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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS

ZIXUAN QIN

ABSTRACT. We present an alternative proof of the proposition that, for any finite collection of elements of
Z\{0,£1} and integer m > 1, the set of primes p modulo which their multiplicative orders are divisible by
m has a positive density. The proof combines existing methods from algebraic and .analytic number theory
with a novel mechanism for extracting suitable automorphisms. In particular, we capitalize on a fixed-point
counting argument that enables this construction.
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1. INTRODUCTION

Let a € Z \ {0,£1}, and let m >"1 be an integer. For an integer n > 2 coprime to a, let ord,(a) denote
the order of a in (Z/nZ)*. For aiset P of rational primes, let

5(P) = lim TLEPPET)

)

be its density when the limit exists. In 1978, Wiertelak [9] proved that the set of primes p with
m | ord,(a)

has a positive density; in 2005; Moree [5] refined this result by deriving a compact expression for the density.
More recently in 2023:Sgobba [7] extended this line of work by providing unconditional asymptotics for such
primes in' general number fields.

In related-work, Perucca [6] established that, given a prime £, prescribing the ¢-valuations of the orders of
finitely many pointsion products of abelian varieties and tori modulo p yields a set of primes that is either
finite or-of positive density. In addition, she proved a criterion for the infinitude of the set of admissible
primes. Her proof encodes the required order valuations using an appropriate torsion point and then proceeds
with Kummer theory to establish the result.

The purpose of this paper is to give an alternative proof of a multivariable analogue of Wiertelak’s theorem.

2020 Mathematics Subject Classification. Primary 11A07; Secondary 11A15, 11R32.
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 3

Theorem 1.1. Let ay,as,...,a; € Z\{0,%1}, and let m > 1 be an integer. Then there are infinitely many
primes p such that

m | ord, (a;)
for every 1 < j < k. Moreover, the density of such primes exists and is positive.

Exploiting the Kummer-theoretic approach he developed in a previous paper [3], Jarviniemi [4] established
Theorem 1.1 by a different method in 2022 as a corollary of more general results on the insolvability of
exponential congruences.

Our approach is similar to Jarviniemi’s [4] in that the positivity of the density is established by extracting
a subset of positive density; the existence of the density, however, requires a separate argument.

The main new ingredient of the present proof is a fixed-point argument that allows us to produce squarefree
composite moduli satisfying the divisibility conditions. In Section 3, we prove. the following result.

Theorem 1.2. Let ay,...,ar,m be as in Theorem 1.1, and let S be a finite set of primes containing the
prime factors of ai,...,ar, m. Then there is a squarefree integer n supported outside S such that

m | ordy,(a;)
for every 1 < j < k. Recall that the support of an integer is the set of its prime factors.

To show why Theorem 1.2 holds, we first introduce a mechanism that allows us to count the number
of fixed points of a prescribed multiplication map on a subgroup of the 1-dimensional torus. Subsequently,
assuming the contrary of Theorem 1.2 imposes a relation-between the fixed-point counts of two distinct maps
that is inconsistent with established estimates, leading to a contradiction.

In Section 4, we then draw on the integer furnished by Theorem 1.2, and, using character counting and
power residue symbols, we extract an appropriaté Galois automorphism of a Kummer extension. In Section 5,
we apply the Chebotarev density theorem to obtain-a positive-density set of primes satisfying the divisibility
conditions prescribed by Theorem 1.1. This demonstrates that if the density of the full admissible set exists,
it is positive. Finally, we complete the proof with a truncation argument, which establishes the existence of
the density of the full admissible set.

2. PRELIMINARIES

In this section, we introduce a few concepts and results that are used later in this paper.
Let L/K be a Galois extension,of number fields, and let Ok and Of, be the integer rings of K and L,
respectively. Consider a nonzero prime ideal p C Ok. Then it yields a unique factorization
PO, = il Sz Zk

in Op. We say that p is unramified in L if e; =1 for every 1 < j < k.
We now cite a discriminant-based criterion for unramifiedness from Borevich and Shafarevich [1, p. 203],
which is utilized later,in Section 4. Let disc(f) be the discriminant of f.

Lemma 2.1. Let q be a prime of K, let A= (O \q) 'Ok, and let f be the minimal polynomial of o over
K, where.e is integral over/A (in other words, o satisfies some monic polynomial in A[X]), and L = K(«).
Then q is-unramified in L if disc(f) € A*.

