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Abstract

Let K be a nontrivial normal p-subgroup of a finite group E, where p is an odd
prime and K is generated by its commutators with E. Let d be the least dimension
of a nontrivial simple representation of E/K over F,. We prove that |K| > (expJ£)?.
If equality holds, the subgroups of K normal in E form a chain. Under conjugation,
its successive quotients are isomorphic nontrivial simple representations of E/K, all of
dimension d. For each prime p > 5, we construct kernels attaining the bound at every
exponent p°, with e > 1, over the fixed quotient PSLo(F,).
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1 Introduction

We study the least possible order of a finite p-group kernel when its exponent and quotient
are fixed. We give a lower bound using the dimensions of representations of the quotient.

Let p be an odd prime, let K be a nontrivial normal p-subgroup of a finite group £, and
write G = E/K. Write exp K for the exponent of K, the least positive integer m such that
" =1 for every x € K.

We assume [K, E] = K: the kernel is generated by its commutators with B, “.This
condition rules out a nontrivial quotient of K on which the induced conjugation .action of £
is trivial.

These assumptions imply that G is not a p-group, as explained after Lemma 3.1. Thus G
has a nontrivial simple representation over the field F), of p elements by [3, Corollary 6.2.2].
Let d be the least dimension of such a representation. We prove the following bound.

Theorem 1.1. Under these assumptions,
|K| > (epr)d. (1)

If equality holds, Proposition 4.1 shows that the subgroups of K normal in £ form a chain.
Its successive quotients are nontrivial simple G-modules,of dimension d. By Proposition 4.2,
these quotients are isomorphic.

We construct examples that attain equality for a.fixed quotient. Fix a prime p > 5
and let G = PSLy(F,). Section 5 shows that d = 3. For each integer e > 1, Theorem 1.1
gives | K| > p3¢ for an extension satisfying ourhypotheses with exp K = p®. Proposition 5.3
constructs such an extension with | K| = p?® = (exp K)¢. Thus p®® is the least possible kernel
order for this exponent and quotient. The. group G remains fixed as e varies.

By Proposition 4.1, the chain for each of these kernels has e successive quotients. When
e = 1, the kernel is its only layer and is‘abelian. For e > 2, the commutator calculation at
the end of Section 5 proves it is nonabelian.

Section 2 gives the definitions and standard results used in the proofs. Section 3 uses
Lemma 3.3 to prove the bound.+, This lemma also follows from Sambonet’s exponent and
lifting results (2015) [5, Theorem B(ii), Lemma C(i), §3.1]; we give a direct proof by com-
mutators and induction.

For the equality case, the proof of Proposition 4.2 uses the power-map theorem of Glasby—
Palfy—Schneider (2011);.recorded in [4, Lemma 2.3, p. 1830]. The proof checks its hypotheses
for quotients formed from two consecutive steps of the chain.
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2 Preliminaries

2.1 Groups and homomorphisms

Throughout, p is an odd prime, Z is the ring of integers, F,, = Z/pZ, and all groups are finite.
We write L < H for a subgroup and L < H for a proper subgroup. The symbol 1 denotes
the identity element, and also the subgroup consisting only of that element. The order |H |
of a group H is its number of elements. For L < H, the index [H : L] is the number of left
cosets hL = {hf: ¢ € L} in H. A p-group has order p" for some integer n > 0; a~group is
nontrivial if its order exceeds 1.

For a subset S of a group, (S) denotes the smallest subgroup containing S. For subgroups
A,B < H, their product is the set AB = {ab : a € A, b € B}. The commutator of z
and y is [z,y] = 2~y toy. We write [H,J] = ([z,y] : * € H, y € J).fot subgroups H,.J
of the same group. A subgroup N of H is normal, written N < H, if ANh™' = N for every
h € H. For normal N, the quotient group H/N consists of cosets AN, 'with multiplication
(hN)(kN) = hkN and identity N. A proper subgroup is maximal if it is contained in no
larger proper subgroup. A family of subgroups is a chain if .any two are comparable by
inclusion. A group is simple if it is nontrivial and its onlynormal subgroups are 1 and the
whole group.

A group homomorphism f : H — J is a map satisfying f(zy) = f(x)f(y) for z,y € H.
A bijective homomorphism is an isomorphism; H 22/J means that such a map exists. An
automorphism of P is an isomorphism from P to itself. " Write Aut(P) for the group of these
maps under composition. A subgroup N < P is.characteristic in P if «(N) = N for every
automorphism o : P — P.

The order of a group element x is the least positive integer m with =" = 1.

