can vanish. Thus y # 0. If v(z) > 0, then v(z) > 2 and

y* =zl (m+w)a +a%) = [2] = [1+ (m+w)z + 27,
I+ (m+w)z+2° € 1+ w?*Op.
If v(z) < 0, then v(1/x) > 2 and
v EP (1 m 4 w) /o +1/27) = [z =14+ (m+w)/x+1/27,
T (m+w)/z+1/2° € 14+ w*Op.
We used [x]3 =[z] in the second case. The special points have class [1], which
also has a/representative of the required form.

Now take the representative ¢ = (—1)%72* from (7.4). Dividing by the square

w?* gives the unit representative
co = (—1)el57*,
If [c] € Sy, the first part gives a unit u = 1 (mod w?) in the same local square

class. Thus cq/u = 2? for a local unit 2. A unit square is 1 modulo w?, so ¢ = 1
(mod w?). However,

-1=1, 57t =1, e=34+w=1+w (modw?),
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and hence ¢y = (14+w)’. The element w is nonzero modulo w?, so this is 1 exactly
when j = 0. This proves the lemma. O

The lemma proves the uniform restriction
It excludes the four candidates involving an odd power of € for every parameter,

before any odd-prime condition is imposed.

7.4. Progression on odd prime factors. Use the primes

q3:(37w_1)7 CI5:(57U)>

Their residue fields are 3 and 5, respectively. The second prime is ramified in
K/Q. This causes no large difference because Lemma 3.2 requires odd residue
characteristic, not an unramified extension. The basis representatives —1, ¢, 2 are
units at both primes. Their residues and quadratic characters are

prime |w | =1 ¢ 2| x(=1) .x(e)x(2)
G 1112 1 2] 1.1 -1

s |04 32| 1. 1 -1

Here x is 1 on nonzero squares and —1 on.nen-squares in the indicated residue
field. The table follows just by listing the nonzero squares {1} modulo 3 and
{1,4} modulo 5.
We claim the following exact vanishing progression:
m=3 (med15) = S, =1{[1]} (7.6)
Suppose m = 3 (mod 15). The two congruences are
m=0 (mod3), w=1 (modgqs) = m+w=1=-2 (mod q3),
m=3 (modb5), w=0 (modqg;) = m+w=3=-2 (mod gs).
Both local first-descent.images are therefore trivial. If [c] = [(—1)'¢72*] € S,,, the
dyadic lemma and the two rows of the character table give
at gz : ] = 07
at q3: i+ k =01in Fy,
a,tq5: j+k:01nF2
= 7=0, k=0, i=0.
Thus-every one of the seven non-trivial candidates is excluded, and S, = {[1]}.
The Chinese Remainder Theorem construction is explicit by writing m = 3t, the
requirement m = 3 (mod 5) is t = 1 (mod 5), so m = 3 + 15¢. This proves (7.6)
for every integer in the progression, including negative integers. Theorem 1.4 now
yields
En(K) = ¢m(EL(K)),  Sha(E,/K)[¢n]=0 (m=3 (mod 15)).

Also, every point with  # 0 has v = 22 for some z € KX, so its fractional
half-ideal is the principal ideal (z).
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7.5. The parameter m = 1 and its global points. At m = 1, direct substi-
tution gives
(2 +w)? = 14 + 4w,
22+ (14+w)2? +2=8+4+4dw+2 = 14 + 4w.

Therefore P = (2,2+w) lies on Fy(K). The torsion classification in Theorem 1.5
applies because 10 is squarefree and 10 = 2 (mod 4). It gives

Ey (K)tors = {Ov (O’ O>}

Since P has nonzero second coordinate, it is not one of these_ points and has
infinite order. Its first descent class is 2], and the already proved.equality (2) = q3
gives
a(P)=[2, (x(P)=a3  7([2])=[a]# L. (7.7)
In particular [2] € S; and is non-trivial.
It remains to exclude the other candidates at this parameter. The dyadic
lemma has already reduced them to

Sy < {1, [=1], [2], [<2]}

For the remaining step we use that this particular field is real: D = 10 > 0.
Consider its real embedding o_ : w — —+/10.*The coefficient becomes 1 — /10 <

0. If a real point had < 0, then
22 + (1 =/10)z + 1 > 0,
z(z® +(1= V10)z + 1) <0,
contradicting y? > 0. All henzero x-coordinates at this real place are positive,

so its first local image is trivial. The classes [—1] and [—2] are negative at this
embedding and cannot belong to S;. We have proved

{1, 21 € Sy S {[1], [21}, hence Sy = {[1], [2]}.

