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Abstract: Let h = CLj be the degree-zero subalgebra of H. We construct a new family
of Zy-graded H-modules V() «, ), parameterized by A € C* and «a, f € C, which are
free of rank 2 over the universal enveloping algebra U(h) = C[L¢]. We determine the
simplicity and isomorphism classes of these modules: W(\, a, 3) is simple if and only if
a # 0 or B # 0; the degenerate module ¥(A, 0,0) possesses a unique proper.submodule
with a one-dimensional trivial quotient, and y is isomorphic to a parity-twisted module
H(\Il()\, %, 0)); moreover, two such modules are isomorphic precisely when their defining
parameters coincide.

Building on these constructions, we provide a complete classification of all H-modules
that are free of rank 2 over U(h). The proof proceeds via a detailed analysis of the mod-
ule structure over the Virasoro subalgebra and the actions ‘of the remaining generators,
showing that any such module is isomorphic, up to a parity change, to some W(\, a, 3).
As a consequence, our classification also determines all. H=modules that are free of rank
1 over the universal enveloping algebras U(CLy &CGy)and U(CLy & CQy), thereby
extending known results on rank-one free modules over the Heisenberg—Virasoro algebra.

Finally, by applying the weighting functor intreduced by Nilsson, we construct a class
of intermediate series weight H-modules from the modules W(\, «, ), and we show that
the resulting modules are isomorphic to the intermediate series H-modules A(% —a, 3, d).
This establishes a precise relationship between the non-weight modules studied here and
the well-known weight modules in the intermediate series.

Keywords: Takiff N = 1 HeisenbergVirasoro superalgebra; non-weight module; simple
module; U (h)-free module; weighting functor; module of the intermediate series.
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1 Introduction

Let C denote the field of complex numbers, and write C* = C\ {0} for the set of nonzero
complex numbers. We use Z for the set of integers. Throughout this paper, all vector
superspaces, Lie superalgebras, and supermodules are defined over C, and all modules
are assumed to be Zs-graded.

Let Ly be the even generator with index zero in the Virasoro part of the algebra.H,

and set
{) == (CLO

Since b is one-dimensional and even,
U(h) = C[Lo].

A module is called a weight module with respect to b if it is'the direct sum of its
Lg-eigenspaces. A module that does not have such a decompesition is simply called a
non-weight module.

For a basic example, consider the polynomial space C[z| and let Ly act by multipli-
cation by z:

Lo- f(z) = zf(x):

If a nonzero polynomial f(x) were an eigenvector of Ly with eigenvalue p, then

(@) = ufla), 0 e — u)f(x) = 0.

This is impossible for a nonzero polynomial.; Hence Clz| is not a weight module with
respect to b; it is therefore a non-weight.module.
It is natural to study modules that are free over

() = C[L).

The rank counts the number of polynomial generators, rather than the dimension over

C. For example,
M = Clz|u & Clz]v

is free of rank two, over. C[Ly] when L, acts as multiplication by z. The module is
nevertheless infinite-dimensional over C. In the graded setting, u is even and v is odd.

Polynomial-type representations of this kind, often called U(h)-free modules, were
first introduced by Nilsson for finite-dimensional simple Lie algebras [5]. Later work
by Tan and Zhao, Chén and Guo, Dilxat and Liu, and others extended the theory to
infinite-dimensional Lie algebras and Lie superalgebras, including the Virasoro algebra,
the W(2,2)algebra; the Heisenberg—Virasoro algebra, and several types of super-Virasoro
and, N =1 Heisenberg—Virasoro superalgebras [2-4,7-10].

The Takiff N = 1 Heisenberg—Virasoro superalgebra H has four familiar families of

generators,
Lm7 Hm7 Gpa Qp7

together with four additional families,
Wi, ILn, F, P,

The first four families comprise the basic part of the algebra, while the remaining four
arise from the Takiff construction. The relations among these generators are given in
Section 3, while the N = 1 Heisenberg—Virasoro superalgebra is studied in [1].
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A natural question is whether the additional generators W,,, I,,,, F},, P, can act non-
trivially on a module of small polynomial rank. In this paper, we study graded H-modules
that are free of finite rank over C[Ly]. Our main result concerns rank two. We prove
that, in this case, the additional generators necessarily act as zero. Thus the rank-two
problem reduces to determining the possible actions of L,,, H,, Gp, Q).

