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A Tropical Yamabe-Type Prescription Problem
on Rank-Three Matroid Fans




A Tropical Yamabe-Type Prescription Problem on Rank-Three
Matroid Fans
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Abstract

Let M be a simple matroid of rank three with n points and m lines and let A,; be its fine
Bergman fan. A piecewise linear function on Aj,s is given by its values'az € R™ on the point
rays and y € R™ on the line rays, and its tropical divisor is again a weight on those rays, so
that the divisor map is a square symmetric integer matrix

Lus = <In —-R B >
BT  —I,)’
where B is the point-line incidence matrix and R = diag(r,...,r,) records the number r; of
lines through the point 4. Any two points of M lie.on.a unique line, so BBT = J 4+ R — I,
and this identity yields the unimodular congruence Lj; = PT(‘({ _%n)P with P = (_]IgT ?)
From the congruence we determine the kernelof ‘L), which is the space of globally linear
functions, the image, the inertia (1, m,n — 1); and the Smith normal form. A separate Schur-
complement computation gives the characteristic polynomial, which depends only on m and on
the multiset of the degrees r;. We then solve-the prescription problem for the curvature vector
K(p) := —div(y): a nonzero constant' veetor is a curvature if and only if the degrees are all
equal, and when they are not, the squared distance from the constant vector to the space of

curvatures equals

YAHT= Y - an/r = n(A— H),

n times the difference between the arithmetic and harmonic means of the degrees. Evaluating
the proved defect formula-on all 8,778 labeled simple rank-three matroids on at most seven
points shows that near-pencils maximize the defect for 4 < n < 7. The matroid Mg shows
that they no longer do so for n = 8. Inside the family of matroids with a single long line, the
maximizing proportion.of points off that line converges to the root of 2a3 — 2a? + 4a — 1 in
(0,1) and the maximal squared defect grows like n2. The equation solved here is linear, and its
curvature is defined by the divisor operator rather than by a metric, so the analogy with the
Yamabe problem/is limited to the prescription question.

Keywords: matroid; Bergman fan; tropical divisor; Yamabe-type equation; Smith normal
form; finite linear space.
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1 Introduction and main results

The Yamabe problem asks whether a conformal class of Riemannian metrics on a compact
manifold of dimension at least three contains a metric of constant scalar curvature. The equation
behind it is nonlinear and the difficulties are analytic. Tropical geometry replaces smooth
manifolds by balanced polyhedral complexes and smooth functions by piecewise linear ones,
and the operator that takes the place of the Laplacian is the tropical divisor, which measures
the failure of the slopes of a function to balance along a codimension-one cone. This paper
studies the prescription problem for that operator on the fine Bergman fan Aj,; of a simple
matroid M of rank three [3, 6, 11].

The word curvature is used here in a restricted sense, which we now fix. The fan A s carries
no Riemannian metric. For a piecewise linear function ¢ on Ajy; we put K(p) := —div(e), a
vector of weights on the rays of Ay, and call it the curvature of ¢. Sincep/is allowed to be
an arbitrary piecewise linear function, no reference potential enters and. there is no analogue
of a conformal class. What survives of the Yamabe question is the problem of deciding when
the constant ray weight is the divisor of some ¢, and of measuring the discrepancy when it is
not. Yamabe type equations on graphs were studied by Grigor'yan; Lin and Yang [7]; there
the operator is a graph Laplacian and the equation contains a.nonlinear term, so neither the
operator nor the equation is the one treated below.

Rank three is used in an essential way. In that rank the nonempty proper flats of M are its
points and its lines, so the rays of Aj; and its codimension-one cones are indexed by the same
set and the divisor map is given by a square symmetric matrix. Since dim Ay; = r — 1 for rank
r, rays are codimension-one cones exactly when 1 = —2, that is, when r = 3. When rk M > 4,
the divisor is indexed by flags of flats of length'r — 2. The domain and codomain then have
different indexing sets, the matrix is generally rectangular, and there is no natural symmetric
identification of the kind used here.

Throughout, M is a simple matroid of rank three on n points with m rank-two flats, which
we call lines, and r; is the number of lines through the point 7. We consider four questions.

(1) What is the matrix of the divisor map in point-line coordinates?

(2) What are its kernel, image, inertia, spectrum and Smith normal form?
(3) For which M is K(y) anonzero constant vector for some ¢?
(4)

4) When no ¢ has nonzero constant curvature, how far is the constant vector from the set of
curvatures?
The answers are as follows. Let B € {0,1}"*"™ be the point-line incidence matrix, let
R = diag(ry, .4, 7,) and let J = 117, In the coordinates x; = ¢(&;) and y;, = @(ér) on the
point rays and the line rays, the divisor map is

I,-R B
LM:(BT —Im)

(Preposition 3.1)." Because two distinct points of M lie on a unique line, BBT = J 4+ R — I,

(Lemma 2.3), and with the unimodular matrix P = (_IET IO ) these two facts give

T 2
Ly =PT <g _(}m> P, equivalently (;) Ly <Z) = (Z sz) —|ly — BT=|]?