Finally, the actual global point P supplies the non-identity element of S;. The
global Kummer image is consequently the whole group S;. The isogeny Kummer
exact sequence quoted and identified in Section 6 is

0 == B{(K)/d(E|(K)) — S; — Sha(E!/K)[$] — 0.

The-general isogeny form is described in [!, Equation (2.1) and Remark 2.2].
The-latter-explains the alternative source-versus-target convention for naming
the Selmer group. Since the first arrow is now surjective as well as injective,
exactness gives

Ey(K)/é1(E|(K)) = S, = 7,/2L,
Sha(E; /K)[¢1] = 0. (7.8)

This proves (7.8) and completes the proof of Theorem 1.6. Thus this member
has a non-trivial first Selmer group even though the specified Sha kernel is zero,
meaning its non-identity Selmer class comes from the global point P.
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Corollary 7.2 (Odd multiples; a consequence of descent). For every odd integer
n, the point nP has infinite order and there is z, € K* such that

x(nP) = 222, (x(nP)) = ((Zn)qQ)Q.

Its unique fractional half-ideal is (z,,)qs2, which is non-principal. Thus the single
curve E1 has infinitely many infinite-order points carrying the non-principal_ideal
class.

Proof. Since P has infinite order and n is a nonzero integer, nP also has infinite
order. In particular it is neither O nor (0, 0), so its z-coordinate ismonzero. The
descent map is a homomorphism, and n is odd, giving

a(nP) = [2]" = [2] = z(nP) = 222 for some 2z € K~

— (@(nP)) = (2)(z0)>= (@(zn))".

Unique ideal factorization identifies this square root-ideal. Its class is [qo] # 1,
because multiplication by the principal ideal (z,) does not change an ideal class.
The half-ideal is unique because all exponents in a fractional ideal factorization
are integers. Thus a? = b? forces each exponent in a and b to agree. Distinct
odd integers give distinct points as if nP = n’'P, then (n —n')P = O, son =n’
because P has infinite order. O

In this example, the non-principal classidoes not produce an unaccounted-for
Sha class. The progression m = 3 (mod 15) shows how the same candidate can
be removed by local conditions at_other parameters. This distinguishes the fixed
field arithmetic, encoded by V(K and Cl(K)[2], from the parameter-dependent
local conditions.

8. CONCLUSION

The fixed field supplies possible square classes, but each curve decides which
of them remain. The eoefficient 1 forces even valuations and places every first-
descent class in V(K). The map 7 : V(K) — CI(K)[2] identifies the ideal-class
part of a candidate. Its membership in S,, then asks whether it passes the local
tests for that particular parameter.

The argument answering the frequency question has three steps:

[c] # [1] = many degree-one primes keep ¢ non-square,
=—-2—-w (modyp) = the local first image is trivial,
these two conditions together = [c] ¢ Sp.

The first step is the direct consequence of Chebotarev, the second is a family-
specific calculation, and the third is the definition of the Selmer condition. Count-
ing finitely many such congruences at a time gives uniform density-one vanishing
and the average-size limit. Choosing one detecting prime per candidate gives a
subprogression of guaranteed vanishing.

Over Q(1/10), the non-principal class is actually realized when P = (2, 2++/10)
at m = 1 has descent class [2]. The torsion theorem certifies that P has infinite
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order, and its odd multiples supply infinitely many points with non-principal half-
ideals. At every m = 3 (mod 15), the first Selmer group is trivial, and all point
half-ideals are principal. The class group of the field has not changed. What
changes is whether a class contributes to the descent of the chosen curve.

