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Abstract

Exact approximation problem in convergent fraction approximations asks how narrowly
convergence approximation error can follow a prescribed rate function. Tt is clear that in most
cases, the output of the target function and the real convergence approximation has some
small differences infinitely often even when denominators get sufficiently large. Therefore,
a relative tolerance scale is included. If an irrational number-can be approximated by the
prescribed rate function, with the difference of the function and approximation less than
the tolerance scale, it is considered as an exact approximation. Quantitatively, we write
set E(¥,w) for real numbers that satisfies exact approximation, namely the target function
is ¥ and tolerance function is w. Baker-Ward’s. paper already gave a sufficient condition
for E(¥,w) being uncountable and separately, being empty. The central question is how
small this tolerance can be while the resulting set remains nonempty. A smaller tolerance
places the successful approximation errors in-a narrower interval and thus imposes a stronger
requirement.

This paper mainly focuses on twoe parts. First is that in case where the prescribed rate
function ¥ as exponential decay function with a rational base A =r/s (r,s) = 1 which is
greater than 1. We established. function hy(q) = X~ "and find the existence and emptiness
criteria are both occurring at'this.scale, specifically, when the fixed multiplicative constant is
greater than 6, F(¥,w) contains a Cantor set and is thus uncountable, and if the constant
is less than 1, E(¥,w) is empty. This makes the criteria up to multiplicative constants’
differences. The critical peint of constant is yet to be determined. This scale is substantially
smaller than the sufficient tolerance obtained from the general result for exponential decay.
Our paper is notmerely making constants better, but also is working better when ¥ decays
fast.

More, in general, we also sharpened Baker-Ward’s sufficient condition of E(¥,w) being
uncountable. Assuming that g — ¢?¥(q) is eventually non-increasing, ¢?¥(q) — 0, and
w(q) — 0, we'strengthened the bad interval estimation in multiplicative constants and proved
our construction to be-admissible. Therefore, in exponential decay case, the leading negative
exponent can~be strengthened from 1/2 to 1, showing our method works better when ¥
decays very fast.

For the rational-base result, arithmetic separation at shell endpoints is combined with
bounded continued-fraction padding construction lemma. The construction enforces the
target approximation infinitely often while excluding excessively good approximations at
every sufficiently large denominator.

The Cantor set conclusions give continuum many numbers satisfying the required ap-
proximation conditions. The rational exponential result further shows that the arithmetic of
the decay rate can strengthen the existence criterion beyond what follows from the general
monotonicity argument. Any optimal case is not claimed by now. For irrational bases, the
shell endpoint need not be rational, so the arithmetic argument cannot immediately apply.
Hence exact constant and general case study needs further investigation.

Keywords. Diophantine approximation; continued fractions; exact approximation order;
fundamental intervals; Cantor construction; exponential decay.
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1 Introduction
Let ¥ : (0,00) — (0,00) be non-increasing. Define

T — p‘ < ¥(q) for infinitely many (p,q) € Z X N} .

W(¥) = {xeR: .

For a function w : (0,00) — (0, 1) satisfying w(q) — 0, Baker and Ward define

E(V,w):= {z € W(¥): for every sufficiently large ¢ and every p € Z,

x—g‘ > (1—w(@)¥(q) }.

Thus z € F(V¥,w) has approximations at the scope ¥(q) infinitely ‘often, but has no
approximation below the slightly smaller scale (1 —w(q))¥(q) once q is sufficiently large. Since
w(q) — 0, these two scales are identical asymptotically. This means V¥ is the exact approximation
scale wanted for x; see Baker and Ward [1, Section 1.1].

Now, we recall Theorem 1.1 of Baker-Ward. They assume that .+ ¢*¥(q) is non-increasing
on (0,00), ¢*¥(q) — 0, w(q) — 0, and that

(0> 505 (za) 1)

2¢¥(q)

for all sufficiently large ¢, then members in E(V¥,w) can construct a cantor set, and therefore
E(V¥,w) is uncountable [1, Theorem 1.1].
For exponential decaying case ¥(q) = A\~ 9;condition (1) becomes

w(q) = 45097/ 20, (2)

The leading negative term in the exponent'is —;‘—;. A straightforward corollary of this paper is
to refine the local denominator estimate in Baker—Ward’s Lemma 4.4 and replace this leading
coefficient 1/2 by 1 and greatlydmprove the result.

For rational exponential based ease, a further improvement beyond the general estimation
can be obtained. Theorem 1.5 gives a sufficient tolerance scale that only differs Baker and
Ward’s emptiness criterion.in terms of multiplicative constants, specifically the function is A979"".
Thus, in this case, we détermine the transition pf E(¥,w) by the quantity of constants.

Only sufficiently large-denominators are considered in the construction below, and hence the
strict condition of non-increasing is not needed and only eventual monotonicity is needed and
can be weakened to. Throughout the paper we assume

q ¥ ¢*¥(q) is-eventually non-increasing, *U(q) — 0, w(q) — 0. (3)

The classical continued-fraction estimate lemmas used throughout may be found in Khinchin [4];
broader backgrounds and discussions of exact-order questions include Bugeaud [2] and Bugeaud—
Moreira [3].

In the general monotonicity branch of this paper, one of our construction is partly imported
from Baker—Ward. However, we first locally keep the previous denominator and the rounding
integer-cell phase in the first denominator step, and then verify that our sharper input can
be substituted into their construction. Globally, we did change the fundamental geometry
separation input from 20 to any fixed constant that is bigger than 2. We also give a new type of
construction that does not consider positive ratio length in lemma 5.4.

For sufficiently large ¢, put

k(g) :=1-¢¥(q), T(q) := = e (4)
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Fix any constant I' > 6 and define

T Kr—2 T -6
Kr = g > 2, cr = 10K, = or > 0.
et ¥(1(q))
Rp(q) = Tr(q)2— 1) 5

Theorem 1.1 (Cantor set construction and uncountability). Assume (3). Suppose, in addition,
that for all sufficiently large q, the condition

w(q) > ﬂ%. (6)

Then E(V,w) contains a Cantor set. In particular, |E(¥,w)| = 2%0.

Theorem 1.2 (Exponential sub-case). Let A > 1 and ¥(q) = \7% Let w : (0,00) — (0,1)
satisfies w(q) — 0. Fiz constant T > 6 If

w(g) > Ry r(q)

—— R 1= D(1 —g® X 9)2\2-2 e, 7
Z T B ar(g) =T =¢"A™) (7)

for all sufficiently large q, then E(¥,w) contains a Cantor: set and is uncountable and holds the
cardinality of continuum.
Corollary 1.3. Under the hypotheses of Theorem 1.2, fir 0 < e < 1. The condition

w(q) = Ta=(1—e)A/a (8)
for all sufficiently large q implies the_ conclusion of Theorem 1.2.
Corollary 1.4 (Power-law approximation). Let 7 > 2 and

U(g)=q "
Suppose that w(q) — 0 and that, for some fixed constant C' > 6,
w(q) > Cqg Y

for all sufficiently large~q. Then
E(¥,w)

contains a Cantor set and therefore is uncountable and holds the cardinality of the continuum.

Theorem 1.5 (Rational Exponential Base Specified). Let A = £ > 1, where r > s > 1 are
integers-that satisfies (r,s) = 1. Put W(q) = A" and let w : (0,00) — (0,1) satisfy w(t) — 0.
Forq € N, define

N(q) := qri, ha(q) == g)) =\,
Then the following arguments hold:

1. If there exists a constant C > 6 such that w(q) > Chx(q) for every sufficiently large q, then
E(¥Y,w) contains a Cantor set.

2. If there exists a constant 0 < ¢ < 1 such that w(q) < chx(q) for every sufficiently large
integer q, then E(V,w) = &.

The second argument is simply a specialization of Baker-Ward [1, Theorem1.6(1)].
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Notice that hy(q) is way smaller than the function we gained in theorem 1.2, since

qre
A/q

and ¢ < 2¢q. At this scale, constants bigger than 6 guarantee the uncountability of set E(¥,w
while constant in the range of (0, 1) guarantee its emptiness. The critical endpoint is not claimed
but indeed the problem of exact approximation turns into how big the constant is.

We refined the fundamental geometry of Baker—Ward paper by showing the separation“input,
or the sufficient ratio of 20 is way far from necessary. Our paper puts a sharper replacement for
their Lemma 4.4, improves bad-interval constant and the sharpened cutoff cylinder(separation
input). We verify that under their framework, the sharper replacement is admissible, and then
write out the binary construction of Cantor set. The stronger measure!conclusion of their
Lemma 4.1 is not used in this paper.