Up to parity change, every rank-two module is isomorphic to a module of the form

U(\a,B), AeC', a,BeC.

We determine the submodule structure, simplicity, and isomorphism classes of this family.
In particular,

V(A a, f) is simple if and only if (a, 8) # (0,0).

Finally, we study the weighting functor introduced by Nilsson.[6]. Applying this
functor to W(\, «, 5) produces a family of weight modules A(a,b,c). The parameter \,
which distinguishes non-isomorphic polynomial modules, disappears after applying the
weighting functor. Moreover, the functor does not necessarily preserve simplicity: it can
send a simple polynomial module to a reducible weight module, or a reducible polynomial
module to a simple one.



2 Basic notations and definitions

This section fixes the conventions concerning Lie superalgebras and their representations.
All gradings in this section are by Zy = {0, 1}, with addition understood modulo 2. We
first recall that a vector superspace is a vector space V' together with a decomposition

V=V, Vi

The two summands are called the even and odd parts of V. A nonzero element v € V5
is homogeneous of parity |v| = 7; arbitrary elements are sums of homogeneotis-elements.
For graded vector spaces V, W, and X, a bilinear map V x W — X is called even if it
preserves the grading, in the sense that the image of V; x W; is contained in X7, ;.

Definition 2.1. A Lie superalgebra is a vector superspace g§ = gy ® g1 equipped with an
even bilinear bracket [—,—] : g X g — @ such that, for homogeneous'x,y, z € g,

[I,y] = _(_1)|$Hy‘[y7$]7
(=D [z, [y, 2] + (=)l y, [z, 2]] + (A [, [, 9] = 0.

The first identity is the graded skew-symmetry and the second is the super-Jacobi identity.

Thus [g7, g7] C gi4;. The even part gg is an ordinary Lie algebra, while the bracket of
two odd elements is symmetric in the ordinary sense. An ordinary Lie algebra is recovered
by taking g7 = 0.

For a Lie superalgebra g, its universal enveloping algebra U(g) is the associative
graded algebra generated by g with relations

zy—(=1)"Wlyz = [z, 4]

for homogeneous z,y € g. Consequently, a graded g-module can equivalently be viewed
as a graded left U(g)-module.

Definition 2.2. Let g be a Lie superalgebra. A (left) g-module is a vector superspace
M = Mg & Mz with an even action g X M — M. FEquivalently, for homogeneous x € g;
and v € Mj;,

T-v e Mg_,_;,

and the action satisfies

2 (y-v) = (=D)"Wy - (z-0) = [2,9] -0

for all-homogeneous ¥,y € g and v € M. The identities for nonhomogeneous elements
follow by linearity:

A submodule is a graded subspace stable under the action of every element of g.
In particular, simplicity means that the only graded submodules are 0 and the whole
module. This graded convention is the one used throughout the article.
The parity-change functor, denoted by II, exchanges the two homogeneous compo-
nents:
(IIM); = M1

If : M — IIM denotes the canonical parity-reversing identification, the standard
induced action is
z-mw(v) = (=1)x(z - v)
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for homogeneous x and v. Thus IIM has the same underlying vector space and action
up to this conventional sign, but its even and odd parts are interchanged.

Let t C gg be an abelian subalgebra. For a functional i € t*, the corresponding weight
space of a g-module M is

M,={ve M| h- -v=p(h)v for every h € t}.
Since t is even, every M, is naturally Zj-graded. The support is the set

Supp, (M) = {1 € " | M, # 0}.

Definition 2.3. The module M is called a weight module (with respectsto t) if

M= M,

pet*
Equivalently, the commuting operators from t act simultaneously diagonalizably.

The weight spaces need not be one-dimensional; when they are all finite-dimensional,
one often uses the additional term Harish-Chandra medules. Some authors also use “gen-
eralized weight module” for a decomposition into géneralized eigenspaces; that variant is
not needed here.

More generally, if a homogeneous element~z~€ ¢ satisfies [h,x] = v(h)z for every
h € t, then oM, C M,;,. This elementary weight-shift rule explains the role of the
integer subscripts on many generators in"graded Lie algebras.



3 Takiff N=1 Heisenberg-Virasoro superalgebra

In this section, we present the definition and basic structural properties of the Takiff
N =1 Heisenberg-Virasoro superalgebra .