(Theorem 3.2). This congruence and the subsequent calculations give the following results. The
kernel of Ly, is the space of globally linear functions and has dimension n — 1 (Corollary 3.3);
the inertia is (1, m,n — 1), so the rank is m + 1 (Corollary 3.4); the Smith normal form is
diag(1™*1,0"~1) and the cokernel is free (Corollary 3.5); and a ray weight (p, ¢) is a divisor if and



only if p+ Bq is a constant vector, an integral weight having an integral potential (Theorem 3.7).
Question (3) then has the answer that a nonzero constant vector is a curvature if and only if
r1 = --- = 1, (Theorem 3.9), and the characteristic polynomial of Ly, is determined by m
together with the multiset {ri,...,7,} (Theorem 3.12). For question (4), the squared distance
from the constant vector 1 to the space of curvatures is

2

ST i AT A

V(M)? = Z;r —~

where A and H denote the arithmetic and the harmonic mean of the degrees (Theorem 3.16).

The abstract identification of piecewise linear functions modulo global linear functions with
codimension-one tropical cycles is a special case of the duality of Gross and Shokrieh [8]. In
the fixed fine-fan coordinates used here, this accounts for both the kernel‘statement modulo
linear functions and the surjectivity onto balanced ray weights. Thus the abstract content of
Corollary 3.3 and Theorem 3.7 is not claimed as new; we give explicit rank-three coordinate
proofs.

The point-line system is also a finite linear space. Its inequality m > n is the classical
theorem of de Bruijn and Erdés [4], and the incidence identity. BBT = J + R — I is a direct
pair-counting fact. These are background results, not originality claims. The focus of this paper
is the explicit factorization of this divisor matrix, its spectral and arithmetic consequences, the
equal-ray-weight prescription criterion, and the closed defect formula with its enumerative and
extremal analysis.

Section 2 fixes the matroid and tropical conventions and proves the combinatorial facts that
are needed later. Section 3 contains the linear algebra: the divisor matrix, the congruence and
its consequences, the prescription theorem,-the constant curvature criterion, the characteristic
polynomial and the defect formula. Section4 reports an exhaustive enumeration of the labeled
simple rank-three matroids on at most.seven points, analyzes the family of matroids with a
single long line, and lists the invariants of five representative matroids. Section 5 summarizes
what has been proved, states what the model does not capture, and lists open problems.

2 Background and definitions

We follow Oxley [10] for matroid terminology. A matroid M = (E,rk) consists of a finite set F
together with a functionk: 2% — Zs satisfying tk()) = 0, rk(A4) < tk(A U {x}) < rk(A) + 1,
and rk(A U B) 4+ rk(A 0 B) < rk(A4) 4+ rk(B). Every matroid in this paper is simple, that is, it
has no loops and no parallel elements, and has rank three.

In a simple matroid-the rank-one flats are the singletons, and we call the elements of E
points. A rank-two flat\is called a line, and a line with at least three points is called long. We
write

E={1,.".,n}, L=A{L,...,Ln}, ri:=#{LeL:ieL},
and-call r; the degree of the point 1.

Lemma 2.1. Let M be a simple matroid of rank three. Then

(1) any two distinct points lie on a unique line;
(ii) two distinct lines have at most one point in common;
(iii) > ;5;(|L] = 1) =n —1 for every point i;
(iv) 7 > 2 for every point i;

)

V) Xpee (5) = (5) and 7y ri = 3| LI-



Proof. If i # j then rk{i,j} = 2 because M is simple, so cl{i, j} is the unique line containing 4
and j; this gives (i), and (ii) follows from it. For a fixed point ¢ the sets L \ {i}, where L runs
over the lines through ¢, partition E \ {i} by (i), which is (iii). If r; were 1, the unique line
through i would contain all n points by (iii) and would not be a proper flat, so (iv) holds. The
two identities in (v) count unordered pairs of points and point-line incidences in two ways. [

By part (i) the pair (E, L) is a finite linear space, and by part (iv) it is not a single line.
The converse holds in the following form, which is what makes the enumeration of Section 4
possible.

Lemma 2.2. Let E be a finite set with |E| =n > 3 and let H be a family of subsets of E, each
of size at least 3 and at most n — 1, such that two distinct members of H meet in at most one
point. Let L consist of the members of H together with every pair of points/that is contained in
no member of H, and define

0, A=49,

re(A) = 4 b Al =1,
2, |A|>2and AC L for some L€ L,
3, otherwise.

Then rk is the rank function of a simple matroid of rank three on E whose lines are the members
of L and whose long lines are the members of H. Conwversely, the long lines of a simple rank-three
matroid on E form such a family, and the two constructions are mutually inverse.

Proof. Every pair of points lies in exactly one member of £: it lies in at most one member of
‘H by hypothesis, and it is adjoined to £ precisely when it lies in none. In particular rk is well
defined.