This paper only concerns the general monotonicity branch of Baker-Ward’s paper and does
not have improvement and general discussion in their square divisibility result and Hausdorff
dimension result. Particularly, when W(q) = ¢~ with an integer @ >3, their divisibility-based
argument applies at the strictly smaller scale ¢ ™1 whereas our general result concerns the

scale ¢77(772),

= ¢®s — oo.

2 Set-up for continued fraction

Consider
x = [0;a1,az,...], &:[O;al,...,an].
dn
The denominators satisfy
Int1.= dn+19n + gn-1- (9)
Fix a rational fraction p/q = [0; a1, . 4, ay], n is even, ¢ = qn, ¢ = gn—1. We first present some

basic lemmas that help our logic+to'be more explicit and clear.

Lemma 2.1 (Tail coordinate). For z > 1,

[0;(11,'”7@”72]:%‘ (10)
2qn + Qn—1
If n is even, then
Pn 1
0;a1,...,0p,2] — — = 53—~ (11)
" dn Q%(ZﬁL qul)

Proof. Equation (10) can'be understood by multiplying the standard continued-fraction matrices.
Using
Pn—14n — Pngn—-1 = (_1)717 (12)
we can, hence obtain
ZPn+Pn-1 _ Pn _ Pn—1dn — Pndn-1 _ 1
2ntdn-1 dn G200 +an-1) (2 + )

when n is even. For odd n, the sign is reversed; this is why we only work on the right-hand shell
for even convergents. ]

By (11), the points in convergent fractions that are to the right of p/q satisfying

(1—w(@)¥(g) <z -2 < ()

q

ot
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Here, when dealing with continued prefixes, we call z the tail coordinates and x to be the
original coordinates, or the z-coordinates. The S(p/q) and bad intervals defined below is defined
in tail coordinates, their image however is in the original coordinates.

By calculation, this means its tail coordinates belong to the interval

1 q 1 q
S(p/q) = - =, -=1. (13)
?¥(q) ¢ @P¥((1-wlg) ¢
Indeed, solving the two error inequalities in (11) gives the endpoints displayed above, with’order
reversed because the error is decreasing in z. This is the interval appearing in [1.Lemma 4.2].
Its exact length is

LSplo) = qw@‘ﬁql @) = q?\%- (14)

If the tail coordinate z with the length of n + 1 lies in S(p/q), then the n-th convergent
p/q = pn/qn approximates x at the desired scale:

(1-w(@)¥(g) <z —

Q3

< ¥(q).

A quick note however, is that this condition controls the.current convergent only; a later
convergent may still approximate x too accurately that it does not belongs to the range of
approximation F(V¥,w) permits.

To control approximations that is unwanted due.to.ater conditions inside S(p/q), we use
the bad intervals introduced by Baker and Ward: For a finite word ¢ = (co, ..., ¢n), let

I (co; ety %, Cm)

denote the fundamental interval consisting of tails whose first m + 1 continued-fraction digits
are cy, ..., cn and the later tail is arbitrary.
Let by € N satisfy

[bo, bo,+ 1] N S(p/q) # 2, (15)
and let b = (by,...,by) be a possibly empty finite word. Define ¢y 4m+1 by
M — [O;Cbl,...,an,bo,bl,...,bm],
dn+m+1
and set .
C(b) = [ —‘ .
3q73+m+1\1/(Qn+m+1)

according to Baker and Ward [1] rough estimation. Following Baker and Ward [1, (4.9)], define
the bad interval

B(p/q.b0,b) := | J Ims1(bo;b1, ... bm,0). (16)
c¢>C(b)

Thus-B(p/q, by, b) consists of tails for which the next partial quotient is bigger than the
maximum partial quotient that makes approximation near ¥ enough. This maximum value is
called "relevant cutoff” in this paper.

Baker and Ward prove in equations (4.10)—(4.11) that

L(B(p/¢,b0,b)) < 9¢2, 19 (gnt1), (17)
where
qnt+1 =bog + ¢ (18)

The estimate is uniform over all possibly empty words b. When b is empty, m = 0 and
Gn+m+1 = Gn+1, as required.
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Lemma 2.2 (Sharpened bad-interval estimate). Assume (3). For every sufficiently large and
admissible g and a corresponding convergent fraction p/q, every relevant by, and every possibly
empty word b,

L(B(p/q;b0,b)) < 34,741 (gn11)- (19)

Proof. Define D = ¢y 4m+1, and let @Q; be the denominator of the tail convergent [bo; by, . . .4 b;];
with Q_1 = 0 and Q9 = 1. After appending the digit ¢, the new denominator is ¢Qy, + Qp_1.
Consequently,

— 1
L(B) =
1= 2 (G + Q) (e + D0 + Q)
B 1
Qm(C(b)Qm + Qm—l)’
where the last equality is a telescoping sum. Since C(b) > 357557 D2\11,( D) this exact formula gives
B < <s( 2N wih (20)
T Cb)QE, T \Qnm ’

Specifically since Qp, > 1,
L(B) < 3D*¥(D).

Since D > g, 41 and t2¥(t) is eventually non-increasing,
L(B) < 3D*W(D) <3541 ¥(gn11);
as claimed ]

Lemma 2.3 (Sharpened adjacent cutoff cylinder). Fiz T' > 6, Let q to be sufficiently large and
for the corresponding p/q, let by be relevant, and let b = (by,...,by) be a possibly empty word.
Put

1
D = qpima1, 0p : Cp :=[6p], Fp:=10p]. Ap =Cp -1

"~ .3D2U(D)’

Then Ap < Fp always holdsThe cylinder with final digit Ap is immediately adjacent to the bad
interval and satisfies

ﬁ([m+1(b0; bl, ce bm, AD)) < L
L(B(p/q;bo, b)) ~ Ap’
Moreover, globally over-all relevant prefizes,
L K, _I-6
Ap = 2 6

for.all sufficiently large q.

Proof. Let @Q; be the denominator of [by;b1,...,b;], with @_1 = 0 and Q9 = 1. The exact
telescoping formula used in lemma 2.2 gives

1
B Qm(CDQm + Qm—l) '

L(B(p/q,bo, b))

Since Cp = Ap + 1,

1
(ADQm + Qm—l)(CDQm + Qm—l) .

ﬁ(Im+1(b0; bi,...,bm, AD)) =

7
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Therefore
L(Im—i-l(bo;blv'”vb’rrnAD)) Qm 1

L(B(p/q,bo,b)) ApQm +Qm-1 ~ Ap

Since globally,
D > gn+1 > T(q).

and ¢ — t2W(t) is eventually non-increasing, for sufficiently large gy,
D*¥(D) < T(q)*¥(T(q)) — 0.

Hence Ap — co. With I" > 6 is fixed, we eventually gain

which is equivalent to
1 I'-6 Kr
— < —=— -1
Ap = 6 2

3 The local rounding denominator estimate

The standard proof first obtains a rough lower bound.-for+bg and then uses g,+1 > bog. Retaining
¢ in the exact recurrence formula improves this estimate, while retaining the integer rounding
reveals the precise location of the remaining loss. Put

Alg) = o o o) i=u— [l +1€ (0.1 (21)

q) = 5——, r="= plu) :=u—[u 1.
7*¥(q) q

If u ¢ 7Z, then p(u) is the fractional part of u, whereas p(u) = 1 when u € Z. Thus p(u) measures
the distance from u to the left endpoint,of the leftmost closed unit cell containing u.

Lemma 3.1 (Exact rounding estimation first step). Assume ¢>¥(q) < 1, and let

q/
Ppjq = P<A(Q) - q) : (22)
If (15) holds, then
1
> — — .
G+t 2 gy = Po/ad (23)

Moreover, if
/

L::A(q)—%>1,

then the smallest admissible integer cell meeting the left endpoint of S(p/q) can meet equality in
(23) ¢ In particular, this equality case is available for all sufficiently large q.