The Takiff N = 1 Heisenberg-Virasoro superalgebra H is an infinite-dimensional
Zo-graded Lie superalgebra with homogeneous basis

{LmywmaHm7]maGpan7Qp7Pp | m’p E Z}7

whose nontrivial supercommutation relations are given as follows:

[Lma Ln] - (TL - m)Lm+n7 [Lma Wn] = (TL - m)Wm—‘rna
[Lma Hn] - nHm+n> [Lm7 In] - n-[m—i-n;
m

(Wi, Hy] = 1Ly in, (L, F)] = (p o §> Fonn:
m m

[Lma Gp] - (p - 3) Gm+p7 [Lm7 Pp] Ve (p + 5) Pm+p7
m m

[Lma Qp] = <p + ?) Qm+p7 [Wm7 Qp] y— (p + E) Pm+p7
m

[Wm7 G ] (p - 5) Fm—l—pa [ ] - _npp—i-m

(G, Hn) = —nQpin, [G Fl = —2W,q,

Gy, In] = —nBpyn, (Gp, Pyl = Iptg,

[G ] _2Lp+q7 [Gpa Qq] p+qv

[Fp7 Qq] - p+q;

where m, n, p,q € Z. All remaining brackets vanish identically.
The superalgebra H possesses.the standard Z,-gradation H = Hg & Hi, where

H():{Lmqu’Hmalm|m€Z}7 7'[I:{Clglwﬁ}oac?p»Pp|p€Z}‘

Note that Hj is exactly the - BMS-Kac-Moody algebra. Moreover, several important
subalgebras can be naturally identified:

e W =span{L,,, W,, | m € Z} =2 W(2,2) algebra,

7 = span{L,,, H}ym € Z} is the Heisenberg-Virasoro algebra,

R = span{Ly,, G, | m,p € Z} is the N = 1 superconformal algebra,

N = spar{ L., Hy,, G,,Q, | m,p € Z} is the classical N = 1 Heisenberg-Virasoro
superalgebra.

The Takiff deformation superalgebra H can be realized as the second-order truncated
tensor product N' ® (C[t]/t*CJt]), as illustrated in [1]. Related representation results on
higher-rank non-weight modules over N = 1 superconformal algebras can be found in [3].
In the present paper, the relevant even subalgebra is h = CLy. Thus, a scalar y € C
is a weight when
M,={veM|Ly v=pv},

and the weight module condition is M = € wec M



A module is called non-weight (relative to t) if it does not admit the preceding
direct-sum decomposition. It may have no nonzero weight vectors, or it may have some
weight vectors without being spanned by them. Thus “non-weight” refers to the action
of the chosen even subalgebra, not to the parity grading and not to the dimension of the
module.

The main non-weight modules in this article are free over the enveloping algebra-ef
. Since h = CLg is one-dimensional and even,

U(h) = ClLo].

A module M is rank-r U(h)-free if homogeneous generators uy, ..., u, can be chosen so
that

M = P C[LoJus.
k=1

Under this identification, Ly acts by multiplication by the polynomial variable. Hence a
nonzero vector cannot be an Lg-eigenvector: if v = >, | fi(Lo)uxr, and Lov = pw, then
(Lo — p) fr(Lo) = 0 for every k, which forces all f; =0.-Nonzero finite-rank U(h)-free
modules are therefore basic examples of non-weight modules, including the rank-2 family
studied below.

All H-modules below are graded modules in the sense of Definition 2.2, and II denotes
the parity-change functor described in Section 2.



4 Non-weight modules V() a, ()

We first recall the classical family of non-weight Virasoro modules. For any A € C* and
a € C, define Q(A, ) = C[Ly] as a vector space with Virasoro action

Ly f(Lo) = A"(Lo — ma) f(Lo —m), VYm € Z, f(Ly) € C[Lo]. (4.1)
The following fundamental properties are well-known (see [4,7]).
Theorem 4.1. Let A € C* and oo € C. Then
(1) QN «) is a simple Virasoro module if and only if o # 0;
(2) Every rank-one U(h)-free Virasoro module is isomorphic to some Q(\, «);

(3) The module Q2(X,0) has a unique non-trivial proper submodule A = LoQ2(X, 0)p, and
Q(X,0)/A is the one-dimensional trivial module;

(4) A=TI(Q(N, 3)) and hence is simple.
We now construct our main module family over H.

