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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS

ZIXUAN QIN

Abstract. We present an alternative proof of the proposition that, for any finite collection of elements of

Z \{0,±1} and integer m ≥ 1, the set of primes p modulo which their multiplicative orders are divisible by

m has a positive density. The proof combines existing methods from algebraic and analytic number theory
with a novel mechanism for extracting suitable automorphisms. In particular, we capitalize on a fixed-point

counting argument that enables this construction.
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1. Introduction

Let a ∈ Z \ {0,±1}, and let m ≥ 1 be an integer. For an integer n ≥ 2 coprime to a, let ordn(a) denote
the order of a in (Z/nZ)×. For a set P of rational primes, let

δ(P) = lim
x!∞

#{p ∈ P : p ≤ x}
π(x)

be its density when the limit exists. In 1978, Wiertelak [9] proved that the set of primes p with

m | ordp(a)

has a positive density; in 2005, Moree [5] refined this result by deriving a compact expression for the density.
More recently in 2023, Sgobba [7] extended this line of work by providing unconditional asymptotics for such
primes in general number fields.

In related work, Perucca [6] established that, given a prime ℓ, prescribing the ℓ-valuations of the orders of
finitely many points on products of abelian varieties and tori modulo p yields a set of primes that is either
finite or of positive density. In addition, she proved a criterion for the infinitude of the set of admissible
primes. Her proof encodes the required order valuations using an appropriate torsion point and then proceeds
with Kummer theory to establish the result.

The purpose of this paper is to give an alternative proof of a multivariable analogue of Wiertelak’s theorem.

2020 Mathematics Subject Classification. Primary 11A07; Secondary 11A15, 11R32.
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 3

Theorem 1.1. Let a1, a2, . . . , ak ∈ Z \{0,±1}, and let m ≥ 1 be an integer. Then there are infinitely many
primes p such that

m | ordp(aj)
for every 1 ≤ j ≤ k. Moreover, the density of such primes exists and is positive.

Exploiting the Kummer-theoretic approach he developed in a previous paper [3], Järviniemi [4] established
Theorem 1.1 by a different method in 2022 as a corollary of more general results on the insolvability of
exponential congruences.

Our approach is similar to Järviniemi’s [4] in that the positivity of the density is established by extracting
a subset of positive density; the existence of the density, however, requires a separate argument.

The main new ingredient of the present proof is a fixed-point argument that allows us to produce squarefree
composite moduli satisfying the divisibility conditions. In Section 3, we prove the following result.

Theorem 1.2. Let a1, . . . , ak,m be as in Theorem 1.1, and let S be a finite set of primes containing the
prime factors of a1, . . . , ak,m. Then there is a squarefree integer n supported outside S such that

m | ordn(aj)
for every 1 ≤ j ≤ k. Recall that the support of an integer is the set of its prime factors.

To show why Theorem 1.2 holds, we first introduce a mechanism that allows us to count the number
of fixed points of a prescribed multiplication map on a subgroup of the 1-dimensional torus. Subsequently,
assuming the contrary of Theorem 1.2 imposes a relation between the fixed-point counts of two distinct maps
that is inconsistent with established estimates, leading to a contradiction.

In Section 4, we then draw on the integer furnished by Theorem 1.2, and, using character counting and
power residue symbols, we extract an appropriate Galois automorphism of a Kummer extension. In Section 5,
we apply the Chebotarev density theorem to obtain a positive-density set of primes satisfying the divisibility
conditions prescribed by Theorem 1.1. This demonstrates that if the density of the full admissible set exists,
it is positive. Finally, we complete the proof with a truncation argument, which establishes the existence of
the density of the full admissible set.

2. Preliminaries

In this section, we introduce a few concepts and results that are used later in this paper.
Let L/K be a Galois extension of number fields, and let OK and OL be the integer rings of K and L,

respectively. Consider a nonzero prime ideal p ⊂ OK . Then it yields a unique factorization

pOL = Pe1
1 Pe2

2 · · ·Pek
k

in OL. We say that p is unramified in L if ej = 1 for every 1 ≤ j ≤ k.
We now cite a discriminant-based criterion for unramifiedness from Borevich and Shafarevich [1, p. 203],

which is utilized later in Section 4. Let disc(f) be the discriminant of f .