Proof. We first verify the rounding identity
[L]=1=L - p(L). (24)
If L=k+06, where k € Z and 0 < 6 < 1, then
L-1=k  p(L)=0,

so both sides of (24) equal k. If L = k € Z, then accordingly p(L) = 1, and both sides equal
k—1.
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Now since we already assumed [bg, by + 1] N S(p/q) # @ and L is the left endpoint of S(p/q),
we must have by + 1 > L. Since by € Z,

by > [L]—1=L—p(L).
Applying convergents recurrence gives us

gn+1 = bogq + ¢’
>q(L—p(L)) +4

=q (A(Q) - Cg - p(L)> +q

=qA(q) — p(L)q

1
= — Pp/qd-
qU(q) P
To meet equality, choose

by := L] — 1.

If L ¢ Z, then
by < L <by+ 1.

If L € Z, then

by =1L —1
Thus, either way, the closed cell [b§, b + 1] contains.the left endpoint L and therefore intersects
with S(p/q). If L > 1, then bj > 1, so it is a legitimate continued-fraction digit. Substituting
by = L — p(L) into gn41 = bog + ¢’ proves the condition of equality in (23).
Finally, since ¢?¥(q) — 0, we have A(q) = oo, while 0 < % < 1. Hence L > 1 holds for all
sufficiently large q. O

Corollary 3.2 (Global/Uniform. denominator bound). Under the premise of Lemma 3.1,

1 1—q*¥(q)
Gt >T(q) = <~ —qg=————. 25
e T = 5 q¥(q) (%)
Proof. This follows from.Lemma 3.1 and 0 < p,/, < 1. O

The improvement can be seen by comparing the rough and exact uses of the denominator
recurrence. From Lemma 3.1, we have

bo > A(q) =7 — pp/gs r="2.

q
Consequently,
Baker-Ward rough recurrence exact recurrence
dnt1 = bog Gnt1 = bog+¢
> q(A(a) =7 = py) > q(AlQ) =7 = pyyg) +
= qA(q)— rq — = qA(q)— rq — +dq
qA(q) — 19 —pp/qeq qA(q) — Tq —pp/ea+q
=q =q
1 , 1
= o~ 4~ Po/ed = U Prela?
q¥(q) v/ q¥(g) P

Thus, in the previous rough estimation, the positive term ¢’ is discarded before it can cancel
the term —rq = —¢' rising from the lower bound for by. The local rounding estimate therefore
improves the rough lower bound by exactly ¢'.
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Proposition 3.3 (Local optimality of the uniform loss). Coefficient 1 for the negative term q
in (25) cannot be decreased using the previous hypotheses that a unit integer cell intersects with
S(p/q) and that gn1 = bog + ¢

Specifically, the exact minimum value allowed is the right side of (23), and phases Pp/q can
attain the worst value 1.

Proof. The equality statement in Lemma 3.1 automatically proves the first argument. If A(q)— %/
is an integer, then p,,, = 1, and the smallest admissible cell gives

1
n+1 = (w7~ — 4.
T q¥(g)
Therefore no g,11 > q%(q) — (1 — ¢)q with any fixed ¢ > 0 follows from the local intersection
alone. O

Remark 3.4 (Scope of optimality). Proposition 3.3 is a statement of local lemma instead of a
global construction. It does not claim that every branch of the Baker#“Ward construction realizes
phase 1 infinitely often. Proving that the construction can systematically avoid bad phases
would be a new selection theorem. The condition claimed this paper is only sufficient but not
necessary.

4 Strengthened version of Baker—Ward Lemma 4.4

For a fixed local phase 0 < p <1, define

kp(@) == 1= pg®¥(q), (_T,(q) = ;‘g(((f])) = q‘l,l(q) = pq. (26)
And given a fixed constant I" > 6
Bpaa) = Trgla AL (27)

Proposition 4.1 (Local rounding offset separation). Assume that t — t2U(t) is eventually
non-increasing and t>W(t) > 0. Fir an admissible convergent p/q such that

¢*¥(q) < 1,

and put p = pyjqe- Suppose that

(o) > T (28)
Then every.by satisfying (15) and every possibly empty but finite word b satisfy

L(S(p/q)) = KrL(B(p/q,bo, b)). (29)
Proof. Since 0 < p<1and 0 < ¢*¥(q) < 1,
kp(q) =1— pq2\Il(q) >1-— qQ\Il(q) > 0.

Since q¥(q) > 0,

Ty = 2249 (30)

q¥(q)

This ensures T),(q) lies in the domain of W.

10
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For every by satisfying (15), Lemma 3.1 gives

an+1 2> Tp(q). (31)

Since both sides are positive and the function t +— t2¥(#) is non-increasing, we obtain

G 1Y (ns1) < Tp(q)*W(Ty(q)).

Therefore, by Lemma 2.2,

L(B(p/g,bo, b)) < 3Tp(0)*¥(T,(q)). (32)
Since 0 < w(q) < 1, condition (28) can be rewritten into

w(q)
1 —w(q)

Using the exact equality in (14), rather than its rough lower bound, we can obtain

1 w
L(S(p/q)) = 2U(q) 1 —(52@

T'k,(q)?
> q2\£EZ;2 \II(TP(Q))

U(Tp(q))
»/q,bo,b)).

This proves (29). O

> Ryr(q)-

=T Ty(q)”
> KrL(B(

This proposition is entirely local since p,/, depends on the current convergents. This means
even when case p,/, = 1 is sharp locally, it' may not produce an optimal global result.

Proposition 4.2 (Global/Uniform separation). Assume (3) and (6). Then, for every sufficiently
large admissible denominator q, every by satisfying (15), a fixed constant I' > 6, and every
possibly empty word b,

L(S(p/q)) = KrL(B(p/q; bo, b)). (33)

Proof. Because ¢*¥(q) "0, we have 0 < x(q) < 1 and T'(q)/q = 1/(¢*¥(q)) — 1 — oo. Hence
both T'(q) > 0 and “L(g) lie beyond the eventual monotonicity threshold for all sufficiently large
q. By Corollary 3.2, g,+1 > T(q). The eventual monotonicity of ¢ + t?W(t) therefore gives

L(B(p/q.bo, b)) < 3T(q)*¥(T(q))- (34)

The hypothesis (6)-gives 1f£;q()q) > Rr(q). Hence the exact formula (14) yields

T'k(q)?
£(S(p/q)) > m}&wmq)) — TT(q)*W(T(q)).

Comparison with (34) proves (33). O

Remark 4.3. The bad-interval constant is sharpened to 3, while the separation constant defined
is
r
K]:‘ = g > 2

The limiting geometric loss 2 comes from the possibility that only one half of S(p/q) lies in the
relevant fundamental interval. Thus the prefactor barrier we gained is 3-2 = 6 as a limitation of
our method. The endpoint I' = 6 is not obtained.

11
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5 Transferring refined estimate through the old construction

This section is aimed to show that the refined local estimate is admissible in the framework of
Baker-Ward’s paper. We revisit their analysis only to identify the precise use of their Lemma 4.4
and to verify our estimate (33) can completely replace their original hypothesis.

For a finite prefix a = (bg; by, ..., by,), write

I(a) := I, (bo; b1, ..., b)), I(a,c) := Ln41(bo; b1, ..., b, ©),
and define
B(a) = B(p/(LbO?(bl?"'abm))’ C<a) = C(blv"'vbm)? A(a) = C(a) -1

The cylinders I(a,c) is consecutive contained inside I(a). As ¢ — oo, they approach one of the
two endpoints; call it the bad endpoint. Thus B(a) also strictly appreaches the bad endpoint
and I(a, A(a)) is the adjacent safe cylinder. If P = I(a), we also define B(P) = B(a) and
I(P,c) = I(a,c).

Lemma 5.1 (Selection at a bad endpoint). Assume (3) and (6), fix T > 6, write S = S(p/q),
and let a be any relevant finite prefiz. Suppose that H C I(a) be a closed interval that satisfies

1
L(H)> 5[,(3) and HNB(a) # 2.
Then, for all sufficiently large and admissible q, there~are consecutive integers M, ..., A(a) such
that
A(a)
U:= U I(a,c) CH
c=M
and e o
r—
> = .
LU) > enL(9), cr 10Kr

All newly selected digits satisfy the required partial-quotient bound, which means they are indeed
admissible.

Proof. Put B = B(a) and A= A(a). By Proposition 4.2,
L(B) < —£(5).
Kr
holds Because B'is at one'side of the parent interval and H meets B,
J:=H\B
is on thesafe side of B, adjacent to B. Moreover,

L(J) = L(H) - L(B)

By Lemma 2.3,

12
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Since I(a, A) and J lie on the same side of, and are both adjacent to, B, the length comparison
gives

I(a,A)C JC H.
Let M € {1,..., A} be the smallest integer such that

A
U:= | I(ac) C H.
c=M

If M =1, then JCU,so L(U) > L(J). If M > 2, minimality of M gives
JCI(a,M—-1)UU.
The adjacent-cylinder comparison argument in [1, Lemma 2.9] gives
L(I(a,M —1)) <4L(I(a,M)) <4ALU).