Proposition 4.2. For A € C* and o, 8 € C, define the Zs-graded vector space
\Ij<)‘a a, B) = C[S]l(_) @ C[t]li

The action of H on this module is given_by

mf(s) = Am(s—ma)f(s—m),
(t) ( m(a+3)) f(t —m),
wf (8) W f(t) =0,

mf () = Amﬁf(s —m),

mif (£) = A"Bf(t = m),

V)

mf(S) =Inf(t) =
(s) =A"f(t— )
Gnf(t) = —Am(s —2ma) f(s —m),
Fonf(s) = Fnf(t) =0,
Qnf(t) = Bf(S— m),
Qmf(s) = Pnf(s) = Puf(t) =

for all m-€ Z; f(s)y'e Cl[s|, f(t) € C[t].
Proof. For any f(s) € C[s], we verify
[Lin, L) f(5) = X" ((s — ma)(s — m — na)
— (s —na)(s —n—ma))f(s—m—n)
=(n—=m)A\""(s — (m+n)a)f(s —m—n)
) m—i—nf( )

On f(t) the same computation holds with « replaced by a + % Therefore the Virasoro
relations are satisfied.

=(n—m



Now we verify
(Lo, Hy| = nH i,

On f(s),

- nHm+nf<5)

The verification on f(t) is identical. Hence [L,,, H,] = nH,,+,. All remaining equations
are similar; for brevity, we omit the detailed calculations.

The actions defined in Proposition 4.2 preserve the Z,-grading and satisfy all.nontrivial
supercommutation relations of the Takiff N = 1 Heisenberg—Virasoro superalgebra .
Hence,

(A a,B) = Cls|1o & C[t]14
is a Zs-graded H-module. O

Remark 4.3. (1) V(A «, ) is naturally Zs-graded with ‘even part C[s] and odd part
Cltl;

(2) When =0, V(A «,0) restricts to the N = 1 superconformal non-weight module
Q(\, ) studied in [9].

Theorem 4.4. Let A € C*, o, 5 € C and definexy'="s¥(A,0,0)5 & ¥(A,0,0);. Then
(1) ¥(\ «, ) is simple if and only if a # 0.0r (5 # 0;

(2) W(A,0,0) admits a unique proper. submodule x, and the quotient W(A,0,0)/x is a
one-dimensional trivial module;
(3) x = I(T(N, 3,0)), so x is simple.
Proof. (1) If a« # 0 or  #:.0,+the even component (A, a, B)g is simple as an Hg-
module by [2,4]. The odd superalgebra actions further guarantee the simplicity of the
full supermodule.
(2) Now assume that @= = 0. The formulas in Proposition 4.2 show that

x = sC[s]1p & C[t]11

is a proper graded submodule. It is straightforward to verify that x is simple. By Theorem
4.1, the quotient W(A,0,0)/x is a one-dimensional trivial module.

(3) For the parity isomorphism, let x denote a common polynomial variable, and let
up, 1 bethe homogeneous generators of W(A, %, 0). Under the signed parity convention
of Section 2, define the C|z]-linear map

e :IIU(N 1,00 > x,  or(w)) =21y,  @(r(ug)) = 1;.

This is an even bijection onto x. By Theorem 4.1, multiplication by x intertwines the
even L,,-actions. For the odd actions,

Gmﬂ'(ul) = )\m($ - m)ﬂ'(uo), Gmﬂ'(uU) = _)‘mﬂ'(ul)7

whose images are precisely G,,(x1y) and G,,17, respectively. The actions on the other
generators vanish. Hence, ¢ is an H-module isomorphism. O]



Remark 4.5. By Theorem 4.4, we obtain the short exact sequence
0=y 5 W()0,0) 2 C—0,
where & and & are the embedding and canonical maps, respectively, defined by

§1: f(s) +g(t) = sf(s) +g(t), &1 f(s)+g(t) = f(s) +g(t).

Theorem 4.6. Two modules V(\, «, 8) and V(N o, ) are isomorphic if and only if
A=XN, a=da and 5 =7'.

Proof. An even isomorphism commutes with Ly and is therefore C[Lgl-linear on each
homogeneous component. Any bijection between two rank-one polynomial modules is
given by multiplication by a nonzero constant. Comparing the action-of L; on the even

generator yields
AMs—a)=N(s—d).