Monotonicity is clear from the definition, and so is the bound rk(A U {z}) < rk(A4) + 1: the
only case to check is rk(A) = 1, where' A U {z} has at most two points and therefore lies on a
line. For submodularity, note first that tk(A U B) + k(AN B) < rk(A) + rk(B) holds whenever
rk(AU B) < max{rk(A4), rk(B)}s.since tk(AN B) < min{rk(A),rk(B)}. Using rk < 3 and again
rk(A N B) < min{rk(A), rk(B)}s one checks that in all remaining cases the inequality can fail
only if rk(A) = rk(B) = rk(A MB) = 2 and rk(A U B) = 3. But rk(A N B) = 2 means that
A N B contains two distinct points ¢ and j, and then the line on which A lies and the line on
which B lies both containw and j, hence coincide; so AU B lies on a line and rk(AU B) =2, a
contradiction. Thus rk is-a rank function.

It has value 1 on singletons and 2 on two-element sets, so the matroid is simple, and it takes
the value 3 because no member of L is all of E. A set has rank at most two if and only if
it lies on a member ofl £;"so the rank-two flats are exactly the maximal such sets, which are
the members of £ themselves: distinct members of H meet in at most one point and hence are
incomparable, and an adjoined pair lies in no member of H by construction. The members of
‘H are the lines-with at least three points.

Conversely, let M be a simple rank-three matroid on F and let H be its family of long lines.
Distinet lines meet in at most one point by Lemma 2.1(ii), no line is all of E, and a pair of
points lies in no long line if and only if it is itself a line by Lemma 2.1(i). Hence H satisfies the
hypotheses and the construction returns M. O

We write B € {0,1}™*™ for the point-line incidence matrix, so B;;, = 1if i € L and B;;, =0
otherwise, and we put R := diag(r1,...,r,) and J := 117, the n x n matrix with all entries
equal to 1. The vector of degrees is r = B1,,.

Lemma 2.3. For every simple matroid of rank three,

BBT =J+R—1I,. (1)



LO = {17 27 3}
1 2 3
(a) The near-pencil Ny. (b) Its point-line incidence graph.

Figure 1: A rank-three matroid and the combinatorics of its fine Bergman fan. Circles are point
rays and squares are line rays.

Proof. The entry (BBT);; is the number of lines through 4, which is.4;.~For i # j the entry
(BBT);; is the number of lines containing both points, which is 1 by Lemma 2.1(i). O

We turn to the fan. Put
N:=7F/71, Ngp:=N@zR;

and for ' C FE write ep := ZZEF e; and let ep be its classtin N."The fine Bergman fan Ay; C Ny
is the fan whose cones are generated by the flags of nonempty proper flats of M [3, 6, 11]. In
rank three the nonempty proper flats are the points and.the lines, so the rays of A, are

pi=Rxp& (i€E), _ pr=Rxoer (LeL),

and the maximal cones are

oi 1, = cone(és er,) (1€ L).
All maximal cones carry weight 1. The link of Ajp; at the origin is the point—line incidence
graph of M, also called its Levi graph:

Lemma 2.4. For every incidence i € L the pair (€;,€r) extends to a Z-basis of N. In particular
every maximal cone of Ays is unimodular.

Proof. Since L is a proper flat, there is a point k ¢ L. Since L has rank two, it contains a point
j € L\ {i}. The classes f;, = &, with h # k form a basis of N = ZF /Z1, and €1, = Y, ., fn in
this basis. Replacing f;.by+er, is a unimodular change of basis because the coefficient of f; in
er, is 1, and the new basis contains f; = €; and éy,. ]

Throughout, piecewise linear functions are required to be linear on each cone of the fixed
fine Bergman fan. By Lemma 2.4 a function on Aj; that is linear on every maximal cone is
determined by its values/on the primitive generators of the rays, these values may be prescribed
arbitrarily, and integral values give integral slopes on every maximal cone. Writing

zi = (&),  yL=p(eL),
we/identify the space of piecewise linear functions on Ay with R™ @ R and the integral ones
with Z" & 7.
Finally we recall the divisor. Let ¥ be a pure balanced fan with unit weights and let ¢ be
piecewise linear on Y. At a codimension-one cone 7 the tropical divisor weight is

@V ) (1) = 3 olteys) = o (D vose ) (2)
o>T o>T
where the sum runs over the maximal cones o containing 7 and v, /, is a lift to N of the primitive
generator of the image of o in N/N;; see [2, 9]. The subtracted term makes the right-hand side
independent of the chosen lifts, and it is what forces the divisor of a globally linear function to
vanish.



3 The divisor matrix and its linear-algebraic structure

We first evaluate (2) on Ajy.

Proposition 3.1. Let M be a simple matroid of rank three and let ¢ be the piecewise linear
function on Ay with ray values (x,y) € R @ R™. Then

legO ZyL - - 1 x’L? (3)
L>i

le SD Z Ti — YL- (4)

i€l

Proof. The maximal cones containing p; are the cones o;; with ¢ € Ly and the primitive
generators in question lift to €;. Since ) .. € = €, the subtracted termin (2) equals p(ér) =
yr, which gives (4). The maximal cones containing p; are the coneswoyr with L > ¢, with
generators lifting to €. The lines through ¢ partition the remaining peints, so

ZéL =7r;€; + Zéj = (T‘Z' — 1)@'

L>i i
in Ng, because ), ; = 0 there. The subtracted term is therefore (r; —1);, which gives (3). [

Ordering the coordinates by points and then by lines, (3) and (4) read

ano) = (1), wi= (M D) ®)

This matrix is symmetric with integer entries, but it is not the Laplacian of the incidence graph;
the diagonal entries and the signs are different, as Example 3.14 shows.