Lemma 2.1. Let q be a prime of K, let A = (OK \ q)−1OK , and let f be the minimal polynomial of α over
K, where α is integral over A (in other words, α satisfies some monic polynomial in A[X]), and L = K(α).
Then q is unramified in L if disc(f) ∈ A×.

Let q ̸= 0 be a prime above a rational prime q. The residue field at q is

kq = OK/q.

Since q is maximal, kq is a finite field. The residue degree of q over q is

f(q/q) = [kq : Fq].

Consequently, #kq = qf(q/q). The quantity Nq = #kq denotes the absolute norm of q.
Let µm denote the m-th roots of unity, and let K = Q(µm).
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4 ZIXUAN QIN

Lemma 2.2. If q ∤ m, then reduction modulo q induces an isomorphism

µm
∼= {x ∈ k×q : xm = 1}.

Proof. Reduction clearly gives a homomorphism. Its image lies in the subgroup of m-th roots of unity. We
first show that it is injective. If ζ ∈ µm reduces to 1, but ζ ̸= 1, then

1 + ζ + · · ·+ ζm−1 = 0.

Reducing modulo q gives m ≡ 0 (mod q), a contradiction. Hence, ζ = 1. Thus, the image contains m
distinct roots of xm−1 in kq. Since a polynomial of degree m over a field has at most m roots, the reduction
map is an isomorphism. □

We cite another result from Washington [8, p. 14].

Lemma 2.3. Let m ≥ 2 be an integer, and let q ∤ m. Then

f(q/q) = ordm(q).

Let q ∤ m, and let a ∈ K× satisfy vq(a) = 0. The m-th power residue symbol of a at q is the unique
element (a/q)m ∈ µm such that (︃

a

q

)︃
m

≡ a(Nq−1)/m (mod q).

Let Q ⊂ OL be a prime above q. If q is unramified, then the Frobenius element associated to Q over q is
the unique element FrobQ/q ∈ Gal(L/K) such that

FrobQ/q(x) ≡ xNq (mod Q)

for all x ∈ OL.
If L/K is abelian, the element does not depend on the choice of Q. Hence, we may write Frobq for

FrobQ/q. Under this assumption, we verify that, if β ∈ L, and βm = a,

Frobq(β)

β
=

(︃
a

q

)︃
m

.

Since vQ(β) = 0, the left-hand side is congruent to βNq−1. Now

βNq−1 = (βm)(Nq−1)/m = a(Nq−1)/m.

Since a ∈ K, Frobq fixes a. Therefore,(︃
Frobq(β)

β

)︃m

=
Frobq(β

m)

βm
=

Frobq(a)

a
= 1.

Thus, Frobq(β)/β ∈ µm. By Lemma 2.2, reduction on µm is injective, so Frobq(β)/β and (a/q)m are the
same element. This proves the claim.

Let G = Gal(L/K). For an automorphism σ ∈ G, define its conjugacy class

C = {gσg−1 : g ∈ G}.

We cite Zaman [10] for the following version of the Chebotarev density theorem.

Theorem 2.4 (Chebotarev). Write p ∩ Z = (p). Then

#{p : f(p/p) = 1, Np ≤ x,FrobP/p(L/K) = C} ∼ #C

#G

x

log x
.

Here Frobp(L/K) refers to the conjugacy class of Frobp.
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 5

This follows from the standard Chebotarev density theorem, which yields the same asymptotic without
the condition f(p/p) = 1. Indeed, if f(p/p) ≥ 2, then Np ≤ x implies p ≤ x1/2. For each rational prime p,
there are at most [K : Q] primes of K above it. Therefore, the number of excluded primes is

O([K : Q]π(
√
x)) = o

(︃
x

log x

)︃
.

Hence, imposing f(p/p) = 1 does not change the asymptotic.
Finally, we record two results in finite group theory. First, we observe that, if n = lcm(d1, d2, . . . , dk),

and a is a unit modulo n, then
ordn(a) = lcm

1≤j≤k
orddj

(a).

Indeed, ar ≡ 1 (mod n) holds exactly when ar ≡ 1 (mod dj) for every j, so the permissible exponents are
the common multiples of the individual orders. The second result is the following lifting fact.

Lemma 2.5. Let p ∤ a be prime, and let e ≥ 1. Then there is an integer f such that

ordpe(a) = pf ordp(a).

Proof. Let
m = ordpe(a), n = ordp(a).