Comparing the coefficient of s and the constant term gives A ='\" and a = o/. Comparing
the action of Hy yields § = /. Conversely, equality of the parameters implies identical
action formulas. O
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5 Classification results

In this section, we provide a complete classification of rank 2 U(h)-free modules over H.
Let V = V5 @ Vi be an H-module free of rank 2 over U(h). Choose the homogeneous
basis vectors 15 € V5 and 17 € V7 such that

V = C[Lo|15 & C[Lo|15.
Set s = Lylg and ¢t = Ly11, so that V = Cls] @ C[t]. As a Virasoro module, V.satisfies
Linf(s) = X"(s =ma)f(s —=m), L f(t) = A" (t — man) f(t —m), (5.1)
where A, \; € C* and «,a; € C.
Lemma 5.1. For allm € Z and f(Ly) € C[Ly], we have

me(LO) = f(LO m)Lm> Wmf(LO) = f(LO D ) m)Wm>
f

Hm (Lo) = (LO — m)Hm, ]mf(LO) = f(LO — m)]m,
Gmf(Lo) = f(Lo —m)Gp, Fonf(Lo).=f(Lo—m)F,,
Qmf(Lo) = f(Lo —m)Qm, Punf(ko) = f(Lo—m)P,.

Proof. We establish the identity L., f(Lo) = f(Lo— m)L,,; the remaining identities
follow analogously from the corresponding commutation relations.
From the commutation relation

[Lma LO] N _mLM7

we obtain

L Lo = (Lo — m) Ly,.
Iterating this identity, for any.nen-negative integer n,
LnLy = (Lo —m)L, Ly =+ = (Lo — m)"Ly,.
By induction on the degree of f(Lg), we obtain
Ly f(Lo) = f(Lo —m) Ln,

as desired. The remaining relations are verified similarly using their respective commu-
tators in the Takiff N.=1 Heisenberg—Virasoro superalgebra. ]

Lemma 5.2. Let-A, M € C* a,aq € C, f(s) € Cls],g(t) € C[t]. We obtain A = A\, and
one of the following two cases occurs.

(i) Gpnlyg=A"1g, Gply = —A"(s — 2ma), a; = a + ;
(i) Gnlyg=—A"(s+m(l —2a)), Gyl = A"1g, a1 = a — 3.
Proof. Suppose that G,,15 = f.(t) and G,, 17 = gm(s). Using
G? 15 = fin(s —m)gm(s) and Loy, 15 = A*™(s — 2ma)
in (G, Gin]lg = —2Lay, 15, we obtain

fn(s —m)gm(s) = —A™(s — 2ma). (5.2)
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Setting m = 0 in (5.2), we immediately obtain

fols) = o0, go<s>:—% or fo<s>=—%, a0(s) = . (5.3)

Taking the even generator as 515, we may assume without loss of generality that 7o =.1.
Then (5.3) can be rewritten as

fols) =1, go(s) = —=s or fo(s) = —s, go(s) = 1.
Choosing m = k # 0 in (5.2), we have

fu(s = k) = v, gi(s) = —i)\%(s —2ka) or fi(s—k)= _i)‘%(s — 2ka), gi(s) = -

Vi Tk
(5.4)

Similarly, from G217 = — Lo 17, we obtain g(t — k) fi(t) = —A¥*(T'< 2kay). By (5.4), it
follows that A = A\, a3 = a + % or A= X\, a; =a— % Hence; the following four cases
arise:

o (1) fols) =1, gols) = —s, fuls) =, gels) = =27 (s =2ka), a1 = a + §;

© (2) fols) =1, go(s) = =5, fuls) = =47 (s + k = 2ka), g(s) = m, a1 = a — 5;

Ve
hd (3) fO(S) = -5, gO(S) - ]-7 fk(s) = _):yi:<8 +h— 2]4?0(), gk(s) =V, 1 = & — %7
i (4) fO(S) = =S, gO(S) = 17 fk<8) = Vk; gk(s) = _%<8 - 21{705)7 Q= a+ %
Claim 1. Cases (2) and (4) cannot occur.

First, consider Case (2). Then,

2
leﬁ I _E(LkGO - GOLk>16
2
= _E(Lle — Go)\k(s — kOé) 16)
/\2k
Yk

which is a contradictien. Similarly, in Case (4), we have

2
leo - _E(LkGO - G()Lk)lﬁ
2
= _E(Lle — Go)\k(S — kO{)la)
1
= A\ (=3t + 2k(a + 5))1T = vely,

which is again a contradiction. Therefore, only Cases (1) and (3) remain.

