2%%%/5'5&%%: gjﬁ ZIFE\ ﬁ}*%?%\ 73‘]7[‘}%

i, AR 2 A 2R Hefei Thomas School

Al A

E oA E

fe 2 mik4s. BOLBE. TR

T8 2L o B B2 SR K

W He On a problem of Erd&s - Graham
about covering systems




ON A PROBLEM OF ERDOS-GRAHAM ABOUT COVERING
SYSTEMS

ZIHAO PENG, MUYAO WAN, AND QINGRU ZHANG

ABSTRACT. In this paper, we study the existence of covering systems whose/moduli are
all of the form p — 1 for some prime number p > 5. This problem was propesed.by Erdés
and Graham. We prove that no such covering system exists if all moduli are square-free;
in fact, we prove a stronger statement that there is no covering system whose moduli are
all even and square-free. Then we establish an explicit large-prime exclusion theorem in
the general case. The proof uses the distortion method developed by Balister, Bollobas,
Morris, Sahasrabudhe, and Tiba.
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1. INTRODUCTION

1.1. Background. In 1950, Erdés [4] introduced the concept of covering system in connec-
tion with the Romanoff conjecture. A covering system is a finite collection A of arithmetic
progressions/of the form a+dZ with distinct moduli d > 1 such that every integer belongs to
at least one arithmeti¢ progression in A. Erdds posed numerous questions and conjectures
concerning the properties of these systems, many of which have been extensively studied.
For example, Erdds [4] asked whether the smallest modulus of a covering system can be
arbitrarily large;.a’ question known as the minimum modulus problem. Another famous
question, posed with Selfridge, asked whether there exists a covering system whose moduli
are odd, the so-called odd modulus problem (also known as Erdés—Selfridge problem).
The first significant progress on the minimum modulus problem was made in 2007 by
Filaseta, Ford, Konyagin, Pomerance and Yu [5], who proved the conjecture of Erdés and
1
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Graham: if the distinct moduli di,...,d; all lie in the interval [n,Cn]| with n > ny(C)
sufficiently large, then the uncovered set has density at least & for some ¢ = ¢(C) > 0-
Later, Hough [6] resolved Erdds’ minimum modulus problem, showing that the minimum
modulus of a covering system is at most 10'%. By simplifying and generalising Hough’s
method into a systematic distortion method, Balister, Bollobas, Morris, Sahasrabudhe
and Tiba [2] reduced the upper bound to 616000. Cummings, Filaseta and Trifonov [3]
further refined the result by pushing the minimum-modulus bound down to 118 under the
additional condition that all moduli are square-free.

Turning to the odd modulus problem, Balister, Bollobas, Morris, Sahasrabudhe and
Tiba [1] proved in 2021 that there is no covering system with odd and square-free moduli.
Moreover, Hough and Nielsen [7] proved in 2019 that among all covering systems, at least
one modulus is divisible by either 2 or 3.

1.2. Our problem. The main aim of this paper is to study thep— 1 modulus problem,
which asks whether there exists a covering system in which @very modulus is of the form
p — 1 for prime numbers p > 5. Despite the recent progress-on the minimum modulus
and odd modulus problems mentioned above, little is known-about the existence of such a
covering system.

1.3. Our results. In this paper we approach the.p —1 modulus problem from two direc-
tions. Our first result concerns the square-free case. Specifically, we show that the answer
to the p—1 modulus problem is negative if allof the moduli are assumed to be square-free.

Theorem 1.1. There does not exist a covering system whose moduli are all of the form
p — 1 with prime numbers p > 3 and are-square-free.

As a stepping stone toward Theorem 1.1, we also prove the following auxiliary result,
which is of independent interest.

Theorem 1.2. There does not exist, a covering system whose moduli are all even and
square-free.

Our second result providestan upper bound on the smallest prime that can appear in a
p — 1 covering system.

Theorem 1.3. There does not exist a covering system whose moduli are all of the form
p — 1 with all prime numbers p > 383.

2. THE SQUARE-FREE CASE

In this section, we study the square-free case. We begin with a simple observation.

Lemma 2.1. Let A = {A; = aq+ dZ: d € D} be a covering system with D C Z>o.
If k> 2 is a positive integer such that k | d for any d € D, there exists a residue class
r (mod k) such that

AT:{Ad:

is a covering system.

adk_r—i—%Z:deD,adET (mod k)}
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Proof. Since the moduli are all distinct, there exists at most one dy € D such that dy = k.
Thus there exists a residue class r such that r # a4, (mod k). Because A covers Z, clearly
it covers r + kZ in particular. We claim that the subcollection

A, ={Ag=aq+dZ:d € D,ag=r (mod k)}

covers r+ kZ. Indeed, for any integer n = r (mod k), because A covers r + kZ, there exists
d € D such that n = ag (mod d). Since k | d and n = r (mod k), we have ag=+.(mod k).
This proves the claim. Because A, covers r + kZ, after an affine transformation, we see
that A, covers Z. By our choice of r, the trivial arithmetic progression is not in A,. Hence,
the collection A, is indeed a covering system. O

We need the following result of Balister, Bollobas, Morris, Sahasrabudhe, and Tiba to
deduce a contradiction.