Let g% 0 be a prime above a rational prime ¢q. The residue field at q is
k'q = OK/q
Since’q is maximal, k4 is a finite field. The residue degree of q over gq is
fQa/q) = [kq : Fyl.

Consequently, #kq = ¢/(9/9) The quantity Nq = #kq denotes the absolute norm of q.
Let i, denote the m-th roots of unity, and let K = Q(uy,).
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Lemma 2.2. If ¢t m, then reduction modulo q induces an isomorphism
pm Z{x € k' s a™ =1},

Proof. Reduction clearly gives a homomorphism. Its image lies in the subgroup of m-th roots.of unity. We
first show that it is injective. If ¢ € p,,, reduces to 1, but ¢ # 1, then

1+¢+-+¢" =0

Reducing modulo q gives m = 0 (mod q), a contradiction. Hence, ( = 1. Thus,the image contains m
distinct roots of ™ —1 in kq. Since a polynomial of degree m over a field has at most mroots, the reduction
map is an isomorphism. O

We cite another result from Washington [8, p. 14].

Lemma 2.3. Let m > 2 be an integer, and let gt m. Then

f(a/q) = ord,,(q)-

Let ¢ t m, and let a € K* satisfy vq(a) = 0. The m-th power residue symbol of a at q is the unique
element (a/q)m € pm such that

(a) = oWNa=D/m _~(med q).
49/ m

Let Q C O be a prime above q. If q is unramified,“thensthe Frobenius element associated to Q over q is
the unique element Frobg /4 € Gal(L/K) such that
Frobg q(z)=a™?  (mod Q)

for all z € Oy,.
If L/K is abelian, the element does not'depend on the choice of Q. Hence, we may write Frob, for
Frobg/q. Under this assumption, we verify that, if 3 € L, and g™ = a,

Frob,(8) _ (a>
B e
Since vq(8) = 0, the left-hand side is congruent to V91, Now
5Nq—1 _ (Bm)(Nq—l)/m _ a(Nq—l)/m.

Since a € K, Frob, fixes-a. Therefore,

(Frobq(ﬁ)>m _ Frob, (™) _ Frobg(a)

B pm a

Thus, Frobq(8)/8 € pny. By-Lemma 2.2, reduction on p,, is injective, so Frobq(5)/8 and (a/q),, are the

same element. This proves the claim.
Let G = Gal(L/K). For an automorphism o € G, define its conjugacy class

C={gogt:g9€G}.

We cite-Zaman [10] for the following version of the Chebotarev density theorem.

=1.

Theorem 2.4 (Chebotarev). Write pNZ = (p). Then

#C x

#{p: f(p/p) =1, Np <&, Frobyy,(L/K) = O}~z

Here Frob,(L/K) refers to the conjugacy class of Frob,.
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This follows from the standard Chebotarev density theorem, which yields the same asymptotic without
the condition f(p/p) = 1. Indeed, if f(p/p) > 2, then Np < 2 implies p < z'/2. For each rational prime p,
there are at most [K : Q] primes of K above it. Therefore, the number of excluded primes is

01K + Qlr(v) =0 ().

log x

Hence, imposing f(p/p) = 1 does not change the asymptotic.
Finally, we record two results in finite group theory. First, we observe that, if n-= lem(d;,ds,...,dg),
and a is a unit modulo n, then
ord,(a) = 11§Cjnglk ordy, (a).

Indeed, a” =1 (mod n) holds exactly when a” = 1 (mod d;) for every j, so.the permissible exponents are
the common multiples of the individual orders. The second result is the:following lifting fact.

Lemma 2.5. Let pta be prime, and let e > 1. Then there is an integér f, such that
ordye (a) = p’ ord,(a).
Proof. Let
m = ordye(a), n = ord,(a).
It is clear that n | m. Therefore, ord,-(a™) = m/n. However;a™=1 (mod p), so a” lies in the kernel of the

reduction map (Z/p°Z)* — (Z/pZ)*, which has order p¢~ %, Thus, m/n is a power of p. This completes the
proof. |

3. A COUNTING ARGUMENT
In this section, we prove Theorem 1.2. First, we-reduce it to the following theorem.

Theorem 3.1. Let a > 2 and m > 1 be integers, and let S be a finite set of primes containing the prime
factors of a and m. Then there is a squarefree integer n supported outside S such that

m | ord,(a).
Indeed, Theorem 1.2 follows from'this result.