Now we consider (1). For m,k € Z with k # %, from

m
(L, GiJ1g = (k — 5)Gm+k15, (5.5)

which implies A" = Ypak. Setting k& = 0 in above equation, we have v,, = A". By
similar consideration over (3), we also have v, = \"™. This completes the proof. O

Due to Lemma 5.2, up to a parity, we can assume a; = « + %, Gnly = AN™17 and
Gmly = —A\"(s — 2ma) without loss of generality.

12



Lemma 5.3. Let m € Z, A € C*, p € C. Then
(i) Hplg = A1 and
215 = Wil = Flg = Qmls = Pl = 0;
(ii) Hp,l; = A™1y, Qnl; = BA™1;, and
I,1; =W, 1; = F,,1; = P,1; = 0.

Proof. To prove this, we suppose that

Hm]-f) = hm<8)7 Im]-() - ’im(S), Wmlf) = wm(s)a
Fnlp = fm(t>7 Qm]-() = Qm(t>7 Pnly = pm<t>7

whete m € Z, i (5), in(5), wn(5) € Cls], fn(0), dm(t), pm(t) €Ct)

For any m € Z, suppose that h,,(s) = Zf:o By ist, where Iyg ;'€ C and hy, ) # 0. We
now compute mHylg = [L_,,, Hy]15 as follows:
[L—m7 Hm]lﬁ - L—mHm]-() - HmL—mlﬁ

=L, hn(s) — HaA ™ (s —ma)
= A""(s = ma)hy,(s —m).=A""(s — m+ ma)h,(s)
= A""m(k + 1)hy, 5"~ lower-degree terms w.r.t. s.

This implies that £k = 0 for all m € Z.. Hence, H,,15 = (,,15, where 3,, € C for all
m € Z. Using [L,,, H,|15 = nH,,,, 15, we check

5’/1 = )\_mﬂm-l—n (56)
for n # 0. Setting m = —n # 0.in.(5.6), we obtain
Brn = A" o (5.7)

for n # 0. In conclusion, we get 3, = A" for any n € Z, § = [y € C. By a similar
argument, we obtain H,;1; = f'11, where g’ € C.

From [W,,, W,]1sg =0 and [H,,, [,]15 = 0, we respectively obtain w,,(s) = w,, € C
and 4,,(s) = i, € C. Then, using [L,,, W,]1g = (n — m)W,,4,15, we deduce that
Wi (s) =0 fortall m €.Z. Tt follows from this and nl,,,15 = [W,,, H,|15 that i,, = 0 for
all m € Z. Similarly, W,,11 = [,,17 = 0 for all m € Z.

For any m € Z, Lemma 5.2 yields

le(_) = _[Gmfla Hl}l(_)
= \"(B" = B)15.

Thus, Q3,15 = N (8" — 8)Q.n11 = 0, implying that 8 = 8" or Q,,171 = 0. If 3 = /3, then
@l = gn(t) = 0. By Lemma 5.2, for any m € Z, we have

Qmli = (G Hy — HiGr1) 17 = BA"15.
If Q,,171 =0, then
0 = Qm]-i = _<Gm71H1 - Hle71>]—i
= (B = B)(s —2(m —1)a)\"15 + BA"1;.
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This implies that 5 = ' = 0.

Moreover, from (n + %) Ppynly = [Wi, Qn]ls and (n — 3 ) Fpinly = (Wi, Gi|1p, it
follows that f,,(t) = pn(t) = 0 for m € Z. Finally, it is straightforward to verify that
F,,1; = P,17; = 0 for all m € Z. The conclusion follows.

N

Theorem 5.4. Let H be the Takiff N = 1 Heisenberg-Virasoro superalgebra and.let, M
be a rank 2 U(h)-free H-module. Then M = U(\, «, 5) up to parity-change.