It is clear that n | m. Therefore, ordpe(an) = m/n. However, an ≡ 1 (mod p), so an lies in the kernel of the
reduction map (Z/peZ)× ! (Z/pZ)×, which has order pe−1. Thus, m/n is a power of p. This completes the
proof. □

3. A counting argument

In this section, we prove Theorem 1.2. First, we reduce it to the following theorem.

Theorem 3.1. Let a ≥ 2 and m ≥ 1 be integers, and let S be a finite set of primes containing the prime
factors of a and m. Then there is a squarefree integer n supported outside S such that

m | ordn(a).

Indeed, Theorem 1.2 follows from this result.

Proof of Theorem 1.2. By Theorem 3.1, choose a squarefree integer n1 supported outside S(1) = S such that
m | ordn1

(a21). Let S(2) be the union of S(1) and the prime factors of n1, and choose another squarefree
integer n2 supported outside S(2) such that m | ordn2(a

2
2). Repeating this process gives a squarefree integer

n = n1n2 · · ·nk supported outside S such that

m | ordnj
(a2j ) | ordn(a2j ) | ordn(aj)

for every 1 ≤ j ≤ k. □

Throughout this section, let a, m, and S be as in Theorem 3.1. Let XS denote the subgroup of the
1-dimensional torus

XS = {x ∈ R/Z : the denominator of x is supported outside S}.
Let T be the automorphism defined by

T : XS −! XS , T (x) = ax,

and let Fix(T,XS) be the fixed-point set of T on XS .
Let NS(x) denote the S-free part of x, that is, the greatest divisor of x supported outside S.

Lemma 3.2.
#Fix(Tn, XS) = NS(a

n − 1).
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6 ZIXUAN QIN

Proof. By definition,

x ∈ Fix(Tn, XS) ⇐⇒ (an − 1)x ≡ 0 (mod 1).

Thus,

(3.1) Fix(Tn, XS) =

{︃
j

an − 1
∈ XS : j = 0, 1, . . . , an − 2

}︃
.

Among all indices j, those that provide a point in XS are exactly those for which

an − 1

gcd(j, an − 1)

has no prime factors in S. Let

N =
an − 1

NS(an − 1)
.

This means that N | j. Hence, the admissible indices are exactly 0, N, . . . , (NS(a
n−1)−1)N . This completes

the proof. □

Lemma 3.3. Let p be a prime. Then, there is a constant Cp such that

vp(a
n − 1) ≤ Cp + vp(n).

Proof. If p | a, then vp(a
n − 1) = 0.

If p ∤ a, then let d = ordp(a). If d ∤ n, then vp(a
n − 1) = 0; otherwise, let n = kd. If p is odd, then

vp(a
n − 1) = vp(a

d − 1) + vp(k) ≤ vp(a
d − 1) + vp(n)

by the lifting-the-exponent lemma. Similarly, if both p and k are even, then

v2(a
n − 1) = v2(a

d − 1) + v2(a
d + 1) + v2(k)− 1

≤ v2(a
d − 1) + v2(a

d + 1)− 1 + v2(n).

If p is even while k is odd, then

v2(a
n − 1) = v2(a

d − 1) ≤ v2(a
d − 1) + v2(n).

This completes the proof. □

Lemma 3.4. Let ℓ be prime, and let e ≥ 1 be an integer. As s ! ∞,

#Fix
(︁
T ℓes, XS

)︁
#Fix

(︁
T ℓe−1s, XS

)︁ −! ∞.

Proof. By Lemma 3.3, ∏︂
r∈S

rvr(aℓes−1) ≤
∏︂
r∈S

rCr+vr(ℓ
es) ≤ AS

∏︂
r∈S

re+vr(s) ≤ BS,es.

Therefore,

NS

(︂
aℓ

es − 1
)︂
=
(︂
aℓ

es − 1
)︂(︄∏︂

r∈S

rvr(a
ℓes−1)

)︄−1

≥
(︂
aℓ

es − 1
)︂
(BS,es)

−1.

On the other hand,

NS

(︂
aℓ

e−1s − 1
)︂
≤ aℓ

e−1s − 1.

Then aℓ
es outgrows aℓ

e−1s, and BS,es grows linearly with s. By Lemma 3.2, this completes the proof. □
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 7

Proof of Theorem 3.1. The case where m = 1 is trivial, so we assume that m ≥ 2. Fix a prime ℓ | m, and
let e = vℓ(m). Suppose for contradiction that there is not a point x ∈ XS with period d under T such that
ℓe | d. Let

U = T ℓe , V = T ℓe−1

.