Throughout the family, E,,(K)rs = Co and E! (K)ios = Cy X Co. Sy = {[1)}

implies that E,,(K) = ¢m(E!, (K)) and Sha(E’ /K) [ém} = 0.
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APPENDIX A. PROOF OF THE TORSION CLASSIFICATION

We use the assumptions of the paper that D is squarefree, D = 2 (mod 4),
K = Q(w) with w? = D, and m € Z. There is no restriction on the sign of D.
Write

a:m+w7 d:a2_47
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and abbreviate Ep,, and E},,, by E,, and Ej:
E,: vy =2*+a’+2x,
B Y?=X?-2aX*+dX = X(X —a—2)(X —a+2).
The isogenies and their kernels were proved in Lemma 2.1. We establish the

square and duplication tests first, exclude odd torsion at the unique primeabove
2, and then assemble the result.

A.1. The square tests.

Lemma A.1 (A coefficient restriction). If A, B € Z and A+ Bw is“a square in
K, then every square root belongs to Z[w| and B is even. In particular, neither
a—+ 2 nora—21s a square in K.

Proof. Suppose z € K satisfies 22 = A 4+ Bw. Then
(-~ A)?=BD = '-2422+(A>~B*D)=0.

The polynomial is monic with integer coefficients, so z is an algebraic integer.
Because D = 2 (mod 4), the quadratic integral-basis formula gives O = Z[w]
[1, Example 2.41]. We may therefore write z =7+ sw with r, s € Z. Coefficient
comparison yields

22 =14+ Ds®>+2rsw=A4+Bw = 2rs=B.
Thus B is even. The coefficient of w-injeach of a + 2 and a — 2 is 1, so neither

can be a square. Il

Lemma A.2 (The quadratic faetor does not split). The element d = (m+w)?*—4
is not a square in K. Consequently E,,(K) has precisely one non-identity point
of order two, namely T' = (050).

Proof. If d = 22, Lemma A.1 gives z = r + sw for integers r,s. Comparing
coefficients gives

r?+ Ds* = m*+ D — 4, rs=m = r°+ Ds*=r?s>+ D —4
— (= 1)(r* = D) = 4.
If s is odd, then s =.1 (mod 8). The left side is divisible by 8, whereas the right

side is nott If s/s,even, then s> — 1 = —1 (mod 4). Reducing the same equation
modulo 4 gives

“(rPP~D)=0 (mod4) = r*=D=2 (mod4),

which is impossible because a square is 0 or 1 modulo 4. Both parity cases are
excluded, so d is a non-square.

The inverse of an affine point is (x, —y), so a non-identity point of order two
has y = 0. On E,, this gives

z(z® +ar+1)=0.

The quadratic factor has discriminant d and has no root in K. Thus the only
such point is (0, 0). O
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A.2. The duplication formula.

Lemma A.3. Let C be either E,, or E! , written as y* = x> + Az* + Bz, with
(A,B) = (a,1) or (A,B)=(—2a,d),
respectively. For Q = (z,y) € C(K) with y # 0,
2% — B\’
z(2Q) = ( 5 ) : (A.1)
Hence the first coordinate of every affine double on either curve is a_square. The
same formula holds over the completion used below.

Proof. The tangent slope is A = (32*>+2Ax+ B)/(2y), and the ehord-and-tangent
formula gives

7(2Q) =N — A -2z
(322 + 2Ax + B)? — 4(A + 2x)(2® +.Ax® + Bx)
4y?
The numerator can be checked term by term:
(322 + 2Ax + B)? = 92 + 12A2> « (44% + 6B)2?
+4ABz+ B,
4(A + 2x)(2® + Az® + Bx) = 82 (+ 1242° + (4A* + 8B)2* + 4ABx.

Subtracting gives x* — 2Bx? + B* = (2% — B)?, proving the formula. If a double
is affine, its original point is neither O nor a point with y = 0, because those
points double to O. Thus every affine double is covered. The calculation uses
field operations alone and remains valid in the completion of K. O

A.3. The unique dyadic/primes. Let p = (2,w) C Z[w]. Its quotient is Fy, so
it is a prime ideal. Also

p* = (4,2w, D) = (2).
To verify the last equality, all three generators are divisible by 2, while

D_4(E> =9
4

shows that 2'belongsto p?. Here (D — 2)/4 is an integer, including when D < 0.
Unique ideal fa¢torization therefore makes p the only prime above 2. Put F' = K,
andnormalize thevaluation by v(F*) = Z. Then

v(2) :2, (’)F/mF:IFQ.
Write D = 2D, with Dy odd. Since Dy is a local unit,
2v0(w) = v(w?) =v(2Dy) =2 = v(w)=1.
Thus w is a uniformizer and mp = wOp. We use the convention v(0) = +o0.
An integral Weierstrass equation over F' is minimal if its discriminant valu-
ation is least among integral Weierstrass equations for the same pointed curve.