Proof of Theorem 1.2. By Theorem 3.1, choose a squarefree integer nq supported outside S(!) = § such that
m | ord,, (a}). Let S@® be_thewunion of S™) and the prime factors of n1, and choose another squarefree
integer ny supported outside/S® such that m | ord,, (a3). Repeating this process gives a squarefree integer
n = ning - - - ng supported outside S such that

m | ordy, (a?) | ordn(a]z) | ord, (a;)
for every 1 < j <k. O

Throughout this section, let a, m, and S be as in Theorem 3.1. Let Xg denote the subgroup of the
1-dimensional torus

Xs'= {x € R/Z : the denominator of x is supported outside S}.
Let T be the automorphism defined by
T:Xs — Xg, T(x) = az,

and let Fix(T, Xg) be the fixed-point set of T on Xg.
Let Ng(z) denote the S-free part of x, that is, the greatest divisor of x supported outside S.

Lemma 3.2.
#FiX(T",XS) = Ng(a" — 1).
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Proof. By definition,
z € Fix(T", Xg) <= (" — 1)z =0 (mod 1).

Thus,
(3.1) Fix(T",XS):{ I 1€stj:0,1,...7a”—2}.
a” —
Among all indices j, those that provide a point in Xg are exactly those for which
a” —1
ng(jv a"™ — 1)
has no prime factors in S. Let
a” -1
N=—F———+.
Ns(a" — 1)
This means that N | j. Hence, the admissible indices are exactly 0, N ., (Ng(a™—1)—1)N. This completes
the proof. O

Lemma 3.3. Let p be a prime. Then, there is a constant Cp such, that
vp(a™ —1) < Cp +vp(n).

Proof. If p | a, then vy(a™ — 1) = 0.
If p{ a, then let d = ord,(a). If d{n, then v,(a™ —1) =0; otherwise, let n = kd. If p is odd, then

vpla” = 1) = vy(a? =) +k) < vp(a? — 1) +v,(n)
by the lifting-the-exponent lemma. Similarly, if both'p and k are even, then
va(a™ — 1) = va(a™ 1) +va(a + 1) + vo(k) — 1
<vgla? — 1) +va(a + 1) — 1 4+ va(n).
If p is even while k is odd, then
va(a™=1) = va(a? — 1) < wa(a® — 1) 4 va(n).
This completes the proof. ([l

Lemma 3.4. Let ¢ be prime; and let e > 1 be an integer. As s — oo,
#Fix (T"*, Xs)
# Fix (Tfe’ls,XS)

— OQ.

Proof. By Lemma 3.3,
T < [0 < ag T[4 < Bos.
res resS res

Therefore,

-1
Ng (ages — 1) = (ages — 1) (H T”T(azes—1)> > (aees — 1) (BS7ES)_1

res
On the other hand,
Ng (azeqs — 1) < a1,

£

Then a“* outgrows a 15, and Bg s grows linearly with s. By Lemma 3.2, this completes the proof. O
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Proof of Theorem 3.1. The case where m = 1 is trivial, so we assume that m > 2. Fix a prime ¢ | s, and
let e = vg(m). Suppose for contradiction that there is not a point € Xg with period d under T such that
¢¢ | d. Let

v=1" v=7"".
Then U* fixes z if and only if d | £¢s; V* fixes x if and only if d | £¢~1s. Since v,(d) < e, these two conditions
are equivalent. Thus,
FiX(US, XS) = FiX(Vs, Xs)
However, as s — oo, #Fix(U?, Xg) outgrows # Fix(V*®, Xg) by Lemma 3.4, a contradiction. Therefore,

there is a point & with period divisible by ¢°. Let x = u/v be in lowest terms. Then'¢¢ | ord,(a). Since ¢ is
arbitrary, we can choose such a vy for every ¢. Let N be their least common.multiple. Then m | ordy(a).