Thus in both cases 5L(U) > £(J). This means:

L) > é (; _ ;F) £05) = BEZ2 2000 (s,

Finally, every selected digit satisfies

where D is the denominator for a, which makes every newly selected digits satisfy the required
condition. 0

Lemma 5.2. Assume the same hypotheses of Theorem 1.1. More, for every sufficiently large q
with the corresponding admissible p/q, there exists a finite collection of words {bl}lel such that

L
U 1(b1) € S(p/a)

=1

and
- -6
L (l JI(bl>> > erL(S(p/q)), er = —op

=1

Moreover, the same intermediate partial-quotient bounds requirement in Baker—Ward’s Lemma
4.5 hold.

Proof. Write S'= S(p/q). Proposition 4.2 gives
L(S) = KrL(B(p/4q,bo,b))

for'every relevant prefix, where

r

We follow the similar case division strategy of Baker—Ward’s Lemma 4.5.

Case 1. Suppose Iy(by) C S for some by. Baker and Ward take all consecutive level-zero
intervals contained in S. Their union has length at least @, which is larger than cr -

3
L(S), VI >6.

13
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Case 2a. Suppose that S intersects both adjacent intervals Iy(by) and Iy(by + 1) but contains
neither, and

£(s 01 Io) > 22 (35)

This is equation (4.16) of Baker-Ward. If I;(bo; 1) C S N Iy(bo), then

L(S
) < 2050 1b)) < L(In(bo) = 2£(11(bu: 1)),
Thus the single interval I1(bo; 1) has length at least £(S)/4 > cpL(S).

Otherwise,
11 (bo; 1) £ SN Io(bo).

Both SN Iy(by) and I;(bp; 1) are intervals reaching the same common endpoint of Iy(by) and
Ip(bo + 1). Their ordering gives
S N 1o(bo) € I1(bo; 1).

Set
J:=8nN I()(bo) =5N Il(bo; 1)

Then L£(J) > L£(S)/2. Its endpoint at by + 1 is the bad endpoint of I (by; 1), so

JN B(p/q,bo, (1)) # 3.

Lemma 5.1, applied to the prefix (bg; 1) and the interyal J, supplies the required consecutive
collection inside S. This completes the discussion of.Case 2a.

Case 2b. Suppose equation (4.17) of Baker=Ward holds:
L(S
J:=8NIy(bo+ 1), E(J)z(z).

The common endpoint by + 1 is the'bad‘endpoint of Iy(by + 1), and J reaches this endpoint too.
Hence, with
Bl = B(p/qvbo + 17®)7

we have J N By # @. Lemma 5.1, applied to the prefix (byp + 1) and the interval J, gives the
required consecutive collection.

Indeed, although they are in reverse order, the lemma did not use any condition relevant to
the ordering of the children interval; it does not matter whether they are ordered from left to
right or from right to left, and only adjacency is used.

Case 3a. Suppose that
S C Ip(bp) and SN B(p/q by, ) # @.

Lemma 5.1, applied with H = S and prefix (by), gives the required collection. In this case the
proof of that lemma gives the stronger estimate

oy > Bl

> S5 £(S) 2 erL(S).

14
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Case 3b. Suppose S is disjoint from B(p/q, by, @) and contains at least one complete level-one
fundamental interval. Take all consecutive level-one intervals completely contained in S, and
take their union as U.

Since S is disjoint from all the bad tail, every selected child is below the cutoff and is therefore
considered safe. The set S\ U has at most two boundary pieces. Again, by the adjacent-cylinder
comparison in [1, Lemma 2.9], each boundary piece has length at most four times that of the
adjacent selected cylinder. Therefore

L(S) < LU) +4LU) + 4LU) = 9LU).

Thus

S 1
LU) > £(5) > —L(S) > crL(9).
9 10
Case 3c. Suppose that S avoids B(p/q, by, D), contains no complete level-one interval, and
intersects with two adjacent intervals I1(bo;b1) and I1(bg; by + 1). Let P. be the one for which
H:=5NP, L(H) > =L(S).
The interval H has the common boundary between the two level-one cylinders as an endpoint.
Since S avoids the level-zero bad tail, the final digit that.defines P is below its cutoff and satisfies
the required bound.
First assume that H N B(P) # @. Then Lemma 5.1 already gives the required union,
regardless what P looks like.
Second, if we assume H N B(P) = &, the ¢common boundary will be the non-bad endpoint
of P. Indeed, if the two endpoint convergents defining P have numerators and denominators
P, Qm and Pp,_1, Qy,—1 respectively, then this endpoint is

Pm+Pm—1
Qm""Qm—l'

This is exactly the children of those two endpoints in the Farey tree, and therefore, appending
digit 1 produces exactly this convergent. Hence the child cylinder I(P,1) is adjacent to the
non-bad endpoint of P, and the same point is the bad endpoint of I(P, 1).

If H contains at least one complete child of P, let U be the union of all such children. They
are consecutive and safe‘because H avoids B(P). There is at most one boundary piece of H
that is not covered, and [1, Lemma 2.9] gives

L(H) < 5L(U).

Consequently,

1
> L(8) > erl(S).

If H contains mo complete child of P, then

L) > %E(H)

H C I(P,1).

For sufficiently large and admissible g, the digit 1 is the smallest and satisfies the cutoff bound.
Moreover, H meets the bad endpoint, and hence determined as the bad tail, of I(P,1). Lemma 5.1,
now applied one level deeper to the sequence of prefix defining I(P, 1), again gives the required
consecutive union. Both left and right orientation are considered and treated. Thus, case 3c is
all complete now.

15
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Case 3d. By far, level zero and level one interval are all discussed. Now, suppose that S is
contained in some level of an admissible nested fundamental interval. Whenever

SmB(p/q,bo,bl,...,bj) =J

and
S C Ijta(bo; by, .-, bjt1),

is satisfied. Here, the next digit b4 lies below the cutoff in (4.9), and hence satisfies (4:15).

This iteration must terminate and can terminate. Indeed, Lemma 2.7 and the deneminator
recurrence (2.1) imply

L(Ip) < iz — 0,
m
whereas interval S has a fixed positive length. Therefore S cannot remain inside one fundamental
interval at every depth forever.

At the first stage that terminates, exactly one of Cases 3a, 3b, or 3e.can be applied. This
can be understood as in the analogues of Cases 3a and 3¢, The replacement input cr is applied
to the current finite prefix word; the analogue of Case 3b is geometric and can be applied at
any level. Thus, the preceding calculations can produce the required consecutive collection with
every previously fixed digit satisfies (4.15).

Thus every case of Baker—Ward’s Lemma 4.5 is available only using the separation conclusion
of Lemma 4.4. Replacing that conclusion by (33) preserves'both (4.14) and (4.15). O

Remark 5.3. In the terminal event (3") on p. 24 of [1], the notation I5(bg; b, b) appears although
b has arbitrary length m. We interpret this as L,;41(bo; b, b). Since it is in level m + 1, which is
consistent with the preceding recursive construection.

5.1 From local to global

For a finite word c, let I(c) denote the corresponding continued fraction fundamental interval.
If a is a fixed prefix, then I(0;a,c) denotes the cylinder constructed by appending c to a. Here,
a is a finite word and cannot be.irrational.

The following construction in the following lemma does not need the proof of lemmab.2,
since it only concerns in a single'admissible cylinder inside S(p/q) that touches the bad interval.
It does not assume (6), and the local formulation can be used in rational exponential case.

Lemma 5.4 (Extensions).~Assume (3), and fir K > 2. Let
p

gz[O;al,...,an], n even,

with the admissible q sufficiently large, and write S = S(p/q). Suppose that, for every relevant
by and finite word u;

Bp/q,bop,u)NS#2 = L(S)> KL(B(p/q,bo,u)). (36)
Then_there is a finite word b = (bg,...,bym—1), m > 1, such that

(001, ay.b) € { (@) a-L < w<q>} . (37)
Moreover,
1
b < |m—5————1, 1<i<m-1. 38
) o
Here qn4; implies the denominator after appending by, ...,bi—1 to the previous word. Here,

when we consider cylinders and bad tails, we consider their endpoints at both sides too, or in
other words, consider their closures. This does not change their lengths; Our argument of the
restrictions of digit concern irrational continuations and endpoints are rational.