Theorem 3.2. Let P := (f];T IO ) Then P is unimodular and

1 (J 0
Ly =P <o )P (6)

or equivalently, for all x € R” and y € R™,
2\ " T = 2
< ) Ly ( ) = (sz> —|ly — B z|3. (7)
y y i=1

Proof. The matrix P._is| block lower triangular with identity diagonal blocks, so det P =
Multiplying out,
T(J O _(J-BBT B
P <0 —Im)P_< BT —In )’

and'J =~ BBT = I,, — R by (1), which proves (6). Evaluating the congruence on (z,) and using
P(xyy)T = (z, y — BTz)7 together with z7.Jz = (3, x;)? gives (7). O

Corollary 3.3. Over R,
ker Ly = {<qua> : 1Ta:O}7 dimker Ly =n —1, (8)

and the same description holds over Z. Under the identification of a piecewise linear function
with its ray values, ker Ly is the space of globally linear functions on Ng.



Proof. Since PT is invertible, (6) shows that L/ (z,y) = 0 if and only if Jr =0 and y = BT,
and Jz = 0 says 17z = 0. A linear functional on Ng = R /R1 is given by coefficients a; with
> ia; =0, and its value at e, is ), .; a; = (BTa)y, so the two spaces agree. O

Corollary 3.4. The real inertia of Las is

(n+(LM)7 n—(LM)a TL[)(LM)) = (17 m,n— 1)7 (9)
sork Lyy =m 41 and Ly is indefinite for every simple rank-three matroid.

Proof. The matrix J has one positive eigenvalue and n — 1 zero eigenvalues and —1I,, has m
negative eigenvalues, so this follows from (6) and Sylvester’s law of inertia. O

Corollary 3.5. Over Z,
SNF (L) = diag(1,...,1,0,...,0), (10)
S—— ——

m+1 n—1

and consequently coker(LM: Zntm Z”+m) = 771 s torsion frees

Proof. Both P and PT are unimodular, so (6) is an equivalenee oyer Z. The Smith normal form
of J is diag(1,0,...,0) and that of —I, is Iy,. O

Remark 3.6. For tk M = r > 4 a piecewise linear function.isistill recorded by its ray values, but
its divisor is indexed by the codimension-one cones ofithe fan, which are flags of flats rather
than rays. The matrix of the divisor map is generally rectangular and has no natural symmetry
of the kind used above, so the operator studied:here.is a rank-three phenomenon.

We now describe the image of Ljys. Call.a vector w = (p,q) € R* ®@R™, with p; on the point
ray p; and qr, on the line ray pr, a ray weight. It is a one-dimensional tropical cycle when it
balances at the origin, that is, when >, pi&; + > ; qzér = 0 in Ng. Since éf = ), €, and
since a vector of R¥ vanishes in R¥/R1 if and only if it is constant, the balancing condition
reads

p+Bg=-cl for some c € R. (11)

Theorem 3.7. For a ray weight w = (p, q) the following are equivalent:

(i) w=div(p) for some piecewise linear function ¢ on Apy;
(ii) w is balanced;

(iii) p+ Bq = c1 for some c € R.
If p and q aresdintegral, then © may be taken integral.

Proof. Writing Ly (2,y) = (p, q) gives ¢ = B'x — y and p = By — (R — I)x, whence
p+Bq=BB'zx—(R— DNz =Jr=(1"2)1

by (1).: This shows that (i) implies (iii), and (ii) is equivalent to (iii) by (11). Conversely, assume
p+ Bq = c1, choose = with 172 = ¢ and put y = BTz — ¢q. Then BTz —y = ¢ and

By—(R—Iz=BB'z—q)—(R—Dz=(J+R—1)x—(R—I)x — Bq=cl— Bq=p,

so Lys(z,y) = (p,q). If p and q are integral then so is ¢, and the choice = = (c,0,...,0)T makes
y integral as well. O

Theorem 3.7 is the rank-three coordinate form of the duality of Gross and Shokrieh [8] men-
tioned in Section 1: every balanced ray weight on Ay is a principal divisor, and by Corollary 3.3
its potential is unique modulo global linear functions.



Remark 3.8. The proof gives an explicit integral solution. If (p,q) is integral and balanced,
write p+ Bq = ¢l with ¢ € Z, put = = (c,0,...,0)T and y = B2 —q; then Ly (z,y) = (p,q). It
also gives Corollary 3.5 without any computation of Smith normal forms: the homomorphism
Zntm — 70 /71 sending (p, q) to the class of p+ Bq is surjective, and by Theorem 3.7 its kernel
is im Lyy, so coker Ly = Z" /71 = 71,

We can now answer question (3) of Section 1. Recall that the curvature of ¢ is K(p)=
—Ly(z,y), and call it constant if it equals A\1,,4,, in the primitive ray basis of Ajy.