Let
N:quq, n:Hq.

q|N q|N
We claim that m | ord,(a). Indeed, since ¢  m for every ¢ | N,.ord,~(a)/ord,(a) is a power of ¢ by
Lemma, 2.5. Therefore, the quotient
ordy(a)  lemgy ordga(a)
ordy(a)  lemgy ordg(a)

is supported outside S. Consequently, m | ord y(a) implies m.| ord, (a). Since n is squarefree, this completes
the proof. O

4. CHARACTER EXTRACTION“AND (GALOIS REALIZATION

Throughout this section, let ay,as,...,ax, m,S be as in Theorem 1.2, and let K = Q(ups), where M is
an integer with the same support as m to be chosen. Thus define a Galois extension L/K with

L:K(a}/M,a;/M,...,allc/M).

Proposition 4.1. There is a Galois extension L/K and an element o € Gal(L/K) such that for any choice

of Bj € L with BJM = aj,
m | ord <0(5j)>

j
for every 1 < j <k.

Let ¢ be prime, and let 5.> 1 be an integer. Consider a finite abelian ¢-group G with exponent dividing
¢, Fix h € G withrord(h) = ¢7, and let 1 < s < 7 be an integer.

Lemma 4.2. Among.all characters x : G — i, the proportion satisfying
ord(x(h)) | ¢~
is 457

Proof~Let H = (h), and let Hom(X,Y") denote the set of homomorphisms X — Y.
We claim that the restriction map

p : Hom(G, pp5) — Hom(H, pug5)
is surjective. Indeed, if H = G, then the statement is trivial. Assume that H < G. Fix a homomorphism

» € Hom(H, u1y5) and an element x € G \ H. Treat the groups additively, and identify

1
per = 52/ C Q/Z.
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Since Q/Z is divisible, there is a point y such that ¢(dx) = dy, where d is the order of x + H in G/H. Let
H®Y = H + Zz, and let o) : HM — Q/Z be given by
M (h+nz) = o(h) +ny.
It is routine to verify that ¢(!) is well-defined. Iterating this process yields a character ) G — Q/Z.
Then _ _
FoW(g) =M (g) =0
for every g € G. Thus, the image of ¢® lies in py;, and ) € Hom(G, 145). This proves the claim.
Let p~!(z) denote the fiber of p(x). For every element z € Hom(H, ), theré is a homomorphism

o € p~Y(z). Let ker p denote the kernel of p. Then ¢ € p~!(z) if and only ifwg= ¢ € ker p. Therefore,
#p~1(z) = #ker p. Fix ¢ € Hom(H, pys). Since ord(h) = (7,

p(h)" = p(h") = 1.
Therefore, ¢(h) € per. Since H is cyclic, ¢ is uniquely determined by. (k)1 Consequently, # Hom(H, pg) =
¢, Since ord(p(h)) is a power of £, the characters satisfying ord(ep(h)) | ¢! are exactly those with
©(h) € pgs—1. Hence, the number of such characters is £*~!, and the desired proportion is
04 ker p B
(rdtkerp

s—n—1

O

Lemma 4.3. There is an integer M with the same support as m, a squarefree integer n supported outside
S, and a character x : (Z/nZ)* — pa such that

m | ord(x(a;))
for every j.

Proof. Write m = [[£%¢. For every primie £.| m, pick N, sufficiently large such that k¢s¢~Ne=1 < 1. By
Theorem 1.2, there is a squarefree integer n supported outside S such that

[1¢ 1 ordn(ay)
Llm
for every 1 < j <k.
Let G = (Z/nZ)*. Since/Gis finite abelian, we may write

G= ][] svu(@, a;i=]] hiw
L#G #G
where Syl,(G) denotes the Sylow ¢-subgroup of G, and ord(h;¢) = £75¢. Let the exponent of Syl,(G) be £°,
and let t; > e,. For each.prime £ | m, choose a character

Xe : Syly(G) — pgre
such that ¢ | ord(x¢(h;x)) for every j. We show that such a character exists. Since £ | ord,(a;), ¢ | #G.
This implies that Syl,(G) is nontrivial. Since the orders of distinct components h; ¢ are powers of different
primes, rj, > Ny. By Lemma 4.2, the characters x; : Syl,(G) — pye, satisfying ord(xe(hj)) | €54~ have
proportion ¢5¢~Tie~1 < pse=Ne=1 By the union bound, the proportion of characters that are bad for at least

one j'is at most
k

nge_rj’z_l S kesz—Ng—l < 1.
j=1
Hence, a charcter that is good for every j exists.
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Let M =[] ¢%. For every g € G, let g, denote its projection to Syl,(G). Let
x(9) = [ ] xe(g0)-
Llm