16
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Proof. For a tail prefix u, let D be its full denominator and define

O = —
b= 3p2w(D)’

For any relevent prefixes, D > ¢u,4+1 > T(q) — oo. Thus Ap — oo uniformly, and hencefor
sufficiently large n, correspondingly sufficiently large ¢,+1, D, the condition

Cp :=[6p], Ap :=Cp — 1.

Ap>1, —<o_q (39)

exists. The child interval I(u,c¢) occur consecutively in the interval P := I(u). The bad tail
B(P) is terminal at one of the endpoint approached since then ¢ — oco. Its adjacent-safe child is
I(u, Ap). The telescoping formula, after calculation, gives

E(I(uvAD)) Qm 1

= < .
L(B(P))  ApQm+Q@m-1~ Ap
At one selection step: Suppose that a closed interval H C SN P satisfies L(H) > L£(.5)/2
and intersects with B(P). By (36), L(B(P)) < L(S)/K < L(H)._ Since the bad tail is terminal
at one end, the interval

J:=H\ B(P)
lies on its safe side and shares its boundary with the adjacent safe child, which is also a boundary
of the bad interval. Furthermore,

£(J) > L(H) - L(B(P)) > (g( _ 1) £(B(P)) > L(I(u, Ap)).

The adjacency in same direction therefore gives-I'(u, Ap) C J C H. The newly selected digit is
safe because Ap < 0p.

Next consider the endpoint step: suppose/that a closed interval H C SN P, with L(H) >
L(S)/2, has one of the endpoint of P.as'ene of its endpoints. If that is the bad endpoint, the
first step that is already demonstrated. applies. If it is the other endpoint, let P; = I'(u,1). This
child reaches the same endpoint; which: is the bad endpoint for itself: if the consecutive tail
convergents are P, /Q,, and Py~ /Qm—1, appending 1 gives (P, + Pp—1)/(Qm + Qm—1). If
P, C H, select P; and we are done. Otherwise H C Py, and apply the preceding selection step
in P at next level, with the same interval H. The extra digit 1 is the most imprecise partial
quotient, and is safe by (39). This treats both directions.

We say that an interval’crosses two adjacent cells when it has positive-length intersection
with the interior of“each cell, only endpoints do not count. We now needs to select a cylinder in
S. If S already contains a complete unit cell, select that one. If S crosses two adjacent unit cells
and contains neither, take the intersection of greater length and apply the previous endpoint
step. Otherwise S'is contained in one unit cell at some determined level; call the current parent
P. We now proceed recursively, maintaining S C P.

At each stage] first check whether S intersects B(P). If it does, apply the first selection step
with H =.5. If it doés not, every child intersecting .S is safe. If a complete child is contained in
S, select that ones If S crosses two adjacent children and contains neither, take its intersection
of greater length with one child and apply the second endpoint step there. In the remaining
case, S is contained in a single safe child; replace P by this child and continue the iteration.

This indeed terminates: by the estimation of interval length,

£(I) < = =0
n
Taken the interval S has a fixed positive length, it cannot be contained in a cylinder at infinite
level. Every digit appended is safe because the corresponding parent bad tail was avoided. The
endpoint steps also append only safe digits. Hence we obtain a finite tail cylinder in S, with the
bounds (38). The tail-coordinate identity (11) gives (37). O

17
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5.2 Proof of main theorem

Proof of Theorem 1.1 of this paper. We use the construction in [1, Section 5.1, pp. 36-38]. Propo-
sition 4.2 verifies (36) with K = Kt > 2. We may therefore apply Lemma 5.4 at each selected
convergent below.

Fix a rule for choosing the word constructed by Lemma 5.4; For example, whenever it gives
more than one possible continuation, choose the one with least length; if several such words
remain, choose the lexicographically first one, which makes it unique. Thus every finite prefix
can determine one unique continuation.

Let

8 = (61,02,...) € {1,2}".

Choose an even integer Ny sufficiently large and let
a=(1,...,1) € NM,

Set cg := a. We construct an infinite continued fraction depending on .é.
Suppose that a finite word c;_; of even length N;_; has been constructed. Denote

PN;_4
4N, _4

= [0, ijl]-

where c¢;_1 is a word.
Apply Lemma 5.4 and let

bj = (bj0; 4 #bjm; 1)
be the word selected by the rule. We then observe

1(0;¢j-1,bj) C {33 t(1—wlay, ) %(an, ;) <z — % < ‘IJ(QNJ-_I)} : (40)

If m; > 2, its intermediate digits.satisfy

bi;, < !
= 3q]%7j71+i\j[l

Choose /; € {1,2} so/that

1<i<mj—1. (41)

(Qle-i-i)J ’

Nj = Nj_1+m; +{;

is even, and define
e .
c; = (cj-1,b;,0;"),

where 5§j means there are £; consecutive ¢;s. Since the new selected index N; is again even, the
construction‘can be repeated indefinitely.

Define

F(8) = [0;a, by, 81", ba, 657, ... ].

We now verify that F(§) € E(¥,w).

First, at every selected index N;_1, (40) gives

PN;_4

0 < F(d) - < ¥(gn, ,)-

Since the selected denominators tend to approach infinity, these are infinitely many W-level
approximations, so clearly

F(8) € W(W).

18
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Next, denote
T = F(6) = [0;&1,6@,...]

and let Z—: be its n-th convergent. If n = N;_; is selected, by (40),

Pn
€r— —

o > (1= w(gn))¥(gn)-

Suppose that n is not a selected index. The next partial quotient a,,1 is then either ‘a‘coding
digit in {1, 2}, or an intermediate digit controlled by (41).
If it is a coding digit in 1,2, Baker—Ward’s Lemma 2.2 gives

1 1
gn 3an+14;, 6q;,
Since ¢?¥(q) — 0,
1
— > U

for all sufficiently large n.
If it is an intermediate digit controlled by (41),

1
< |-
Il = {361%‘1’(%)J \

and Lemma 2.2 tells us

Pn 1
rT——| > ————=>VY(q,).
dn 3an+1q% ( n)
Thus, in both cases,
z— 22 > - w(gn) ¥(an)
qn

for every sufficiently large n.
Therefore the two continued-fraction conditions in Baker—Ward’s Proposition 2.5 and Re-
mark 2.6 [1, pp. 12-13] holds., That is why:

F(8) € B(T,w).

Now we shall prove injectivity from {1,2} to E(¥,w). Let § # &', and let j be the index of
which they first differ. This means before the j-th coding block, the two constructions have the
exact same prefix. The selection rule therefore gives the same word b; and the same exponent
;.

J

At the next digit, one continued fraction contains d; and the other contains (53» which are

different. Hence their infinite continued-fraction expansions are different, and this means

F(8) # F(8).

ThusE : {1,2}NV 4 E(¥,w) is injective.

It'remains to verify the stronger topological conclusion that the image of F' is a Cantor set.

Consider F'(0) as a sequence with both extension sequence, or the selected word and coding
sequence, or the sequence with all members belongs to {1,2}. If the first k& entries of coding
sequence is the same, the first k prefixes are the same. In Each stage, there is at least extension
word, including at least one extension digit, and one coding digit too at elast that are added, so
the length of the same prefixes is at least Ny + 2k. A fundamental interval with denominator g,
has length at most g, 2; since all partial quotients are positive, g, is at least the n-th Fibonacci
number F,,, with equation holding if and only if all partial quotients are 1. Therefore

|F(8) — F(8')| < Fi2 gy — 0
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uniformly as k — oco. This means F' is continuous in the product topology.

Cantor space {1,2}" is compact and R is Hausdorff, so a continuous injection we proved to
be true is a homeomorphism onto its image. Hence F({1,2}") is a Cantor subset of E(¥,w).
Since E(¥,w) C R, the reverse inequality also holds. Thus

|E(0,w)| = 2%,

5.3 Comparison with the Baker—Ward argument

This subsection is aimed to show and summarize the division between imported ideas from
Baker-Ward’s paper and sharpened or new ideas.