Theorem 3.9. Let M be a simple matroid of rank three and consider the equation

—Lu @) = Mypom. (12)

Ifry = - =1y, then (12) is solvable for every A € R. If the degrees are notall equal, then (12)
is solvable only for X = 0. Whenever (12) is solvable, its solutions form a coset of the space of
globally linear functions, and for integral X\ one of them is integral.

Proof. The prescribed weight is (p,q) = (—A1,, —Al,,), and since r = Bl,, we get p + Bq =
—A(1+7). By Theorem 3.7 the equation is solvable if and only.if-this vector is constant, that is,
if and only if A = 0 or r is constant. For A = 0 every globally linear function is a solution. The
description of the solution set is Corollary 3.3 and the integrality statement is the last clause of
Theorem 3.7. O

We call M line-regular of degree p if r; = p forievery point i. The lines of a line-regular
matroid need not all have the same size; the condition constrains the number of lines through
a point, not the number of points on a line.. The graphic matroid of Ky, discussed in Section 4,
is line-regular with lines of two sizes.

Proposition 3.10. Let M be line-regular, of degree p and let A € R. The unique solution of
(12) orthogonal to ker Ly is

1 1)|L
AP A DI

- - (13)

and it is the solution of least Euclidean norm.

Proof. Put (p,q) = (=X1,,—A1,,), so that p+ Bqg = —A(1+r) = —A(p+ 1)1. The vector x of
(13) satisfies 1Tz ==A(p + 1), and y = BTz + \1,, = B2 — ¢. This is the pair constructed
in the second half of the proof of Theorem 3.7, so Las(z,y) = (p,q), which is (12). Any other
solution differs from'it by an element (a, BTa) of ker Ly, and

<(x, v), (a, BTa)> = aT(ac + By).

Here x is constant;-and so is By = BB'x 4+ AB1,,, because BB = J + (p — 1)I and B1,, =
r = pl. As 1Ta =0, the inner product vanishes, and orthogonality to the kernel characterizes
the representative of least norm. ]

Remark 3.11. If one starts from a reference potential g and allows an arbitrary piecewise
linear change u, then ¢ = ¢o + u runs over all piecewise linear functions, so the criterion of
Theorem 3.9 does not depend on ¢g. An analogue of a conformal class would require restricting
the admissible u; see Problem 2.

The congruence (6) determines the inertia of Ljs but not its individual eigenvalues, which
we compute next.



Theorem 3.12. Put xp(t) := det(tLytm — Lar). Then m > n and

n

() = t7 Lt + 1)mn [tH(tJrr,-) —ZH(tJrrj)}. (14)

i=1 i=1 jF#i

In particular, two simple rank-three matroids with the same number of lines and the same
multiset of degrees have the same characteristic polynomial.

Proof. The inequality m > n is the de Bruijn—Erdés theorem for finite linear spaces [4]. Here
it also follows directly from the incidence identity: every r; > 2 by Lemma 2.1(iv);-80 BBT =
J 4+ R — I is positive definite; hence B has row rank n and m > n. For t % ~1 the Schur
complement of the lower right block of tI — Lj; gives

xm(t) = (t+1)™ det(tI +R—1I— LBBT)

t+1
(t+1)™ " det((t+1)(tI + R —I) — BBT)
(t+1)™ " det(t(tI + R) — J),

the last equality by (1). Both sides are polynomials in ¢,/so-the identity extends to t = —1.
Applying the matrix determinant lemma to the diagonal matrix ¢(tI + R),

det(t(tI + R) — J) :t”H(t+r,~)(1 — 1215427%) 3 4 [tIZI(Hn*) —ZH(HW)]?

' i i

i 7

The determinant-lemma calculation is initially.valid away from ¢t = 0 and ¢t = —7;; polynomial
identity extends it to those values as well. This proves (14). O

Corollary 3.13. If M is line-reqular of degree p, then

—p+ PP HAn smppPAdAn e _—
Spec(Lar) = { LT T2, 007D, (=)D, (=) (15)

Proof. Substituting r; = p in (14) gives xa7(t) = t" 1 (t + 1) "(t + p)" 1 (t> + pt —n), and the
two roots of the last factor are the first two entries of (15). O]

Example 3.14. For the uniform matroid Us g the lines are the three two-element subsets of
E, so the incidence graph is the six-cycle 1 — {12} — 2 — {23} — 3 — {13} — 1 of Figure 2.
Here n = m = 3 and p = 2, so Spec(Ly) = {1,-3,0,0,—2,—2} by (15). In this example
Ly = A(Cg) = I, whereas the Laplacian of the hexagon is 2I — A(Cg), whose spectrum is
{0,1,1,3,3,4}. The all-ones vector is an eigenvector of Ljs for the eigenvalue 1 and of the
Laplacian for<the eigenvalue 0, and on its orthogonal complement the Laplacian is positive
definite-while L, is\negative semidefinite with a two-dimensional kernel.