Then Us fixes x if and only if d | ℓes; V s fixes x if and only if d | ℓe−1s. Since vℓ(d) < e, these two conditions
are equivalent. Thus,

Fix(Us, XS) = Fix(V s, XS).

However, as s ! ∞, #Fix(U s, XS) outgrows #Fix(V s, XS) by Lemma 3.4, a contradiction. Therefore,
there is a point x with period divisible by ℓe. Let x = u/v be in lowest terms. Then ℓe | ordv(a). Since ℓ is
arbitrary, we can choose such a vℓ for every ℓ. Let N be their least common multiple. Then m | ordN (a).
Let

N =
∏︂
q|N

qrq , n =
∏︂
q|N

q.

We claim that m | ordn(a). Indeed, since q ∤ m for every q | N , ordqrq (a)/ ordq(a) is a power of q by
Lemma 2.5. Therefore, the quotient

ordN (a)

ordn(a)
=

lcmq|N ordqrq (a)

lcmq|N ordq(a)

is supported outside S. Consequently, m | ordN (a) implies m | ordn(a). Since n is squarefree, this completes
the proof. □

4. Character extraction and Galois realization

Throughout this section, let a1, a2, . . . , ak,m, S be as in Theorem 1.2, and let K = Q(µM ), where M is
an integer with the same support as m to be chosen. Thus define a Galois extension L/K with

L = K(a
1/M
1 , a

1/M
2 , . . . , a

1/M
k ).

Proposition 4.1. There is a Galois extension L/K and an element σ ∈ Gal(L/K) such that for any choice
of βj ∈ L with βM

j = aj,

m | ord
(︃
σ(βj)

βj

)︃
for every 1 ≤ j ≤ k.

Let ℓ be prime, and let j ≥ 1 be an integer. Consider a finite abelian ℓ-group G with exponent dividing
ℓj . Fix h ∈ G with ord(h) = ℓr, and let 1 ≤ s ≤ r be an integer.

Lemma 4.2. Among all characters χ : G ! µℓj , the proportion satisfying

ord(χ(h)) | ℓs−1

is ℓs−r−1.

Proof. Let H = ⟨h⟩, and let Hom(X,Y ) denote the set of homomorphisms X ! Y .
We claim that the restriction map

ρ : Hom(G,µℓj ) −! Hom(H,µℓj )

is surjective. Indeed, if H = G, then the statement is trivial. Assume that H < G. Fix a homomorphism
φ ∈ Hom(H,µℓj ) and an element x ∈ G \H. Treat the groups additively, and identify

µℓj
∼=

1

ℓj
Z/Z ⊆ Q/Z.
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8 ZIXUAN QIN

Since Q/Z is divisible, there is a point y such that φ(dx) = dy, where d is the order of x+H in G/H. Let
H(1) = H + Zx, and let φ(1) : H(1) ! Q/Z be given by

φ(1)(h+ nx) = φ(h) + ny.

It is routine to verify that φ(1) is well-defined. Iterating this process yields a character φ(t) : G ! Q/Z.
Then

ℓjφ(t)(g) = φ(t)(ℓjg) = 0

for every g ∈ G. Thus, the image of φ(t) lies in µℓj , and φ(t) ∈ Hom(G,µℓj ). This proves the claim.
Let ρ−1(x) denote the fiber of ρ(x). For every element x ∈ Hom(H,µℓj ), there is a homomorphism

φ0 ∈ ρ−1(x). Let ker ρ denote the kernel of ρ. Then φ ∈ ρ−1(x) if and only if φ0 − φ ∈ ker ρ. Therefore,
#ρ−1(x) = #ker ρ. Fix φ ∈ Hom(H,µℓj ). Since ord(h) = ℓr,

φ(h)ℓ
r

= φ(hℓr ) = 1.

Therefore, φ(h) ∈ µℓr . Since H is cyclic, φ is uniquely determined by φ(h). Consequently, #Hom(H,µℓj ) =
ℓr. Since ord(φ(h)) is a power of ℓ, the characters satisfying ord(φ(h)) | ℓs−1 are exactly those with
φ(h) ∈ µℓs−1 . Hence, the number of such characters is ℓs−1, and the desired proportion is

ℓs−1#ker ρ

ℓr#ker ρ
= ℓs−r−1.