Stage

Imported from Baker—Ward

New results here

Bad interval
estimation

Separation
estimate

Selection inside S

Finite admissible
extension

Infinite
construction

The tail coordinate correspondence
with the targeted shell in

Lemma 4.2, the definition of the bad
intervals in (4.9), and the estimate

E(B) < 9q72l+1\1/(Qn+1)

from (4.11)
They yield

L(S) > 20£(B)

in their own paper

The ordering and length comparison
of fundamental intervals; including
Lemmas 2.7 and 2.9, and the case
division structure of Lemma 4.5

Lemma 4.2 identifies S(p/q) with
the set of tails for which

(I'=w(q)¥(q) <z —= < U(q).

ESH k]

The binary coding strategy of [1,
Section 5.1, pp. 36-38], together

with Lemma 2.2, Proposition 2.5,
and Remark 2.6

Lemma 3.1 refines local rounding offset
denominator estimate, while Lemma 2.2
sharpens the bound of coefficient bound
from'9 to 3.

In Proposition 4.2, we argue any fixed
constant I" > 6, as long as £(S) > KrL(B),
the cantor set can be constructed.

Lemma 5.2 follows the same case division
as Baker—Ward’s Lemma 4.5. Cases 1

and 3b use only the geometric nature of
fundamental intervals. In Cases 2a, 2b, 3a,
and 3c, sharpened condition

L(S) > KrL(B).

is obtained. 3d eventually reduces to one of
Cases 3a—3c. The retained length ratio is
therefore cr instead of %.

Lemma 5.4 directly constructs one
admissible cylinder inside .S, giving
separation for bad intervals that meet S. In
this case, target shell condition and
intermediate partial quotient bounds are
met. No positive-proportion estimation is
required in this lemma. For Lemma 5.2, we
investigated the cases and find that for any
fixed constant Kt =T'/3 > 2, with retained
proportion cp = %. is admissible. Ratio
goes back to the original 9/100 when T
reaches 60. The Cantor constructions below
use Lemma 5.4.

The proof of Theorem 1.1 writes out the
induction and verifies separately that the
resulting point lies in W(¥) and depends
injectively on the binary coding sequence.
The uniform global situation confirms the
existence of Cantor-space.
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The exact adjacent-cutoff comparison permits the separation constant Kp = I'/3 to be any
fixed number greater than 2. The Baker—Ward case analysis then retains a consecutive collection

occupying at least
I'—6

T~ Tor
of the target interval. When I' = 60, this recovers the original proportion 9/100.

6 The exponential case

Proof of Theorem 1.2. Let W(q) = A™9. Then

_ N
K(g) =1—¢*A71, T@)=",~4
And,
\IJ(T(Q)) _ A_T(q) _ )\q—T(q) _ )\2q—)\q/q'
¥(q) A1
Since Rr(q) = Rxr(q), the general condition (6) is exactly (7).~ The function ¢ — ¢°A~7 tends
to zero and is decreasing for all ¢ that are large enough. Thus Theorem 1.1 applies. O

Proof of Corollary 1.5. Put X, = %. Since Xiq = ?\—2 =10, for every fixed 0 < £ < 1 we have
2q < X, for g large enough. Therefore

2¢ — X, <=(1T=¢)X,.
Also (1 — ¢?X79)? < 1 for sufficiently large.q. Tt follows that
R)\yp(q) < F)\f(lfs)xq.

Since R*’F(q)) < Ryr(q), (8) can imply (7), and Theorem 1.2 applies. O

1+Rxr(q

6.1 Comparison with the Baker—Ward

The logarithms to base A intexponential case of the two sufficient thresholds are

: A¢
log, (45Aq—A /W) =g 5 +0(),

Ry F(Q) ) A1
lo — =2 ) =2g— — +O(1).
g/\(l +R>\,F(Q) 1 q ( )

This means the coefficient of the dominant term —\?/q improves from 1/2 to 1. This is an
improvement in the'double-exponential scale, not merely in the front constant.

6.2 ~proof and’illustration of Corollary 1.4
Proof of Corollary 1./. Let ¥(q) = q~ ", where 7 > 2. Then

W(q) = ¢ —0,
and q — ¢*>V(q) is eventually non-increasing. Moreover,
Rlg) =1—¢*7

and
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Therefore

It follows that
Choose any I' such that

Since
1-¢ )" —1,

for all sufficiently large g,
Rr(q) < Cqg ™2 < w(q).

Hence Re(a)
r\q
Y < Ri(q) < wlg)
T+ Re(q) (q) < w(q)
Theorem 1.1 therefore applies, so E(¥,w) contains a Cantor set and has cardinality continuum.

O
Remark 6.1. For ¥(q) = ¢~ 7, the Baker-Ward condition (1) becomes
w(q) > 45-2%¢ "2,

Thus Corollary 1.4 replaces the coefficient-45 : 27 obtained from their condition by any fixed
C > 6 even if in power-low cases the decay exponent stays the same. This means in this case,
the coefficient condition is exponentially improving. No claim of optimality is made.

Remark 6.2 (Quick note on Hausdorff dimension). Let ¥(g) = A™%, where A > 1. Then it is
determined that W (¥) has Hausdorff ‘dimension zero. Indeed, on any fixed bounded interval,
the approximation intervals with denominator ¢ number O(q), and each has diameter 2A\~9. For
every s > 0,

oo

Z q(2A77)% < 0.

q=1
Taking the tails of these covers shows that H*(W(¥)) = 0 for every s > 0. Consequently,
whenever F(Ujw) is nonempty,

dimy E(¥,w) = 0.

In particular, the Cantor sets obtained in the exponential case have Hausdorff dimension zero,
despite having the cardinality of the continuum.

6.3 Rational exponential

Lemma 6.3 (Bounded padding of denominators). Fiz an integer r > 2, and put R =
Hﬁlr,f pm-meé. FEvery finite continued-fraction prefir can be extended, using at most two dig-
its in {1,..., R}, to a prefix of even length whose denominator is coprime to r.

Proof. Let u,v be the last two denominators with v being the last one. Then (u,v) = 1, and
appending a new digit d gives new denominator dv + u. For each prime ¢ | r, if £ | v, every
residue d (mod ¢) is admissible, since ¢ { u. Otherwise exactly one residue is not admissible,
which is d = —uv~! (mod £). Choose an allowed residue for every £ | r. The Chinese remainder
theorem therefore gives a representative 1 < d < R for which (dv + u,r) = 1.
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If the prefix has odd length, append this digit d directly. If it has even length, first append 1,
and then apply the same argument to the resulting pair of consecutive denominators. In either
case, the final length is even and the denominator is coprime to 7. O

Proof of Theorem 1.5. We first prove the argument of existence. Fix C' > 6, and choose a.K
such that

C
2<K < —
3

It suffices to use
w(g) = CAT"

for all sufficiently large g, and when ¢ is small, take it elsewhere in (0, 1), for example %, and
this makes w : (0,00) — (0, 1) well defined. Indeed, w < w eventually, so E(¥, w) C E(¥,w).

Take a prefix with even length p/q = [0;a1,- -, a,] with ¢ sufficiently large and (¢,7) = 1.
Put

A4 p >
X:77 N:qrq, wq:w(q)7 y():—_'_)‘ q'
q q
Write S = S(p/q), with w in place of w. In the original z-coordinate, its target interval is
[yo — CA™™, o). (42)
Moreover, for
pr + qs?
o=
qrt

the numerator is coprime to both ¢ and r, by ged(p, q) = ged(q, ) = ged(r,s) = 1. Thus the
denominator of g is exactly V.

We argue that any bad interval with its‘closure intersecting S has its convergents fraction
P/D with the denominator D > N once.q is big enough. Let B be such a bad interval and y be
its image of a point in BN S in terms of original z-coordinates. Writing Cp = (?D%‘I’(D)L the
bad cutoff and the target interval give

1
<3\7P — ol < OX7N,
CoD? = , oy =yl <

_Bl 4
yD_

Clearly by continuity, the error estimate remains valid at endpoints. Since the unit cell
[bo, bo + 1] meets S, we'have by + 1 > inf S. Hence

. 1
D> qgn1=bog+q >q(infS-1)+¢ = ——=-qg=X —q,
q%(q)
where ¢’ is the’denominater preceding ¢q. Suppose D < N, then since P/D and yg are distinct
reduced.rationals,-and hence
1 1

<
N2 SND =

P
Yo — D‘ < OX N 43N (X9,

In other words,
N2(CX N 430" K=9) > q

must holds.
Since N = ¢r? and X = \/q,

10g(N2)\*N) =2logq + 2qlogr — grilog A — —o0,

A\
log(N2/\_(X_Q)) = 2logq+ 2qlogr — (q — q> log A\ — —o0.
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Indeed, r > 1, A > 1, and \9/¢?> — oo, so the negative term in each line dominates the remaining
terms once ¢ is big enough. Therefore

N2 (OAV 4 3A (0 0
For sufficiently large ¢, we consequently obtain
N2(CA™N 430" X9y < 1
which forms a contradiction. Thus D > N. We have therefore proved
BnS+#9 =— D>N. (43)

Now, we compare the lengths in the tail coordinate. Let P, /Qm = [bo; b5~ . ., by| define B,
and let ¢/ precede ¢q. Since D = qPyy, + ¢'Qmy Prn/Qm < bo + 1, and by’< sup S,

D X
— <qlbo+1)+4¢ < S+1)+4¢ = .
meq(o+)+qu(sup +1)+q S,
Using (20) and (43), we obtain
we!  CXIATN

L(B)g?)(

1 —wy
Consequently, for sufficiently large g,

L(S) C c )
L(B) = 3(1—wq)((1—wq)fl+q/X)2 T3 +o(1) > K.