It remains'to treat question (4). If M is not line-regular, the constant ray weight is unbal-
anced and is not’a curvature, and we measure the failure in the Euclidean inner product on
primitive ray coordinates. This norm is a coordinate normalization attached to the fixed fine
fan; we do not claim that the resulting defect is invariant under refinement.

Definition 3.15. The defect of M is
V(M) := dist(Lpqm, im Lyr), (16)

so that |\ V(M) is the least residual in the Euclidean norm when one attempts to prescribe
the curvature A1, p,.

10



Figure 2: The incidence graph of Us 3, for which Ly, = A(Cs) — L.

Theorem 3.16. Let A and H be the arithmetic and the harmonic mean of the degrees ri,...,Ty.
Then
YONF =3 n- et - = (DU S L an
— r. — =n — = —.
o XL i<y Wl im1 i

In particular Y(M) = 0 if and only if M is line-regular.

Proof. As Ly is symmetric, im Ly; = (ker Lys)*, so P(M) is the norm of the orthogonal
projection of 1,1, onto ker Ly;. Write h(a) = (a, BTa) for'a in Hy := {a € R": 1Ta = 0}, as
in Corollary 3.3. For a,b € Hy, (1) gives

(h(a),h(b)) =a"(I+ BB )b=a"(R+J)b=0a"Rby  (Lyim,h(a))=1Ta+1"BTa=1r"q,

where a'Jb = (17a)(17b) = 0 was used. /The-projection is h(c) with ¢ € Hy determined by
c¢"Ra = rTa for all @ € Hy, that is, by Rc —z/= pl for some pu € R. Hence ¢; = 1+ u/r;, and
> ;¢ =0forces p=—n/>;(1/r;). Writing S =5 ".(1/ri),

n2

2 _ 2 Tp,. _ , 2¢g _ T
Y(M)” = ||h(c)||*=e Rc-?n%—lun%—u S—;m o
which is the first equality in (17), and n(A — H) is a rewriting of it. For the third expression,
use (3, 73)S —n? = D il = 7;)?/(rir;) and divide by S. The last assertion is the equality
case of the inequalitys A > H. O

The right-hand side of (17) depends only on the multiset of degrees. Like the characteristic
polynomial, thérefore, the defect does not see the incidence pattern of M, and two matroids
can differ in every.line ‘while sharing both invariants.

4 Enumeration and extremal examples

We first record the defect of the near-pencils, which occur repeatedly below.

Example 4.1. For n > 4, let N,, be the near-pencil, that is, the matroid with one line carrying
n — 1 points and one further point off it. The points on the long line have degree 2 and the
remaining point has degree n — 1, so (17) gives

(n—1)(n —3)?
nZ—2n+3 ’

V(N,)? = (18)

which equals 3/11 for n = 4.

11



Table 1: Exhaustive census of labeled simple rank-three matroids on 3 < n < 7 points. The
column “regular types” counts isomorphism classes among the line-regular matroids.

n all labeled line-regular regular types distinct Y2 max)? maximizers

3 1 1 1 1 0 Usgs

4 5 1 1 2 3/11 4 near-pencils

5 31 1 1 4 8/9 5 near-pencils

6 352 41 3 7 5/3 6 near-pencils

7 8,389 31 2 22 48/19 7 near-pencils

By Lemma 2.2, a labeled simple rank-three matroid on {1,...,n} is the same thing as a

family of long lines, so the matroids on a fixed small number of points (can, be enumerated
directly. Encode a candidate long line, that is, a subset of {1,...,n} of size between 3 and

n — 1, by the bit mask of the pairs of points it contains. Run through the candidates in a fixed
order and either discard a candidate or, if its mask is disjoint from the union of the masks
already selected, adjoin it. At the end of a branch declare every pait.not covered so far to be a
line. Each labeled matroid is produced exactly once.

The enumeration uses exact integer and rational arithmetic. For every generated matroid,
the program checks that each pair of points lies on exactly one line and evaluates (17) as an
exact fraction. For the five examples in Table 2, it also checks the incidence identity, the congru-
ence, the characteristic polynomial, the rank, the nullity and the Smith normal form by exact
symbolic computation. The inertia is checked separately using numerical eigenvalues; its exact
justification is the congruence proved in Theorem 3:2. Table 1 records the enumeration results.
The labeled totals agree with the published coutits of Dukes [5], providing an independent check
on those totals.

The line-regular isomorphism classes can be listed explicitly. For n = 3,4, 5, the only type is
the uniform matroid Us,. For n = 6,:there are three types: Usg; the matroid with two disjoint
three-point lines and all remaining lines of size two, in which every point has degree 4; and the
graphic matroid M (K4), in which every point has degree 3. For n = 7, the two types are Us 7
and the Fano plane.

For 4 < n <7, the maximum defect is attained by exactly n labeled matroids. These are
the near-pencils, one for each choice of the point off the long line. The isomorphism test and
the supporting computational files are described in Appendix A.

One might read Table 1 as evidence that near-pencils maximize the defect for every n. The
following family shows.that this fails already at n = 8.