Since each factor lies in pyt, C ppyr, this gives a homomorphism G — pps. The factors have pairwise coprime
orders. Therefore,

ord(x(a;)) = H ord(x¢(hje))-
Llm

Since each factor on the right is divisible by £°¢, m | ord(x(a;)) for every j. This'completes the proof. O

Lemma 4.4. Let m and n be coprime. Then there is an integer M with the same support as m such that
ve(q’* — 1) = ve(M)

for every ¢ | m and q | n with ¢ | ¢ — 1, where fy = orda(q).

Proof. Fix £ | m and ¢ | n such that ¢ | ¢ — 1. Let by be the maximum.¢-valuation r — 1 attains as r iterates

over the prime factors of m other than £. When there are no other,prime factors, let b, = 0. If £ is odd, then
write s¢q = vo(q — 1) > 0. Let t; > s7 4. Then

tp—s
Vg (qz - 1) = s0,q +(te— s0q) = te.
However,
" (qusmfl B 1) =Spg (b — s0q— 1) =tp — 1.

Therefore, ordye, (q) = £t~ 5.

For another prime r # ¢ with r | m and aninteger d > 1, v¢(ord,a(q)) = ve(ord,(q)) < ve(r — 1) by
Lemma 2.5. Note that since the right side is independent of ¢,., increasing the exponent of r does not
increase the £-part of this order. Since fg = lem,,, ord,. (q),

ve(fy) = ax ve(ord, - (q)).

7|

If ty — s¢,4 > by, then the factor #¢ controls this maximum. Hence, vy(f,) = t¢ — s¢,4, and

ve(qf" = 1) = 50,4 + ve(fg) = te = ve(M).
Now we turn to the.cases where ¢ = 2. If ¢ = 1 (mod 4), then let s;,, = ve(q — 1); otherwise, let

S0, = ve(q+1). As such, sy, > 0. By the same argument, ord,(q) = ¢**~5¢s for t; > s, in the former
case. In the latter/case, let e = ¢*~%¢a if t, > s, ,. Then

ve(q° — 1) =wve(qg—1) +ve(g+ 1) +ve(e) — 1
=1+sp4+ (tg — Sg)q) —1
= ty.
For t7 > s¢q + 1, ve(g?’* — 1) = t; — 1, whereas for t;, = s0q+ 1, ve(q®/* — 1) = ve(q — 1) < tg. Therefore,
ordygt, (q) = ¢**=5ta for ty > s4 4. Choose t; such that ty — sg 4 > bg. Then ve(fy) =t — S4,4. Since t; > 54,4,
ord,t, (g) is even. Hence, f, is even, and ve(qfe —1) = t4. Let co be the largest value S¢,q attains as ¢ iterates

over ‘all primes factors of n with £ | ¢ — 1. When no prime ¢ | n satisfies ¢ | ¢ — 1, let ¢, = 0. Finally, choose
te-> by + ¢, and let M = []£%. This completes the proof. O

Remark 4.5. The exponents of the integers M produced by Lemma 4.3 and Lemma 4.4 can be arbitrarily
enlarged. Indeed, the proofs require only t;, > e, and t; > by + ¢y, respectively.
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Lemma 4.6. Let
G =[] sv1.((z/qz)*).
oM
Let Nq = qf, where q is a prime of K = Q(uas) above a rational prime q{m, and let N = (gt~ 1)/M. If
gcd(N, #G) = 1, then the map

p: T/ — s, pla) = (j)M — 2" (mod q)

generates Hom((Z/qZ)*, par)-

Proof. By Lemma 2.2, the reduction map gives an embedding uy — kg . Therefore, M | ¢f — 1, and N is
an integer. Consider an element z € G such that p(z) = 1. Since p(z) = ¥+ (mod q), 2V = 1 in (Z/qZ)*.
Let its order be d. Then d divides N and #G simultaneously. Hence, d'= 1; and x = 1. Let the restriction
of p to G be p’. Then its kernel is trivial. Therefore, p’ is injective. As/a result, after writing