□

Lemma 4.3. There is an integer M with the same support as m, a squarefree integer n supported outside
S, and a character χ : (Z/nZ)× ! µM such that

m | ord(χ(aj))
for every j.

Proof. Write m =
∏︁

ℓsℓ . For every prime ℓ | m, pick Nℓ sufficiently large such that kℓsℓ−Nℓ−1 < 1. By
Theorem 1.2, there is a squarefree integer n supported outside S such that∏︂

ℓ|m

ℓNℓ | ordn(aj)

for every 1 ≤ j ≤ k.
Let G = (Z/nZ)×. Since G is finite abelian, we may write

G =
∏︂
ℓ|#G

Sylℓ(G), aj =
∏︂
ℓ|#G

hj,ℓ,

where Sylℓ(G) denotes the Sylow ℓ-subgroup of G, and ord(hj,ℓ) = ℓrj,ℓ . Let the exponent of Sylℓ(G) be ℓeℓ ,
and let tℓ ≥ eℓ. For each prime ℓ | m, choose a character

χℓ : Sylℓ(G) −! µℓtℓ

such that ℓsℓ | ord(χℓ(hj,ℓ)) for every j. We show that such a character exists. Since ℓ | ordn(aj), ℓ | #G.
This implies that Sylℓ(G) is nontrivial. Since the orders of distinct components hj,ℓ are powers of different
primes, rj,ℓ ≥ Nℓ. By Lemma 4.2, the characters χℓ : Sylℓ(G) ! µℓtℓ satisfying ord(χℓ(hj,ℓ)) | ℓsℓ−1 have
proportion ℓsℓ−rj,ℓ−1 ≤ ℓsℓ−Nℓ−1. By the union bound, the proportion of characters that are bad for at least
one j is at most

k∑︂
j=1

ℓsℓ−rj,ℓ−1 ≤ kℓsℓ−Nℓ−1 < 1.

Hence, a charcter that is good for every j exists.
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 9

Let M =
∏︁

ℓtℓ . For every g ∈ G, let gℓ denote its projection to Sylℓ(G). Let

χ(g) =
∏︂
ℓ|m

χℓ(gℓ).

Since each factor lies in µℓtℓ ⊆ µM , this gives a homomorphism G ! µM . The factors have pairwise coprime
orders. Therefore,

ord(χ(aj)) =
∏︂
ℓ|m

ord(χℓ(hj,ℓ)).

Since each factor on the right is divisible by ℓsℓ , m | ord(χ(aj)) for every j. This completes the proof. □

Lemma 4.4. Let m and n be coprime. Then there is an integer M with the same support as m such that

vℓ(q
fq − 1) = vℓ(M)

for every ℓ | m and q | n with ℓ | q − 1, where fq = ordM (q).

Proof. Fix ℓ | m and q | n such that ℓ | q − 1. Let bℓ be the maximum ℓ-valuation r − 1 attains as r iterates
over the prime factors of m other than ℓ. When there are no other prime factors, let bℓ = 0. If ℓ is odd, then
write sℓ,q = vℓ(q − 1) > 0. Let tℓ > sℓ,q. Then

vℓ

(︂
qℓ

tℓ−sℓ,q − 1
)︂
= sℓ,q + (tℓ − sℓ,q) = tℓ.

However,

vℓ

(︂
qℓ

tℓ−sℓ,q−1

− 1
)︂
= sℓ,q + (tℓ − sℓ,q − 1) = tℓ − 1.

Therefore, ordℓtℓ (q) = ℓtℓ−sℓ,q .
For another prime r ̸= ℓ with r | m and an integer d ≥ 1, vℓ(ordrd(q)) = vℓ(ordr(q)) ≤ vℓ(r − 1) by

Lemma 2.5. Note that since the right side is independent of tr, increasing the exponent of r does not
increase the ℓ-part of this order. Since fq = lcmr|m ordrtr (q),

vℓ(fq) = max
r|m

vℓ(ordrtr (q)).

If tℓ − sℓ,q > bℓ, then the factor ℓtℓ controls this maximum. Hence, vℓ(fq) = tℓ − sℓ,q, and

vℓ(q
fq − 1) = sℓ,q + vℓ(fq) = tℓ = vℓ(M).