Definition 4.2. For n > 4 and 1 < s <n — 3 let M, 5 be the simple rank-three matroid with
one line of n — s points @and with every other line of size two, so that s points lie off the long
line. Thus M, 1 = N,,.

The-n — s points on the long line have degree s + 1 and each of the remaining points has
degree n — 1, so (17) applies.

Theorem 4.3. For1 <s<n-—3,

s _ s(n—s)(n—s -2
y(Mms) _n2—n5—n+52+25' (19)

Moreover, for every n > 5, Y(Mp2)? > Y(My1)? holds if and only if n > 8, and at n =8

175
V(Mgo)* =4 > S V(Ms1)?.
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Proof. The degree sequence of M, sis (s+1)""*,(n —1)%, so

n—s s n2—ns—n+s2+2s

s+1+n—1_ (s+1)(n—-1)

1
Zri:(n—s)(s+1)+s(n—1), Zr—l:
3 7
Substituting into (17) and simplifying gives (19). Taking s =1 and s = 2 in (19) and subtract-
ing,

P(n)
(n?—=3n+8)(n?—2n+3)’
where P(n) = n® — 14n* + 6613 — 142n? + 173n — 120 and both factors in the denominator are
positive. For n = 5,6, 7 one computes P(n) = —180, —306, —36, while for n > 8 the substitution
q=n—382>0 gives

V(M 2)? = Y(Mp1)* =

P(n) = ¢° + 26¢* + 258¢> + 1186¢> + 2381¢ + 1392.>0. O

Near-pencil extremality, valid throughout Table 1, therefore fails at n = 8. Within the
family of Definition 4.2 the optimal s is not eventually equal to 2weither; it grows linearly in n
with an irrational slope.

Theorem 4.4. For each n > 4 let s, € {1,...,n — 3} mazimize y(Mn,s)? Then sp/n — ag,
where ag is the unique root in (0,1) of

203 — 20% + 40— 1 =0, ap = 0.2778800911.... ., (20)
and ( )3
1 2. lao(l —ap)”

Proof. Put o = s/n. Dividing (19) by. n*gives

V(My)? 5 a(l—a)(1—a—2/n)?

n? a?—a+142a—-1)/n

For n >4 and 0 < o < 1, the denominator satisfies

) 200 — 1 ( 1 1)2 301 _ 11
o o+ 1+ =la—-c+—-| ++ > —.
n n

2 4 nZ 7”16

The numerator and denominator converge uniformly on [0, 1], and the denominators are bounded
away from zero. Hence the displayed rational functions converge uniformly to

a(l—a)?
a2 —a+1

fla) =

Differentiating,
(1—0a)?(2a® —2a% + 40 — 1)

Jle) =~ (02 —a+ 1)

The cubic factor is strictly increasing, since its derivative 6a2 —4a+4 has negative discriminant,
and it is negative at @« = 0 and positive at @« = 1. Hence f increases and then decreases on
[0,1] and has a unique maximizer ag there, characterized by (20); the cubic has no rational
root, so g is irrational. Uniform convergence on the grid {s/n}, whose mesh tends to 0, gives
Sp/n — ag and (21). O

Remark 4.5. Theorems 4.3 and 4.4 optimize inside one explicit family. The maximum of V(M)
over all simple rank-three matroids on n points is not determined here; see Problem 1.
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Table 2: Five representative simple rank-three matroids. A nonzero constant curvature is
attainable exactly in the line-regular rows. Superscripts in the degree and line-size columns
indicate multiplicities.

matroid

n m degrees Y2 line sizes nonzero constant?
Usa 4 6 34 0 26 yes
near-pencil Ny 4 4 233 3/11 23,3 no
Ms 2 8 14 36,72 4 213 6 no
graphic M(K4) 6 7 36 0 23,34 yes
Fano plane 7T 7 37 0 37 yes

Table 2 collects the invariants of five matroids, which we describe in turn.

For the uniform matroid Us, every line has two points, m = (g) and.every degree equals
n — 1, so every constant is a curvature by Theorem 3.9. The quadratic factor in the proof of
Corollary 3.13 is t2 + (n — 1)t —n = (t — 1)(t +n), so

Spec(Lys,,) = {1’ —n, on=1), (—(n— 1))(n—1), (_1)((3)_71)}.

The near-pencil Ny has degree sequence (2,2,2,3), so.no nonzero constant is a curvature,
and by (18) the least squared residual for unit curvature is 3/11. Here m = n = 4 and (14)
gives

XN () = 2 (t+2)2 (4 587 + 2t — 11).

By Descartes’ rule of signs the cubic factor has exactly one positive root, as the inertia in
Corollary 3.4 requires, and that root lies between 1 and 2 because the cubic takes the values
—3 and 21 there.

The matroid Mg 2 has one six-point/line and two points off it, hence degree sequence (3%, 72)
and Y? = 4 by (17). By Theorem 4.3:it"is the smallest member of the family of Definition 4.2
whose defect exceeds that of the near-pencil on the same number of points.