Theorem 2.2 (Balister, Bollobas, Morris, Sahasrabudhe, and*Tiba). There is no covering
system whose moduli are all odd and square-free.

Proof. See [1, Theorem 1.1]. O

Now we are ready to prove the square-free case. First we show that there is no covering
system whose moduli are all even and square-free.

Proof of Theorem 1.2. Suppose to the contrary that A = {a1 + d1Z,...,an + d,Z} is a
covering system such that dy,...,d, are all eyen and square-free. Clearly, we can write
d; = 2f; for an odd square-free integer' fy> 1. Since the moduli are all even, we apply
Lemma 2.1 with k£ = 2 to see that there exists a residue class r (mod 2) such that

A = {T +fiZ: a; + diZ € A a; =1 (mod 2)}

is a covering system whose moduli are all odd and square-free. However, Theorem 2.2
asserts that such covering systems do not exist. Therefore, we arrive at a contradiction,
which finishes the proof. O

Since p — 1 are alljeven for any prime number p > 3, Theorem 1.2 immediately gives a
negative answer to Erdés’ problem in the square-free case.

Proof of Theorem 1.1. There is no covering system whose moduli are all square-free and
are of the form p = lfor prime numbers p > 3. O
3. THE DISTORTION METHOD
In this section, we introduce the distortion method developed in [2, Section 2-3]. Let
A={A4=a4+dZ: d e D}

be a finite collection of arithmetic progressions with D C Zss. Fix @ = lem(D). Let
p1=2,p2 = 3,p3 = b,... be the sequence of prime numbers listing in the ascending order.
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By the unique factorization theorem, we have
Q=]1]»/
j>1
with every v; > 0 and at most finitely many ~; # 0. Let p, be the largest prime number
dividing @Q. For each 0 <1i < n, we set

Q=[] »/
1<j<i
In particular, we have Qp = 1 and @,, = Q). We set
Dz:{dEDd‘Qz}, Ni:Di\Di—b Bz: UAd’
deN;

for 1 < ¢ < n. We denote by my: Z — Zjps the canonicalprejection given by z —
x (mod M). First, we show that we can pass the covering problem to Zg.

Lemma 3.1. The collection A is a covering system if and only if the collection
Ag = {nq(A4q): d €D}
covers Zg.

Proof. 1t is easy to verify that the set of integers covered by A is Q-cyclic, that is, n is
covered by A if and only if n + @ is covered-by.A. The lemma follows. O

We denote by
R =20 | mo(4a
deD
the uncovered set in Z¢g. By Lemma 3.1, it is equivalent to studying whether the uncovered
set R is non-empty or not. Suppese that we have a probability measure P,, on Zg. By the
union bound, we have

P,(R)=1—-P, (U WQ(Ad)) =1-P, | |J mB) ]| 21— > Pu(By).

deD 1<i<n 1<i<n

Therefore, if we can.prove

> Pa(B) <1,

1<i<n
then R is non-empty and A is not a covering system. For ease of the notations, we shall
identify A4 and.B; with their images in Z¢g under the projection 7 in the sequel.

Now~we are'going to construct a sequence of probability measures Py, Py, ..., P, using

the distortion method. Fix a sequence of constants d1,...,d, € |0, %] Let Py be the
uniform distribution on Zg,. Assuming that P;_; is defined, we are going to construct P;
out of P;_; inductively. First, we have the canonical projection

TQ:,Qi—1 ZQi - ZQi—l’
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which is given by = (mod @;) — x (mod Q;_1). By the Chinese remainder theorem, we
can view Zq, as Zq, ; X Z,i. Therefore we can write an element in Zg, as a pair (z,y)

with x € Zg, , and y € vail. Hence, we have

TQ;,Qi—1 (Q:v y) = Z.

For a map f: A — B, the fiber of b € B is the set of a € A such that f(a)~=.b. For
x € Zq, ,, we denote by F(z) the fiber of 2 under the canonical projection 7g;:g, ,. In
other words, we have

Flo) ={(z,y): y € Z,n}.