Proof. The parity-rank argument at the beginning of this section yields ene polynomial
generator in each parity. The rank-one Witt classification yields (5.1), while Lemmas
5.1-5.3 determine the action of each generator on all polynomial vectors: Up to a parity
change, these actions coincide precisely with those in Proposition 4:2.-Conversely, the
verification following Proposition 4.2 establishes that these formulas-define H-modules.
Hence, every graded rank-two C[Lg]-free module is obtained. ]

Remark 5.5. The above theorem also determines the classification of certain rank 1
U(g)-free H-modules, where g = CLy ® CGy or g = CLy @ €Qy, by defining 17 = Golg
or 13 = Qolg, respectively.
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6 Intermediate series modules

In this section, we shall realize the intermediate series H-modules by using the weighting
functor W introduced in [6] and U (A, «, 3).
By Proposition 4.2, the actions can be rewritten as follows.

Definition 6.1. For A € C*, o, 5 € C, f(Lo) € C[Ly], nontrivial H-actions on V. =
C[Lo]15 ® C[Lo|11 are defined by

Ly f(Lo)ls = A" (Lo — ma) f(Lo — m)1g,
mf(LO) A" (Lo —m(a + 35)) f(Lo — m)1y,

m.f(Lo)1g mf(Lo)11 =0,
mf(Lo)1lg = /\mﬁf(Lo m)1g,

mf(Lo) = \"Bf(Lo —m)1y,

I f(Lo)1o = I f(Lo)11 = 0,

mf(Lo)lg = A" f(Lo — m)1y,

mf(Lo)l; = —=AN"(Ly — 2ma) f (Lo = m)1g,
mf(Lo)lo = Fn f(Lo)11 = 0,

me(Lo)l A" Bf(Lo — m)lg,

Qmf(Lo)lg = Pnf(Lo)lg =L f(Lo)11 =0,

where m € Z. Then V is an H-module ‘under the above actions, and is denoted by
(A, B).

Proposition 6.2. Let a,b,c € C. ‘Theintermediate series modules A(a,b,c) over R are

modules with a basis {Un, v, |ne Z} satisfying the nontrivial actions as follows

Lo, = (c+n+m(a+ 2 ) Ut
Lmv = (c+n+ma)v

n+m?
Hyutf =but . Hyv, =bug,,,,
va = (c+n+2ma) OF s
va+ Vpamy  @mv, = bvm+n,

where m € 7. “Furthermore, A(a,b,c) is reducible if and only if ¢ € Z,a = b =0 or
cEZ,az%,sz.

Forme Z,d € C, let Z,,,4 generated by Ly — n — d be the maximal ideal of U(h) =
ClLy). For an H-module M, set M, 4 = M/L, 4M. Denote W(M) = @, c; Mpya. It
follows from Proposition 8 in [6] that we can check the following construction.

Proposition 6.3. Let d € C. The vector space W(M) becomes an H-module under the

15



following nontrivial actions:

Ly (v+ZyogM) = Ly + LognraM,
Wi (v + ZypaM) = Wov + Lo naM,
Hy, - (v+Zy, M) = Hypv + LgnraM,
I - (V4 ZnyaM) = L0 + TinnaM,
G+ (v + TnpaM) = Gpv + TnynyaM,
Fo-(v+ZyaM) = Fov+ LyiniaM,
m e (V+ Doy aM) = Quv + LonynyaM,
m (Ut LnyaM) = Pov + LongngaM,

o O

where m € 7.
Now we present the main result of this section.

Theorem 6.4. Let A € C*, d € C and o, € C. As H-modules; we obtain

1
W<\Ij/()\7 a, ﬂ)) = A(§ - Q, B? d)
Proof. Let 15 and 17 be two generators of W'(\, a5’ B). For n € Z,d € C, setting

n - 10 +In+dlp ()\ 0576) € o’ (>\ O{,B)
; = ].1 +In+d\11/()\ Oé,ﬁ) - \I/ ()\ Oé,/B)

Then we have the non-trivial actions:

Lm’U+ = )\m<L0 — mO{)]_(_] + -,Z:m—f—n—i-d\I’,()\; a, B)
= (n+ds m(l - a))Am A
Lnv, = NLy= N1+ ZoinaV' (A, o, B)
= (n+d+ m(— — )N, s
Hmv+ — )\mﬁlo +Im+n+d\11 (/\ 8} 6) /6)\m n+m,

n

Hm’U,; — )\mﬁll +Im+n+dqj ()\ «, 6) = ﬂ)\m T:-i-m?
Guvli = N5+ Zoyma?' (N, 8) = A7 Vpsms
Guv, = —A"(Lo—2ma)li + Lyina?' (N, o, )

= —(n+d+(1=20)m)A"v; .,
Quvy = N"Bly+ TninaV' (N, o, B) = BA™0;f .,

for m,n € Z.
Now let of = \'vf 0 = A"v, one can see that
Lot =(n+d+m(l—a));

n+m?