(Z/qZ)* = G x H,
it is clear that ged(#H, M) = 1. For every character ¢ € Hom((Z/qZ)™, pa) and h € H, the order of p(h)

divides both #H and M. Consequently, ¢(h) = 1. This implies'y is determined by its restriction to G.
Thus, the restriction map induces an isomorphism

Hom((Z/qZ)*, par) =Hom(G, piar).-

Indeed, every character of G extends to G x H by being trivial on H. In addition, G is cyclic because
G < (Z/qZ)*. Injectivity gives #p'(G) = #G, so p! has order e = #G. Let g generate G. Then p'(g) has
order e, so

(0'(9))= pe < punr.
For any w : G — un, w(g)¢ = 1. Hence, m(g) = p’(g)¢ for some integer ¢. Since g generates G, m = (p’)°.
Thus, p’ generates Hom(G, pps). By the isomorphism established previously, this completes the proof. [

Lemma 4.7. Let ¢t M, and let q be a.prime of K above q, where L = K(B), and M = a. If vy(a) = 0,
then q is unramified in L/ K.

Proof. Let A be as in Lemma 2.1. Since v,(a) =0, a € A*. Since ¢ M, M € A*. Let f(X) = XM —a.
Then its discriminant is given. by

disc(f) = £MMaM—1,
Therefore, disc(f) € A*." Let.g be the minimal polynomial of 5 over K. Since f(8) = 0, and f is monic,
[ is integral over A. It follows from A being a discrete valuation ring that A is integrally closed. Thus,
g € A[X], and f = gh for some monic h € A[X]. Let Res(g, h) denote the resultant of g and h. Then the
discriminant-resultant identity [2, p. 285] gives

disc(f) = disc(g) disc(h) Res(g, h)?.
Since disc(f) € A%, dise(g)€ A*. By Lemma 2.1, q is unramified in L/K. This completes the proof. O

Proof of Proposition, /.-1+ First, we apply Lemma 4.3 to obtain an integer M7, a squarefree integer n sup-
ported outside S, and/a character x € Hom((Z/nZ)*, piar,) such that m | ord(x(a;)) for every j. Then, by
Lemma, 4.4, choose an integer My such that v(¢fe — 1) = vy(Ms) for every £ | m and ¢ | n with £ | ¢ — 1,
where f, = ordar, (q). Let M = lem(My, M), and let f, = ordas(q). Since pnr, € piar, we may identify x as
an‘element of Hom((Z/nZ)*, par).

Let K = Q(uar), and choose a prime q C Ok above q for every g | n. Thus, by Lemma 2.3, f(q/q) = f;-
Let G, and N, be as in Lemma 4.6. If ¢ | #G,, then ¢ | m, and ¢ | ¢ — 1. Thus,

ve(Ng) = ve(q’s = 1) = ve(M) = 0
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(see Remark 4.5 for justification). Consequently, gcd(N,#G) = 1. Since n is squarefree,
(z/nz)* =[] (Z/qZ)"
qln

by the Chinese Remainder Theorem. Thus, x decomposes into local characters x,. By Lemma 4.6, the
power residue symbol (z/q) s generates Hom((Z/qZ)*, uar) for each g | n. Let xq(z) = (@/q)};. Hence, we

can write
aj €a
o) =T (%) .
qln 9/ M

Choose f3; with BJM = a;, and let L = K(B1, Ba,...,Bk). Since uy C K, L/K is abelian. Moreover, L is

the splitting field of
k

[TxY —a))

j=1
over K. Therefore, L/K is Galois. Since g { M, we can apply Lemma.4.7 to each K(5;)/K. A prime q that
is unramified in each K(3;)/K is also unramified in their compositum. Hence, every chosen ¢ is unramified
in L/K. Consequently, Froby € Gal(L/K) is well-defined, and

Frobg(8;) _ (a_j)
B; q/)n

o= HFrob;q € Gal(L/K).

q|n

Let

Since ppy C K, o fixes every point of uys. Moreover, since L/K is abelian,

) 1) e

aln qln M
Thus,
m | ord (ty(ﬁ])>
Bi
for every 1 < j < k. Changing §; multiplies it by an element of uy C K, so the ratios above do not
change. O

5. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem 1.1. We begin by establishing the positivity of the density.