Now we turn to the cases where ℓ = 2. If q ≡ 1 (mod 4), then let sℓ,q = vℓ(q − 1); otherwise, let
sℓ,q = vℓ(q + 1). As such, sℓ,q > 0. By the same argument, ordℓtℓ (q) = ℓtℓ−sℓ,q for tℓ > sℓ,q in the former
case. In the latter case, let e = ℓtℓ−sℓ,q if tℓ > sℓ,q. Then

vℓ(q
e − 1) = vℓ(q − 1) + vℓ(q + 1) + vℓ(e)− 1

= 1 + sℓ,q + (tℓ − sℓ,q)− 1

= tℓ.

For tℓ > sℓ,q + 1, vℓ(q
e/ℓ − 1) = tℓ − 1, whereas for tℓ = sℓ,q + 1, vℓ(q

e/ℓ − 1) = vℓ(q − 1) < tℓ. Therefore,
ordℓtℓ (q) = ℓtℓ−sℓ,q for tℓ > sℓ,q. Choose tℓ such that tℓ − sℓ,q > bℓ. Then vℓ(fq) = tℓ − sℓ,q. Since tℓ > sℓ,q,
ordℓtℓ (q) is even. Hence, fq is even, and vℓ(q

fq − 1) = tℓ. Let cℓ be the largest value sℓ,q attains as q iterates
over all primes factors of n with ℓ | q − 1. When no prime q | n satisfies ℓ | q − 1, let cℓ = 0. Finally, choose
tℓ > bℓ + cℓ, and let M =

∏︁
ℓtℓ . This completes the proof. □

Remark 4.5. The exponents of the integers M produced by Lemma 4.3 and Lemma 4.4 can be arbitrarily
enlarged. Indeed, the proofs require only tℓ ≥ eℓ and tℓ > bℓ + cℓ, respectively.

20
26
 S
. -
T. 
Ya
u 
Hi
gh
 S
ch
oo
l S
cie
nc
e 
Aw
ar
d 

仅
用
于
20
26
丘
成
桐
中
学
科
学
奖
论
文
公
示
 



10 ZIXUAN QIN

Lemma 4.6. Let
G =

∏︂
ℓ|M

Sylℓ((Z/qZ)×).

Let Nq = qf , where q is a prime of K = Q(µM ) above a rational prime q ∤ m, and let N = (qf − 1)/M . If
gcd(N,#G) = 1, then the map

ρ : (Z/qZ)× −! µM , ρ(x) =

(︃
x

q

)︃
M

≡ xN (mod q)

generates Hom((Z/qZ)×, µM ).

Proof. By Lemma 2.2, the reduction map gives an embedding µM ↪! k×q . Therefore, M | qf − 1, and N is

an integer. Consider an element x ∈ G such that ρ(x) = 1. Since ρ(x) ≡ xN (mod q), xN = 1 in (Z/qZ)×.
Let its order be d. Then d divides N and #G simultaneously. Hence, d = 1, and x = 1. Let the restriction
of ρ to G be ρ′. Then its kernel is trivial. Therefore, ρ′ is injective. As a result, after writing

(Z/qZ)× ∼= G×H,

it is clear that gcd(#H,M) = 1. For every character φ ∈ Hom((Z/qZ)×, µM ) and h ∈ H, the order of φ(h)
divides both #H and M . Consequently, φ(h) = 1. This implies φ is determined by its restriction to G.
Thus, the restriction map induces an isomorphism

Hom((Z/qZ)×, µM ) ∼= Hom(G,µM ).

Indeed, every character of G extends to G × H by being trivial on H. In addition, G is cyclic because
G ≤ (Z/qZ)×. Injectivity gives #ρ′(G) = #G, so ρ′ has order e = #G. Let g generate G. Then ρ′(g) has
order e, so

⟨ρ′(g)⟩ = µe ⊆ µM .

For any π : G ! µM , π(g)e = 1. Hence, π(g) = ρ′(g)c for some integer c. Since g generates G, π = (ρ′)c.
Thus, ρ′ generates Hom(G,µM ). By the isomorphism established previously, this completes the proof. □

Lemma 4.7. Let q ∤ M , and let q be a prime of K above q, where L = K(β), and βM = a. If vq(a) = 0,
then q is unramified in L/K.

Proof. Let A be as in Lemma 2.1. Since vq(a) = 0, a ∈ A×. Since q ∤ M , M ∈ A×. Let f(X) = XM − a.
Then its discriminant is given by

disc(f) = ±MMaM−1.