To reduce a point, choose projective coordinates in Op with at least one unit
coordinate and reduce them modulo mpg.



NON-PRINCIPAL CLASSES AND SELMER VANISHING 29

Theorem A.4 (Local reduction). For an elliptic curve C/F with a minimal
integral Weierstrass equation, v(A) > 0 and v(cy) > 0 imply additive reduction.
Let Co(F) be the subgroup reducing to nonsingular points and C1(F) the subgroup
reducing to the identity. In the additive case,

Co(F)/Ci(F) = (Fy, +),  |C(F)/Co(F)] < 4.

The parameter t = —x/y, with t(O) = 0, identifies C1(F) with mp equipped
with a formal group law. Multiplication by a positive integer n has a convergent
eTpansion

[n)(t) =nt + > e/, ¢; € Op.

j=2

The reduction criterion and nonsingular reduction group.are in [2, Chapter
II, Section 3]. The reduction filtration and formal-group ‘description are in [2,
Proposition 4.1]. Remark 4.3 includes residue characteristic-two and finite rami-
fied extensions. The component-group bound is stated-for every finite extension
of Q, in [7, Introduction], so it applies to this ramified-quadratic field above 2.

Lemma A.5 (The minimal equation at the dyadic prime). The displayed equation
of E,, is minimal over F and has additive reduction. More precisely,

| v(a) v=1(a+2) v(A)
m odd | 0 0 8

m even 1 1 10

Proof. The invariant formulas give
A = 16(a* —4), cy = 16(a* — 3)
[2, Chapter II, Section 2].4If m is‘odd, v(m) = 0 < v(w) = 1, so v(a) = 0. Both
a+ 2 and a — 2 are then.units, giving
v(a® —4) =0, v =0, v(A) =8.

If m is even, v(m)>2> v(w) = 1, where m = 0 is covered by v(0) = +00. The
rule for a sum.of unequal valuations gives

v(a) =vim+w)=1<2=v(2) = v(a+2)=0uv(
— v(a®* —4) =2
—= v=1, v(A) = 10.
In-either.case 0 < v(A) < 12. An isomorphism of Weierstrass equations has

discriminant, transformation A = u'?A’, with u € F* [2, Theorem 2.4(b)]. A
strictly smaller valuation would therefore satisfy

v(A) =v(A) — 120(u), v(u) € Zsq,

and hence would be negative. This is impossible for an integral Weierstrass
equation. Our equation is minimal. Finally a is integral, so

v(cy) = 8 +v(a? —3) >8> 0.

Theorem A.4 proves additive reduction. O
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A.4. Excluding order three.
Lemma A.6. The curve E,, has no K-rational point of order three.

Proof. Suppose P = (z,y) has order three. Then z,y # 0 and 2P = —P. Using
the duplication identity on FE,, gives

z = z(2P) = (5‘22; 1)2.

Thus = is a square in K, and also in F. Clearing denominators-in the same
equality gives

4oy = (2° — 1) = 4da(2® + az® +z) = 2* — 20¥ %1
— 3(z) = 32" + daz® +.62° 1 =0.

This polynomial has been derived from duplication.
We first show that x is a unit in F. If v(z) < 0/ the term 3z? has valuation
4v(x), and the differences from the other three term valuations are

v(daz®) — dv(x) = 4 +v(a)—v(z) > 0,
v(62%) — 4v(x) = 2 — 2v(x) > 0,
v(—=1) —4dv(x) = —dw(z) > 0.
The uniquely smallest term cannot/canecel. If v(z) > 0, all three nonconstant

terms have positive valuation, so —1 is.instead the uniquely smallest term. Thus
v(xz) = 0. Reduction of ¥3(x) =0 gives

?-l=(z=1'=0 = z=1.