In the graphic matroid M (Ky).the points are the six edges of K4 and the lines are the four
triangles and the three pairs of‘opposite edges. Every edge lies in two triangles and one pair of
opposite edges, so every degree is 3 and every constant is a curvature, although the line sizes are
not all equal. For A # 0 formula (13) assigns the value —\/3 to the rays of the three two-point
lines and —A\ to the rays(of the four triangles.

The Fano plane has,seven points and seven three-point lines, and every degree is 3, so ) = 0.
Its eigenvalues are (—3 £ v/37)/2 together with —3 and 0, each of multiplicity six, and these
account for all fourteen:

5 Conclusion

For-a simple matroid of rank three the identity BBT = J+ R—I converts the divisor matrix into
the.congruence (6), which gives its kernel, image, inertia and Smith normal form. A separate
Schur-complement calculation yields the characteristic polynomial of L. A ray weight is a
divisor if and only if it is balanced, so a nonzero constant curvature exists if and only if every
point of M lies on the same number of lines. When it does not, the least squared residual is n
times the gap between the arithmetic and the harmonic mean of the degree sequence.

The enumeration of Section 4 evaluates the proved defect formula on all 8,778 labeled simple
rank-three matroids on at most seven points. It shows that, for 4 < n < 7, the near-pencils,
and only they, maximize the defect.

Several features of the Yamabe problem are absent from this model. The equation is linear,
whereas the Yamabe equation is nonlinear and variational. The word constant refers to equal
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weights in the primitive ray basis of the fine fan, and is not invariant under refinement of the
fan. By Remark 3.11 all piecewise linear changes of potential are admitted, so there is a single
additive class and no analogue of a conformal class. Finally, () is defined through the divisor
operator and is not derived from a metric.

Three problems remain open.

Problem 1. Determine maxys Y(M)? over all simple rank-three matroids on n points:. Isa
matroid M,, s of Definition 4.2 always extremal, or do configurations with several long'lines do
better for large n?

Problem 2. Find a natural proper subset of the space of piecewise linear potentials;for instance
one cut out by an ample class, by a symmetry of M, by a condition on supports or by an energy
bound, for which the reference potential of Remark 3.11 becomes relevant. Is the corresponding
prescription problem solvable, and does it acquire a variational structure?

Problem 3. For rk M > 4, write the divisor map explicitly in flag coordinates, find factoriza-
tions analogous to (6), and compute, with respect to a specified inner;product, distances from
natural prescribed codimension-one weight vectors, not necessarily:balanced, to its image.

One further question is suggested by Theorem 3.12. In“rank three the spectrum of Ly,
retains only the number of lines and the multiset of degrees, and forgets the incidence pattern;
the same is true of the defect. It would be interesting to knew which operators with a comparable
tropical meaning separate non-isomorphic matroids with-the same degree sequence. The Chow
ring of a matroid carries much finer structure, by the work of Adiprasito, Huh and Katz [1],
and is a natural place to look for such operators.
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Appendix A Computational reproducibility

The script verify_rank3.py requires Python 3.10 or later and SymPy. It uses labels {0, ..., n—
1} rather than {1,...,n}; this change does not affect the results. The computations can be
reproduced by running:

python verify_rank3.py

Enumeration. For each 3 < n < 7, every subset of size between 3 and n — 1 is a_candidate
long line. Its contained point-pairs are encoded by a bit mask. The program reeursively ex-
cludes or includes each candidate, allowing inclusion only when its mask is disjoint from all
previously selected masks. At each terminal branch, uncovered pairs are added as two-point
lines. Lemma 2.2 shows that this procedure produces each labeled simple rank-three matroid
exactly once. The pair-cover condition is checked for every output, and the defect formula is
evaluated using exact rational arithmetic.

Isomorphism classes. For each line-regular matroid, the function canonical_long_lines
examines all n! permutations of the point labels. Under each permutation, the points of each
long line are sorted, and the long lines are ordered by size and then lexicographically. The least
resulting tuple is taken as the canonical form. Two matroids have the same canonical form if
and only if they are isomorphic, because the long lines/determine all remaining two-point lines.
Counting distinct canonical forms gives the “regular-types” column of Table 1.

Verification scope. For all 8,778 enumerated objects, the script checks the pair-cover condi-
tion, computes degrees and evaluates J(M)? from (17). This evaluation is not an independent
least-squares verification of the defect formula. Exact symbolic matrix checks are performed
for the five representative examples in Table 2. A separate numerical inertia check evaluates
eigenvalues to 40-digit precision and uses a'sign threshold of 10712, For the one-long-line family,
the script checks every 4 < n < 50 andl < s < n — 3, comparing the degree-based defect with
(19) and recording all maximizing values of s. These finite checks support, but do not replace,
the general proofs in the main text:

Supporting files. Theaccompanying computational materials are:
e verify_rank3.py: enumeration and verification code;

e enumeration_summary.csv: labeled totals, regular counts, isomorphism counts and extrema;
e defect_distribution.csv: exact defect values and their labeled multiplicities;

e examples_summary.csv: invariants of the five representative examples;

e one_long_line~family.csv: family extrema and near-pencil comparisons through n = 50;

e verification_report.txt: a run summary including the SHA-256 hash of the script.
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