Now we set

{y € Z,i: (z,y) € F(z) N Bi}|
o;(x) = * :

Vi
p;
The probability measure P; is defined as follows. If ;(z) < ¢;, then we set
0, if(z,y) € By,
Piry) = T2l N ( ; .
pi 1 _az(fﬂ), 1 z,y 7
If avi(z) > 9;, then we set
ailr) = o; )
—— e, if (z,y) € B;,
Pi_q(x of(x)(1 —6;
o - P LT
?(Si, if ($ay) ¢ B’L

We note that the probability measure IP; that is defined on Z¢, gives rise to a probability
measure on Zg by extending on éach fiber uniformly. For simplicity, we again denote the
extended probability measure by I’;.-To be more precise, if we write an element of Zg as a
pair (z,y) with z € Zq, and y € Zg,q, by the Chinese remainder theorem, then we have

Qi
Pi(z,y) = éPi(x)‘

We denote by mq g,+Zqg — Z¢, the canonical projection z (mod Q) — x (mod @Q;). If

a subset S C Zg is arunion of fibers under mg g,, we say that S is a @Q;-measurable set.

Lemma 3.2. Fora @;—1-measurable subset S C Z¢, we have
Pi(S) =Pi—1(95).
Proof.” See. [2, Lemma 2.1]. O

Clearly if S & Zg is a @Q;-measurable subset, then it is also a ();11-measurable subset.
Moreover, it is easy to check that B; C Z¢ is QQ;-measurable. Therefore, Lemma 3.2 implies
that

P, (B;) = Pp_1(Bi) = - - = P;(B;).
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So our goal of proving

is equivalent to proving
1<i<n
We are going to use the moment method to bound the probabilities. So we define the
expectation of a function f: Zg — R>q with respect to the probability measure P; to be

Ei(f) = ) fla)Pi(x).

J?EZQ

Recall that the function o;(z) defined on Zg, , gives rise to‘a Q;_1-measurable function
on Z¢g by precomposing the canonical projection mg g, ,. By abuse of notation, the com-
position is again denoted by the same symbol «;. Next we are going to investigate the first
moment and the second moment of «;. More precisely, we set
1 2
Mz( ) :Ei_l(ai), M( ) =Ei_1(a?).

)

It turns out that both moments give upper bounds for P;(B;).
Lemma 3.3. We have

P;(B;).< Mz'(l)
Furthermore, if §; # 0, then we have
2)
M.
P;(B;) < :
B) < B =5
Proof. See [2, Theorem 3.1]. O

Now it is clear that we have to bound the growth of the first moment and the second
moment. For a divisor d | @, we set

u(d):Hl_l(Sj.

pjld

Now we can/statesthe.upper bounds for the first moment and the second moment. In fact,
we can bound the k-th moment for any k > 1.

Lemma 3.4. We have
By Y > oy el )
ml,...,mk|Qi,1 j1,,]k21 pj Cm(m17 s 7mk)
mlpgl,...,mkpzkeNi

Proof. See [2, Lemma 3.6]. O
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Lemma 3.5. We have
1 1
MY < - (1 + ) :
T pi—1 11 (1=9;)(p; —1)

1<j<i—1
PjlQi—1
and
1 3p; —1
MP < — (1 + J ) :
e AL U e
PjlQi—1
Proof. See [2, Theorem 3.2]. O

4. PROOF OF THEOREM 1.3
Let A be a covering system whose modulus are of the form p— 1.with all prime numbers
p— 12> ppin = 382. Fix a parameter N = 10000 and choose(the parameters §; as follows.
0 if 1 <4 <100,
§; =¢03 101 <i<N
0.5 ifi>N+1
Recall that n is the largest integer so that p, divides one of the moduli. Then we construct
the probability measures Py, Py, . .., P, usingthe distortion method. By Dirichlet’s theorem
on the infinitude of prime numbers in arithmetic progressions, we can insert one more

arithmetic progression into A, whose modulus is of the form p — 1 and is divisible by a
sufficiently large prime number. Therefore we may assume that n > N. To prove Theorem

1.3, we are going to show that

1<i<n
This task breaks down to bound

(4.1) > Bi(By),

1<i<N
and
(4.2) > Pi(B).
N+1<i<n

Remark 4.1. We choose the constants §; in the range 101 < ¢ < N to minimize the

contribution.from
> Pi(B).
101<i<N
After trying different choices, we found that the constants §; = 0.3 in this range achieve
the minimal upper bound. See the following table.
4] 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
Y 101<i<n Pi(B;i) | 0.5009 0.3756 0.3200 0.2944 0.2865 0.2923 0.3121 0.3497
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To bound (4.1), we apply the first moment bound and the second moment bound,
together with the sparsity of prime numbers. First, we apply the first moment bound
to control P;(B;) for 1 <4 < 100. By Lemma 3.3 and Lemma 3.4, we have

100
1 1 1 1
DBB)S > oGS > g< DL oG- ) gSOTEN
=1 dEDloo demm dzpmzn pmzn§d§108
dGS(ploo) n P deS(PlOO) dES(ploo)\P*
d is even d is even

where S(py) is the set of pg-smooth numbers and
P*={p—1:p>5isa prime number}.