C
3(1—wq) ((1-wg) "1 4¢/X)
0. On the other hand, since K < % is afixed value, A = % — K is a fixed positive value. This
means when ¢ is sufficiently large, Ax > A4, always holds and the inequality holds too. Thus,
the condition of Lemma 5.4 holds with w in place of w
Let R > 2 be as in Lemmay6.3. Since D2X\™P — 0, choose Dy large enough that all preceding
estimates apply and

Denote 5 as Ag,then A, approaches % infinitely close, so Ay, = ]% —A, —

3RD?*\P <1 for every D > Dy.

Thus, whenever. the current denominator is at least Dy, every digit d € {1,..., R} satisfies

1
d<R< m
In particular, since denominators increase when level increases, every coding digit 1 or 2, as
wellvas every padding digit at most R, satisfies the required partial-quotient bound at the stage
where it is appended.

To obtain a suitable initial prefix, take a sufficiently long word of 1’s so that its denominator
is at least Dy. Apply Lemma 6.3 to make the length even and the final denominator coprime to
r. Since denominators strictly increase when digits are appended, every subsequent denominator
remains at least Dy.

Fix a sequence (0;);>1 € {1,2}. From the initial prefix word Wy, we can construct the
prefixes recursively with the following method. Given W}, append a finite word V; supplied
by Lemma 5.4, then the digit J;, coding digits, and finally a padding word 7T} supplied by
Lemma 6.3. This means

Wis1 = W;V;o;T;.
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The prefix W;1 again has even length and denominator coprime to . Moreover, the interval is
strictly contained in the interval of W;Vj, so the cylinder preserves the target-shell condition at
this level to stay inside E(¥,w).

For each input prefix, determine one choice in each of the two lemmas. To specify, remember
the rule from the proof of theorem 1.1. Whenever the extension digit or padding digit is not
unique, choose the minimal length, and among those choose the lexicographically smallest one
as the determined one. The infinite construction then gives a unique irrational number . for
each sequence (9;).

Let pn/qn denote the convergents in the ny, level of z, and let n; be the index of the
corresponding numbers of partial quotients, or corresponding level of the prefix W,. Thus,

Pn,

— = |0; W;].
=W

By previous construction, the requirement

(1~ w(qn, )N <

T — 19”]‘ S qunj
n,
is met for every j. Thus the required upper bound holds infinitely often.

For every sufficiently large index n which is not included.in {n;}, the next digit a1 is either
an intermediate digit supplied by Lemma 5.4, a coding digit, or a padding digit. In each case,

1
rl < gt
"= 32 0(g,)

The continued-fraction error estimate, with caleulation, therefore gives

z— Pl

1
. > U(gy) = A",

3an+1qu o

If a reduced fraction p/d is not a eenvergent of x, Legendre’s theorem gives
p

>

‘x dl = 282

for sufficiently large d.” Concluding the cases tells us that every reduced fraction p/d with
sufficiently large denominator satisfies the following inequality:

A

N[ =

‘ p

2= 2> (- w@)n =

It remains‘to check nonreduced fractions. If p/d is reduced and is represented with denomi-
nator Q= kd, where k > 2, then, for sufficiently large d,
‘ p

x — g} >IN A > A9

For any bounded d, only finitely many reduced fractions p/d lie in [z — 1,2 + 1]. Since z is
irrational, their distances from = have a positive minimum. They therefore also have distance
greater than A\~9 for sufficiently large Q. Hence z € E(¥, w).

It leaves us to prove E (W, w) contains a cantor set.

For each coding sequence § = (§;);>1 € {1,2}", the extension and padding rules we fixed
determine W;(8) whose prefix lengths tend to infinity. These prefixes define a unique infinite
continued fraction with irrational value z(d). The preceding estimates show that z(8) € E(¥, w).
We therefore define

F: {12}V — E(¥,w), F(8) = z(6).
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and we only need to prove injectivity and continuity.

First is injectivity, similar to the proof of theoreml.1, consider § # &', and let j be their
first differing index. Since we fixed selection rules, we have the same prefix W and extension
word Vj in both constructions. Their next digits are J; and (5;-, which are different,respectively.
Clearly, since continued fractions for irrational value is unique,

F(8) # F(8).

Thus F' is injective.

Second is continuity, fix §. If & and & have the same prefix in its first & entries, orin other
words, both constructions have the same prefix Wy, 1. Their values lie in the same cylinder,
giving
1

2 )
NEk4+1

[F(8) — F(&)| < £(I(0;Wi11)) <

where gy, , is defined as the denominator of [0; Wj1]. Since these denominators tend to infinity,
for every € > 0, as long as the length of same prefixes is sufficiently-large,

|F(6) — F(&")| <e.

can hold. This proves continuity in the product topology.

Since {1, 2}N is compact and R is Hausdorff, the continuous injection F' is a homeomorphism
onto its image. Consequently, its image is a Cantor set contained in E(V,w) C E(V,w),
completing the existence proof.

For the emptiness argument, suppose 0 < ¢ < Land.w(q) < cA9~9" eventually. If z € E(V,w),
then for arbitrarily large ¢ there exist a corresponding p with

(1 - w(@)AE |z — p‘ < A9
q
Choose a 0 € {—1,1} to have the sign'of '— p/q, and put
q q
yozg—%-a)\_qzzw_]\raqs, N = qgri.

Then
|z —yo| Sw(g)N1 < ex ™V,

However since x is in, BE(Wyw), and yg is not required to be reduced by the definition of E(¥,w)
where the bound applies to all ¢ that is sufficiently large with all integer pairs, and hence

[ = ol = (1 — w(N)A™Y.
must also apply. This contradicts w(N) — 0 and ¢ < 1. O

Remark-6.4. Theorem 1.5 determines the scale
ha(g) = A7

up to_multiplicative constants: a sufficiently large constant multiple bigger than 6 allows a
Cantor set of exact approximations, whereas a sufficiently small constant multiple less than 1
makes the set entirely empty.

The theorem leaves the constant range 1 < C' < 6 unresolved for w(q) = Chy(g) eventually.
For irrational A, the endpoint need not be rational, so the same denominator argument does not
apply directly.

This argument is proved by additional input of rational endpoints of reduced denominator.
This gives a stronger separation estimate of bad interval. A local extension lemma with bounded
padding that makes denominator coprime with r allow the construction that makes the estimation
admissible.

26



Sharper Bounds for F(V¥,w) and Rational Exponential Scale Ruixiang Zhao

7 Sources of the lower-order terms

Write
pY
Xy = —. (44)
q

Determine constant I' > 6. The rounding offset denominator bound reads

In+1 = Xq — Pp/q4- (45)

If the construction could guarantee p,,/, < 7 along every selected branch, for some fixed 0 <n <1,
then the rounding offset condition in Proposition 4.1 would involve the right-hand-side

Ry(pp/q) = T(1 = pprgq® A1) 2N FPr/ali=Xa,
Since
(1= ppjg@®X "9 <1
and p,/, <1, we have
Rq(pp/q) < F)\(l‘f"ﬂ)q—Xq'

Therefore the uniform sufficient condition

w(q) > DAUFMa—Xq (46)

would be able to imply w(q) > Ralop/a)  and hencwould suffice along all such branches.