Therefore, disc(f) ∈ A×. Let g be the minimal polynomial of β over K. Since f(β) = 0, and f is monic,
β is integral over A. It follows from A being a discrete valuation ring that A is integrally closed. Thus,
g ∈ A[X], and f = gh for some monic h ∈ A[X]. Let Res(g, h) denote the resultant of g and h. Then the
discriminant-resultant identity [2, p. 285] gives

disc(f) = disc(g) disc(h)Res(g, h)2.

Since disc(f) ∈ A×, disc(g) ∈ A×. By Lemma 2.1, q is unramified in L/K. This completes the proof. □

Proof of Proposition 4.1. First, we apply Lemma 4.3 to obtain an integer M1, a squarefree integer n sup-
ported outside S, and a character χ ∈ Hom((Z/nZ)×, µM1

) such that m | ord(χ(aj)) for every j. Then, by
Lemma 4.4, choose an integer M2 such that vℓ(q

fq − 1) = vℓ(M2) for every ℓ | m and q | n with ℓ | q − 1,
where fq = ordM2(q). Let M = lcm(M1,M2), and let f ′

q = ordM (q). Since µM1 ⊆ µM , we may identify χ as

an element of Hom((Z/nZ)×, µM ).
Let K = Q(µM ), and choose a prime q ⊂ OK above q for every q | n. Thus, by Lemma 2.3, f(q/q) = f ′

q.
Let Gq and Nq be as in Lemma 4.6. If ℓ | #Gq, then ℓ | m, and ℓ | q − 1. Thus,

vℓ(Nq) = vℓ(q
f ′
q − 1)− vℓ(M) = 0
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 11

(see Remark 4.5 for justification). Consequently, gcd(N,#G) = 1. Since n is squarefree,

(Z/nZ)× =
∏︂
q|n

(Z/qZ)×

by the Chinese Remainder Theorem. Thus, χ decomposes into local characters χq. By Lemma 4.6, the
power residue symbol (x/q)M generates Hom((Z/qZ)×, µM ) for each q | n. Let χq(x) = (x/q)

cq
M . Hence, we

can write

χ(aj) =
∏︂
q|n

(︃
aj
q

)︃cq

M

.

Choose βj with βM
j = aj , and let L = K(β1, β2, . . . , βk). Since µM ⊆ K, L/K is abelian. Moreover, L is

the splitting field of
k∏︂

j=1

(XM − aj)

over K. Therefore, L/K is Galois. Since q ∤ M , we can apply Lemma 4.7 to each K(βj)/K. A prime q that
is unramified in each K(βj)/K is also unramified in their compositum. Hence, every chosen q is unramified
in L/K. Consequently, Frobq ∈ Gal(L/K) is well-defined, and

Frobq(βj)

βj
=

(︃
aj
q

)︃
M

.

Let

σ =
∏︂
q|n

Frobcqq ∈ Gal(L/K).

Since µM ⊆ K, σ fixes every point of µM . Moreover, since L/K is abelian,

σ(βj)

βj
=
∏︂
q|n

(︃
Frobq(βj)

βj

)︃cq

=
∏︂
q|n

(︃
aj
q

)︃cq

M

= χ(aj).

Thus,

m | ord
(︃
σ(βj)

βj

)︃
for every 1 ≤ j ≤ k. Changing βj multiplies it by an element of µM ⊆ K, so the ratios above do not
change. □

5. Proof of the main theorem

In this section, we prove Theorem 1.1. We begin by establishing the positivity of the density.
If m = 1, every prime p ∤ aj is admissible. Hence, we assume that m ≥ 2. By Proposition 4.1, there is a

Galois extension L/K, with K = Q(µM ) and L = K(a
1/M
1 , . . . , a

1/M
k ), and an element σ ∈ G = Gal(L/K)

such that for any βj ∈ L satisfying βM
j = aj ,

m | ord
(︃
σ(βj)

βj

)︃
for every 1 ≤ j ≤ k. Let C be the conjugacy class of σ in G. Since G is abelian, C = {σ}. Let P be the set
of unramified, degree-1 primes p ⊂ OK satisfying Frobp = σ. Then

#{p ∈ P : Np ≤ x} ∼ 1

#G

x

log x
.
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12 ZIXUAN QIN

Fix an element p of the set, and write (p) = p ∩ Z. After excluding finitely many primes from P, we may
assume that p divides neither M nor any aj . We claim that m | ordp(aj) for every j. For a remaining p
above p, kp ∼= Fp. Since p ∤ M , Lemma 2.2 gives an injection

µM ↪−! k×p
∼= F×

p .