To bound P;(B;) for 101 < i < N, we apply the second moment bhound instead. Specif-
ically, by Lemma 3.3 and Lemma 3.4 again, we have

Srmey pits ¥ 3 oS e
i(Bi) = ) =5 e :
il i 40;(1 — 0;) e S Pred pirtiz lem(my, mo)

mip;t mapi2 EN;
To estimate the inner double sum, we first estimate the following double sum
1 v(lem(my, ma))
S = Z Z pj1+j2 lcm(m m ) ’
& 1,M2
ml,m263(pi_1) ) ]1:]221 ’
mi,mz is even il gt >p,

which can be calculated using a recursive formula given in [2, Proof of Theorem 8.1]. Then
we subtract from S the following deuble sum
Z Z 1 V(lCm(m]_,mQ))
Jiti2 ] ’
m1,m2€S(pi—1) Ji,j2>1 p Cm(ml’ mz)
ma,m2 I8 eV fp, i, <map;t mop;? <10°

mlpgl ZP* or mngz ZpP*

This gives

N
> Pi(Bi) < 0.244652.
i=101
Overall, with./N = 10000 and the chosen parameters d1,...,dy, we have

ST PAB) =Y. Pi(B)+ > Pi(Bi) < 0.712624 + 0.244652 = 0.957276.
1<i<N 1<:<100 101<i<N

To bound(4.2)swe need to prove a generalization of [3, Lemma 4.7] for general moduli.

Lemma 4.2. Set

1
¢ = —loglogpy + —5—, co =1+

log” pn 2logpn’
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and

Furthermore, let

2
PN+1
Cy = N+
’ (pn+1 —1)2
Then
n
1
> Pu(Bi) < 2670102C2M6M,
=N PN
with

d(x) = 25 + 62° + 30z + 1202° + 36022 + 72024720.
Proof. Suppose that £k > N. By Lemma 3.3 and Lemma 3.5, we have

1 spj — 1
Pr(Bg) < 45, (1 — o) (pr — 1)2 B <1 + (1-— 5j)(pj — 1)2) .

Since 0; = 1/2 for j > N, the above inequality simplifies to

Pi(Br) < —— 2H( 3”](]_1)2).

pk i<k

We decompose the product into the fitst IV factors and the remaining tail:
k—1

3pj —1 > , < 2(3p; — 1))
1+ = M, 1+ ——1—.
I =sirne) =% I1 (5,
For p; > 12, we have
2(3pj - ].) <L 7
(pi—1)?% " pj

This inequality is equivalent to

p; —12p;+72>0.
Solving the quadratie equation proves the desired inequality. Since N = 10000, the in-
equality clearly holds. Consequently, we have

k—1 k—
Y Ay 1
j=N+1 (pj — J=N+
Applying thistinequality 1 + = < e”, we obtain
k—1 k-1 k-1
2(3p; — 1 2(3p; — 1 1
I EE D i R L D
j=N+1 (pj = 1) j=N+1 (pj = 1) j=N41 P
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By the Rosser—Schoenfeld bounds on the sum of reciprocals of primes [8, Theorem 5],
for x > 286 we have
1

2log?

1
2log? z’

1
loglogz + B — nggloglogx—FB-F

p<z
where B ~ 0.2614972128. For the value of N used in the application, py > 286. Therefore,
k—1

1 1 1
i

+
2log’pr_1  2log? px

< loglogpy—1 —loglog py +

1
< loglog p, —loglogpn + —
log” pn

= loglog py, + c1.
It follows that
k=l
exp | 7 Z — ] < e’ log” py.
j=N11 P
Since z/(x — 1) is decreasing for x > 1, we have,for k > N,
1 < p?\ul 1 _ Cy
(pe —1)? “Mpnw1 —1)?p;  pf
Summing over N + 1 < k < n, we ohtain

n 7
1
Y PABY < ey Y B
kE=N+1 E>N+1 Pk

Using a similar argument in the proof of [3, Lemma 4.7], one can show that

log” lo
Z gzpk §202¢( gPN)

E>N+1 Py pN

Combining the estimates above, we obtain

- ¢(log pn)
3 Pu(By) < 267 caCohdy SOEPND

k=N+1 PN
as desired. 0

Proof of Theorem 1.3. With N = 10000 and the parameter d1, ..., d, chosen in the begin-
ning; we can deduce from Lemma 4.2 that

> Pi(Bi) < 0.041809,
N+1<i<n
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by running a computer program. Together with the upper bound

> Pi(Bi) < 0.957276.
1<i<N
We see that
Z P;(B;) < 0.957276 + 0.041809 = 0.999085 < 1.
1<i<n
So we prove that A is not a covering system. This completes the proof.

11
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