1
Lo, (n+d+m(§ — @) 0y

HmU 6vn+m7 Hm@; = Bv’r:—l—m?
Gmb, = —(n+d+(1-20)m))o,; ..,
GOy =0y s Qb = B0 .

Therefore, we confirm that W(V'(\, a, 8)) = A(% —a, 3, d).

—_
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7 Direction of Further Research

In this paper, we studied free non-weight modules over the Takiff N = 1 Heisenberg—
Virasoro superalgebra. We constructed the family W(\, «, 8) of rank-two modules over
U(h) = C[Ly] and classified all rank-two free modules of this type, up to parity reversal.
We also determined when these modules are simple and when two modules in this family
are isomorphic. In addition, we applied Nilsson’s weighting functor to these non-weight
modules and obtained related weight modules. This shows how one family of non-weight
modules can lead to different weight representations. The results give an initial descrip-
tion of the finite-rank free modules in this setting, but several questions remain open.

First, a direct extension is to consider the Neveu-Schwarz type. In the Ramond case
studied here, the odd generators are indexed by integers, and the relation Gg = —L is
an important step in the classification. In the Neveu-Schwarz case, the odd generators
are indexed by half-integers, so GGy is no longer available. One may+investigate whether
a similar classification holds by using relations involving G 1 and .G _ 1. This would help
identify which parts of the present proof can be adapted and. which require a different
argument.

Second, one may consider a multivariable version of the problem. Each homogeneous
component studied here is a polynomial space in one wvariable, and the operators act by
shifting that variable and multiplying by a polynomial. A possible extension is to work
with polynomial spaces

Clzy, ..., x4, 2<d<4.

This requires choosing a suitable multivariable analogue of the algebra, with compatible
relations for shifts in different variables:” One could begin with two variables and de-
termine how the relations constrain the possible operator formulas. After constructing
such modules, it would also be interesting to restrict them to suitable subalgebras and
compare the resulting representations with the one-variable modules studied here.
Finally, one may study modules of higher rank over U(h) = C[Ly]. In the present
Ramond setting, the relation’ G3 = —L, forces the even and odd parts of a finite free
module to have equal rank:.. Thus, the next case after total rank two is total rank four, with
rank two in each parity eomponent. The operator coefficients then become polynomial
matrices, so the arguments based on degrees and factors of scalar polynomials need to
be reconsidered. A first goal would be to construct and compare rank-four examples
with nonzero actions of the additional Takiff generators. One could then investigate their
simplicity and isomorphism classes, with a complete classification as a longer-term goal.
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A class of non-weight modules of the Takiff N = 1 Heisenberg—Virasoro superalgebra

Sections 2-3

Define the generators, superbracket, and

even/odd parity. Introduce h = CLy, weight
and non-weight modules, and polynomial rank. ————

A finite-rank free C[Ly]-module
has no nonzero Lg-eigenvectors.

Conclusion

Discuss three extensions: Neveu-Schwarz
half-integer modes, multivariable polyno-
mial modules, and higher-rank modules

with matrix-valued polynomial coefficients.

Construction, classification, simplicity, isomorphism, and the weighting functor.

Section 4

Construct ¥ (A, «, ) on two polyno-
mial components. The L,, and Gj,

actions couple the parities, while H,,
and @,, introduce 5. Determine sub-
modules, simplicity, and isomorphisms.

setup candidate family

—_—

Section 6

Apply the weighting functor W by taking
quotients at the values Ly = n + d. This
produces the weight modules A(% —a, B,d).
The parameter Adisappears after rescaling.

further work weighting

Section 5

Assume rank two over C[Lg]. Shift identi-
ties determine actions on all polynomials.
The relation G2 = —L; and comparisons
of polynomial coefficients determine the
odd actions and the remaining generators.

classification
Rank-two result

Every rank-two module is, up to parity
change, exactly one ¥(\, @, 3). The ad-
ditional Takiff generators vanish, and sim-

plicity is equivalent to (o, 8) # (0,0).

main argument and results
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