If m =1, every prime p{ a; is admissible. Hence, we assume that m > 2. By Proposition 4.1, there is a
Galois extension L/K, with K = Q(us) and L = K(a}/M7 e ,(1]1€/M)7 and an element 0 € G = Gal(L/K)

such that for-any(3; € L satisfying 5/ = a;,
m | ord <J(ﬁj)>

Bj
forjevery 1 < j < k. Let C be the conjugacy class of o in G. Since G is abelian, C = {o}. Let P be the set
of unramified, degree-1 primes p C Ok satisfying Frob, = o. Then

1 T
: < ~ — .
#{peP:Np<uz} ZGlogx
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Fix an element p of the set, and write (p) = pNZ. After excluding finitely many primes from P, we may
assume that p divides neither M nor any a;. We claim that m | ord,(a;) for every j. For a remaining p
above p, k, = F,. Since p{ M, Lemma 2.2 gives an injection

pnr — kS = TFx
Consequently, M | p — 1. Let ¢; = o(B;)/B;j. Since vp(a;) = 0 for every j, (; = (a;/p)ar~Let (; and a;
denote the reductions of (; and a; modulo p, respectively. Then

G = (NP D/M _ /M,

Since reduction preserves the order of (j,
m | ord(¢;) = ord(G)) | ordy(a;).
Let A denote the full admissible set of primes, and let
Aw)=#{pe A:p<a}.
Each prime p has at most [K : Q] primes of K above it. Moreover, since f(p/p) = 1, Np = p. Therefore,
(K : QA(z) > #{p € P: Np< z}.

Hence,
A(x) 1 1
lim inf > = > 0.
a—oo w(x) ~ [L: K][KF=Q) [L:Q)
Now we prove that the density of A exists. Let.e;'= v;(m) for every ¢ | m. Since ordy(a;) | p — 1,
ve(p — 1) > e for every p € A. For N > maxyj,, e, let

Av={p€A:e;<wlp—1) <N for every ¢}.

We demonstrate that Ay has a natural density:
After letting vy(p — 1) = ¢ and dy = 7% %+, we claim that ¢ | ord,(a) if and only if a is not a dy-th
power modulo p. Assume that r, > ey, choose a generator g of ', and write a = ¢g° in this group. Indeed,

ord,(g) p—1
ofdy(a)= ged(ord,(g),s)  ged(p—1,s)
Consequently, ¢°¢ | ord,(a) if and only if ve(ged(p — 1,s)) < 7y — e;, which is equivalent to d; t s. Since
de | p— 1, the subgroup of dp-th-powers is (IF;;)dZ = (g%). Thus, a = g° belongs to this subgroup exactly
when d; | s. This proves the claim.
For a fixed integer N, let

on =TT Fv=0Q(uewa)/" 1< <k, £]m),

£lm

and fix a vector () with ¢, <7y < N. Then Fy is Galois. It contains all roots of the polynomial X% — a
for every j-and ¢ | m¢ Discard the finitely many primes ramified in Fiy/Q or dividing Cn or some a;. Then
the condition v(p.= 1).=r, is equivalent to p =1 (mod £"¢) and p Z 1 (mod £"¢*1) holding simultaneously.
Choose a prime ‘B of Fy above p. These conditions are determined by the Frobenius element Froby,, on
the cyclotomic subfields of Fiy. Moreover, a; is not an de-th power modulo p if and only if no root of the
reduction of X% — a; lies in IF,. This is equivalent to Froby /, fixing no root of X de _ aj.

Both conditions are invariant under conjugation. Let Frob, denote the conjugacy class of Froby /,. Thus,
the membership of a prime p in that layer of Ay is determined by whether Frob, belongs to a specific
collection of conjugacy classes in Gal(Fn/Q). Then the Chebotarev density theorem shows that the primes
in each layer have a natural density. Since there are only finitely many disjoint layers, A has a natural
density.
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Let that density be d5. Since the sets Ax expand as N grows, dn converges to some § < 1. In addition,
ifpe A\ An, then ve(p — 1) > N for some £ | m. As a result,

ANAN S H{p:p=1 (mod Nt}
‘
The set on the right has upper density bounded by
1
EN = ——— — 0.
XZ: Q(ON+T)

Let 6(A) and §(A) denote the upper and lower densities of A, respectively. Then;
oy < 8(A) <(A) <oy +en.
Consequently, §(A) = J. This proves the existence of the natural density.
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