Consequently, M | p − 1. Let ζj = σ(βj)/βj . Since vp(aj) = 0 for every j, ζj = (aj/p)M . Let ζj and aj
denote the reductions of ζj and aj modulo p, respectively. Then

ζj = aj
(Np−1)/M = aj

(p−1)/M .

Since reduction preserves the order of ζj ,

m | ord(ζj) = ord(ζj) | ordp(aj).
Let A denote the full admissible set of primes, and let

A(x) = #{p ∈ A : p ≤ x}.
Each prime p has at most [K : Q] primes of K above it. Moreover, since f(p/p) = 1, Np = p. Therefore,

[K : Q]A(x) ≥ #{p ∈ P : Np ≤ x}.
Hence,

lim inf
x!∞

A(x)

π(x)
≥ 1

[L : K][K : Q]
=

1

[L : Q]
> 0.

Now we prove that the density of A exists. Let eℓ = vℓ(m) for every ℓ | m. Since ordp(aj) | p − 1,
vℓ(p− 1) ≥ eℓ for every p ∈ A. For N ≥ maxℓ|m eℓ, let

AN = {p ∈ A : eℓ ≤ vℓ(p− 1) ≤ N for every ℓ}.
We demonstrate that AN has a natural density.

After letting vℓ(p − 1) = rℓ and dℓ = ℓrℓ−eℓ+1, we claim that ℓeℓ | ordp(a) if and only if a is not a dℓ-th
power modulo p. Assume that rℓ ≥ eℓ, choose a generator g of F×

p , and write a = gs in this group. Indeed,

ordp(a) =
ordp(g)

gcd(ordp(g), s)
=

p− 1

gcd(p− 1, s)
.

Consequently, ℓeℓ | ordp(a) if and only if vℓ(gcd(p − 1, s)) ≤ rℓ − eℓ, which is equivalent to dℓ ∤ s. Since
dℓ | p − 1, the subgroup of dℓ-th powers is (F×

p )
dℓ = ⟨gdℓ⟩. Thus, a = gs belongs to this subgroup exactly

when dℓ | s. This proves the claim.
For a fixed integer N , let

CN =
∏︂
ℓ|m

ℓN+1, FN = Q
(︂
µCN

, a
1/ℓN

j : 1 ≤ j ≤ k, ℓ | m
)︂
,

and fix a vector (rℓ) with eℓ ≤ rℓ ≤ N . Then FN is Galois. It contains all roots of the polynomial Xdℓ − aj
for every j and ℓ | m. Discard the finitely many primes ramified in FN/Q or dividing CN or some aj . Then
the condition vℓ(p− 1) = rℓ is equivalent to p ≡ 1 (mod ℓrℓ) and p ̸≡ 1 (mod ℓrℓ+1) holding simultaneously.
Choose a prime P of FN above p. These conditions are determined by the Frobenius element FrobP/p on
the cyclotomic subfields of FN . Moreover, aj is not an dℓ-th power modulo p if and only if no root of the
reduction of Xdℓ − aj lies in Fp. This is equivalent to FrobP/p fixing no root of Xdℓ − aj .

Both conditions are invariant under conjugation. Let Frobp denote the conjugacy class of FrobP/p. Thus,
the membership of a prime p in that layer of AN is determined by whether Frobp belongs to a specific
collection of conjugacy classes in Gal(FN/Q). Then the Chebotarev density theorem shows that the primes
in each layer have a natural density. Since there are only finitely many disjoint layers, AN has a natural
density.
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ON THE SIMULTANEOUS DIVISIBILITY OF MULTIPLICATIVE ORDERS 13

Let that density be δN . Since the sets AN expand as N grows, δN converges to some δ ≤ 1. In addition,
if p ∈ A \AN , then vℓ(p− 1) > N for some ℓ | m. As a result,

A \AN ⊆
⋃︂
ℓ

{p : p ≡ 1 (mod ℓN+1)}.

The set on the right has upper density bounded by

εN =
∑︂
ℓ

1

φ(ℓN+1)
−! 0.

Let δ(A) and δ(A) denote the upper and lower densities of A, respectively. Then,

δN ≤ δ(A) ≤ δ(A) ≤ δN + εN .

Consequently, δ(A) = δ. This proves the existence of the natural density.
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