- 1+Rq(pp/q)
Indeed, before replacing the actual phase by a global upper bound 7, the phase-dependent

exponent is

a(Pp/q) = (L + ppsg)a q Pp/qd q (47)

scale-comparison term  phase term

Under the assumption of phase .contrel,

Eq(pp/q) < q+nqg— an

which is the exponent used, in (46).
The two lower-order terms in (47) have two different origins.

The scale-comparison term +q. The separation condition contains the ratio

For ¥(g) = A~%, this becomes
W (gn+1) — N\ nt1
U (q) '
Even-if there is a moment that there is no phase loss, so that ¢,4+1 = X,;. The exponent is then
still
q— Xy

So this occurrence of +¢ does not come from integer rounding or p,/,. It is needed when the
target at denominator ¢ is compared with the bad interval at denominator ¢,1, and improving
the denominator estimate cannot remove this term.

The phase term +p,/,q. By rounding offset denominator estimation,
Gn+1 > Xg — Pp/q4:
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Therefore
q—Qn+1 < q— (Xq - pp/qQ) = (1 + pp/q)q - XQ'
Thus the phase contributes the term +p,/,q to the exponent. Using only the uniform bound

Pp/q < 1, we obtain the exponent
2q — Xy

If one could arrange p,;, = o(1) along every branch of the construction, then the same
calculation would instead give
q— Xq+o(q).

Even this would not give —X, because the first +¢ is already present in scale-comparison term
U (gn+1)/¥(q). This means removing that term would require a big change of the estimate for
the bad intervals, or comparing their intersection with S(p/q) more directly.

7.1 Importance of phase control

The three denominator bounds give the following exponents in the exponential case:

Estimate used Lower bound for ¢,+1 ( Exponent of A

Baker—Ward q— % %
Our estimate X, —¢q 2q — X4
If ppq = 0(1)  Xq—olq) q— Xq+o(q)

The last row is clearly hypothetical and cannot, apply into global theorem. It shows, however,
exactly what such phase control could achieve locally. It would remove the second +¢q from
the exponent, but the first +¢, coming from U(¢,+1)/¥(q), would remain. Thus phase control
alone cannot produce the exponent —Xg; any further improvement would have to change the
treatment of the bad intervals.

8 Distribution of predecessor phases

For a fixed denominator ¢, the phase depends on the preceding denominator ¢’ through

1)

We first count how many reduced residues ¢’ (mod ¢) give a really small phase, and then show
that every such residue cam occur as a preceding denominator of some reduced rational p/q.

Let v(q) denote the number of distinct prime divisors of ¢, and let ¢ and p denote Euler’s
totient function and, the'Mobius function.

Proposition 8.1 (Phase count with reduced residue). For 0 <n <1, a € R, and q > 2, set

Ny(n; ) :Z#{1§j<q:(j,q)=1, p<a—‘2> Sn}-

Uniformly in o,
Ny(n; @) = () + O (2”(‘”) : (48)

with an absolute implied constant.
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Proof. Because 0 < 1 < 1, the phase condition says that the residue % € R/Z lies in the half-open
circular interval [a — 1, ). The half-open convention is exactly what excludes the integer-phase
case p = 1; changing either endpoint would affect only an O(1) term.

Using the identity
Ljp=1= Z p(d)-
dl(4,9)

For each d | ¢, the multiples of d form a uniform grid of ¢ points modulo ¢. A circular’interval
of length 1 contains

q
. 1
n d+0()

of these point Therefore

Ny(na) = Y pld) (n5 +0(D))

dlq

g 3D 03 )
dlq dlg

=np(q) + O (2”(q)) :

This also covers intervals that wrap around 0, since the counting was performed on the circle. [

Lemma 8.2 (Local realizability of predecessor denominators). For every q > 2 and every
Jj with 1 < j < q and (j,q) = 1, there is a redueed rational % € (0,1) whose even-length
continued-fraction expansion has preceding denominator q' = j.

Proof. Choose the unique p € {1,...,q — 1} satisfying

pji=—1 (mod q).

since (j,q) = 1 Then (p,q) = 1 too. Write % in its even-length finite continued-fraction and let ¢
be the preceding denominator: The determinant identity for an even convergent can be applied
and gives

Pn1q —pqg =1, hence pg=—-1 (mod q).

Both j and ¢ lie in {1,...,q — 1}, so the uniqueness of the modular inverse implies ¢ = j. [

Remark 8.3. The proposition counts all reduced residues j (mod ¢), and Lemma 8.2 shows that
each of them gccurs<for some rational g. Thus small phases are common when % may be chosen

freely. Indeed,
ov(a)

©(q)

so for fixed n the main term np(g) dominates the error.

Unfortunately, the Cantor construction does not allow p/q to be chosen freely. Each new
convergent must extend the prefix already constructed and must also survive the bad-interval
deletion. The local count therefore does not show that every prefix has an admissible continuation
with small phase. Such a result would require an additional phase-steering argument.

— 0,
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9 A numerical case study

Take A = 2 and ¢ = 10. Then

10 210 210
U(q) =2~ Alg) = — =10.24 X,=—=1024.
@=27  Alg)= 5 =1024, X, =
Make convergents even and thus we get
p 3 /
- =1[0;3,3] = — =3 =0.3.
q [ Y Y ] 107 q ) r

The left endpoint of the target tail interval is L = A(q) — r = 9.94, so the smallest intersecting
cell is [9,10]. Its phase is p(L) = 0.94, and the exact next denominator is

n+1=9-10+3 =93 =102.4 — 0.94 - 10.

So the phase lemma reaches an equality, while the uniform lower+bound gives ¢, 1 > 92.4. This
numerical example nearly realizes the worst phase and shows whytan unspecified intersecting
cell cannot simply be treated as if g, +1 > X.

A second example will be taking

rd

9
0:1,9] = — ' =1 =0.1.
. ;1,9] 10’ q . r

Now L = 10.14, the minimal cell is [10, 11], the phase.is 0.14, and g,,+1 = 101. The two examples
have the same g and ¥(q) but very different rounding losses.

p/q ¢ L7 p(L) minimal by gni1
3/10 = [0;3,3] 3. 9.94 0.94 9 93
9/10 = [0;1,9] { 1% 10.14 0.14 10 101

Hence in this exponential case; under base-2 logarithmic scale, Baker—Ward’s denominator
estimate can produce the threshold exponent 10 — 51.2 = —41.2; the present uniform estimate
produces 20 — 102.4 = —82.4; and the exact phase of the first example produces 10 — 93 = —83.
These numbers are only an.illustration at one denominator, not an asymptotic proof, but they
make the size of the improvement and the rounding loss visible and easier to understand

10 Conclusion and open problems

For the genuine case of improvement for Baker-Ward’s theorem 1.1, Our paper combines five
proved’ additions: the exact rounding offset denominator step, the telescoping bad-interval
constant 37 thé geometric selection step we have parameterized finding the sufficient pre-factor
can beany fixed constant I' > 6, the self-normalized threshold R/(1 + R), and the Cantor-space
embedment. In the exponential case the leading negative coefficient improved to 1, while the
numerical prefactor in the unsimplified quantity R improved to I' > 6. The reduced-residue
count additionally shows that favorable phases are locally abundant.

For rational based exponential decay case, theorem 1.5 gains better result, where reduced
fractions give rational endpoints that can weaken the sufficient bound for w and therefore
gives the same type of estimation function as the empty criteria as Baker-Ward theorem 1.6.
This means whether E(¥,w) is uncountable or empty is based on the multiplicative constant.
Specifically if it is bigger than 6, the set is uncountable and contains Cantor set, and if it is less
than 1, the set is empty.
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This still leave three distinct problems. The constant I' > 6 is only a sufficient proof constant
and is not claimed to be numerically optimal. More, the endpoint 6 is not claimed to be true,
and As I" | 6, the retained proportion

I'-6

ETIT

tends to zero. Nevertheless, it remains positive for every fixed I' > 6, which is sufficient-for:the
Cantor construction.

More importantly, local phase abundance is not a rule for steering every branch of the
continued-fraction tree. Even perfect steering would leave the scale-comparison correction +g¢;
reaching the pure boundary A~**/¢ would require new information or construction about BN S,
overlap among bad intervals, or a different selection geometry. Thus the/theorem remains a
sufficient criterion rather than a beautiful, optimal matched empty/non-empty threshold.

The third problem is in the rational exponential case, the optimal.constant threshold of
emptiness or uncountability of F(V¥,w) is yet to be claimed. The paper does not contribute to
Hausdorff dimension theory, but cares about general monotonicity branch and gives new rational
based exponential results too.
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