Write £ = w?. The unit w'has @> = 1, so 4 = 1. Since the residue field has
characteristic two, both v'= 1 and v+ 1 lie in mp. Putting 2 = 2 — 1, we obtain

z=(u—1)(ws+1), vu—1),vu+1)>1 = o(z)>2.

The case z = 0 is included by the convention v(0) = +o0.
Expand at z = 1:

0= ah3(1 + 2) = 4(a +2) +12(a + 2)z + 12(a + 2)2*
+4(a + 3)2° + 324,

By/Lemma A.5;\w = v(a + 2) is zero or one. The constant term is nonzero and
has valuation 4+ v < 5. The remaining valuations satisfy

v(12(a+2)z) > 6 + v,
v(12(a +2)2%) > 8 + v,
v(4(a + 3)2*) > 10,
v(3z%) > 8.

Every one is strictly greater than 4 4+ v. Again a uniquely smallest term cannot
cancel, contradicting the equation. O
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A.5. Excluding odd torsion.
Proposition A.7. Neither E,,(K) nor E! (K) has non-trivial odd torsion.

Proof. Let Gy, G7 be the reduction subgroups of E,,(F') denoted by Co(F), C1(F)
in Theorem A.4. For an odd positive integer n and a nonzero parameter t € mp,
that theorem gives
)(t) =nt+ > et
Jj=2
Because n is a unit, v(nt) = v(t). Every higher term has valuation at least
20(t) > v(t):

v(nt) = v(t) < 20(t) < jo(t) <v(et!) (G >/2).

The higher terms form a convergent sum of valuation at least 2v(¢) and cannot
cancel nt. Hence [n](t) # 0, proving that G; has no non-trivial odd torsion.

The quotient Gy/Gy = (Fy, +) has order two. An odd-order point of Gy maps
to an element of order dividing both two and an odd“integer. Its image is there-
fore zero, so it lies in Gy, where it must also be.zero. Thus every finite odd-
order subgroup of E,,(F) injects into E,,(F)/Gos Additive reduction and the
component-group bound give

|En(F)/Gol'< 4.

If a non-trivial K-rational point had odd order, the order of its cyclic group would
therefore be an odd integer greater .than one and at most four. It would have
order three, contradicting Lemma_ A.6. This excludes odd torsion on F,,(K).

The map o, E! (K) — En(K) has kernel of order two by Lemma 2.1.
An odd-order subgroup meets this kernel trivially, so its restriction is injective.
The absence of odd torsion on #,,(K) therefore gives the same conclusion for
El(K). O

Proof of Theorem 1.5. There is no non-trivial odd torsion on either curve. Every
torsion point therefore has order a power of two, since any other finite order would
yield a non-trivial odd-order multiple.

On E,,, Lemma. A.2 shows that 7" = (0,0) is the only non-identity point of
order two. /If a point @ had order four, we would have 2Q) = T and Q = (z,vy)
with y # 0. By the duplication identity,

22Q) =0 = 2 =1
— rx=1lorz=-1
— P =a+20ry*=a—2.
Both alternatives are impossible by Lemma A.1. Thus E,,(K) has no point of
order four.
The factored equation of E! gives precisely the three non-identity points of
order two
T' = (0,0), (a+2,0), (a—2,0).
They are distinct because a # +2 and 4 # 0 in K. The last two cannot be doubles
since every affine double has a square first coordinate, whereas a + 2 and a — 2
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are non-squares. A half Q = (X,Y) of 77 would have Y # 0, and duplication on
E! gives
X2 —d
0=2z(2Q) = ( VG

This contradicts Lemma A.2. None of the three non-identity points of order, two
has a half, so £/ (K) also has no point of order four.

A point of order 2/ with j > 2 would have a multiple of order four. Therefore
every torsion point on either curve is killed by two, and the lists just obtained
are complete:

Em(K)tors = {07 (07 0)} = Z/2Z7
E! (K)o = {0, (0,0), (a +2,0), (a — 2,0)} = (Z/2%)*.

In particular every affine torsion point on either displayed/model has ordinate
zero. Every argument used only squarefreeness and D =2 (mod 4). U

2
) — X?’=4d
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