A group H is abelian if zy = yx for all'z,y € H, and nonabelian otherwise. Its derived
subgroup is H' = [H, H]. Write H?_ for the subgroup generated by its pth powers. The
center of H is Z(H) = {z € H : zh = hz for every h € H}. A subgroup of H is central if it
lies in Z(H). For subgroups A, B'< H, we say that A centralizes B if ab = ba for every
a € A and b € B; equivalently;s[4y.B].= 1.

Homomorphisms preserve powers and commutators [1, 1.4.1(i), p. 18; §2.3, p. 56]. For
a homomorphism f : H — J, its image is im f = f(H) and its kernel is ker f = {h € H :
f(h) = 1}. For subgroups Hy, Hy < H, we have

fUHY) = f(H)P,  f([Hy, Hp]) = [f(H1), f(H2)]. (2)

The fixed extension. For the groups in Theorem 1.1, use the exact sequence
l1—K—F—G—1 (3)

Here'K —_F.is the inclusion, and F — G is surjective with kernel K. Thus G is identified
with E/K.

By Lagrange’s theorem [1, 1.3.6, p. 11], every element order in K is a power of p.
Their least common multiple is therefore the largest element order and equals exp K. Write
exp K = p°®, with e > 1 since K # 1.

2.2 The Frattini filtration

For a p-group P, the Frattini subgroup ®(P) is the intersection of its maximal proper
subgroups, with ®(1) = 1. Automorphisms permute maximal subgroups, so ®(P) is charac-
teristic in P.
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For a finite p-group P, Burnside’s basis theorem [1, Theorem 5.3.2, p. 140] gives
®(P) = PP[P, P]. (4)

In particular, P/®(P) is elementary abelian: it is abelian and every element has pth power
1. An elementary abelian p-group is an FFp-vector space, with addition given by the group
operation and scalar multiplication by repeated addition. For the same reason, an additive
subgroup of an Fj,-vector space is an F,-subspace. For N < P, apply (2) to the projection
P — P/N. Burnside’s formula for P/N then gives

o(P/N) = ®(P)N/N. (5)
Frattini’s nongenerator theorem [1, Theorem 5.2.12, p. 135] gives
J<P, J®(P)=P =— J=P (6)

Thus elements whose images span P/®(P) generate P. ’

Set ®°(P) = P and ®/*1(P) = ®&(®7(P)). Repeated use-of(4) gives 2’ € & (P) for
x € P and j > 0. Indeed, this holds for j = 0, and the pth power of an element of ®/(P)
lies in ®/*1(P). For j > 0, define K; = ®/(K). The descending chain K = Ky > Ky > - --
is the Frattini filtration of K. Its j-th Frattini layer is the quotient V; = K;/Kj;1; in
particular, the zeroth layer is Vp = K /®(K).

A subgroup characteristic in a characteristic subgroup of K is characteristic in K. A
characteristic subgroup of a normal subgroup issnormal [1, 1.5.6(ii)—(iii), p. 28]. Applying
these facts successively shows that every Kj; is characteristic in K and normal in F.

2.3 Modules and group actions

A field has characteristic p if p is the'least positive integer for which the sum of p copies of
1is 0. In particular, IF, has characteristic p.

For a group G, an F,G-module is a vector space over I, with a linear action of G this
is also called a representation of G over IF,,. Here an action means that each map v — g-v
is linear, 1-v = v, and (gh) *w = g - (h - v). All modules here are finite-dimensional. A
submodule is an invariant subspace, meaning a linear subspace preserved by every group
element. A simple module is nonzero and has no proper nonzero submodule. An action is
trivial if every group element acts as the identity, and nontrivial otherwise.

If W is a submodule of an F,H-module V, the quotient module V /W has cosets
v+ W, the induced vector-space operations, and action h- (v+ W) = h-v+ W. This action
is well-defined because h.- W = W. For F,H-modules V and U, a module homomorphism
f:V = U is an Fy:linear map satisfying f(h-v) = h- f(v) for all h € H and v € V. A
bijective modulehomoemorphism is a module isomorphism. We write V =2 U when such
a map-exists, and V. = U for such a map.

For ‘an F,H-module V', write pyy : H — GLg,(V) for the action homomorphism, so
pv(h)(v) = h-v. Here GLp, (V) is the group of invertible [F)-linear maps from V' to itself.
The kernel of the action is

kerpy ={h€ H:h-v=w for every v € V}.

Burnside’s formula (4) makes each V; an F)-vector space. Since K; and K1 are normal
in E, conjugation induces the action h - (xK;41) = hah 1K, for h € E and x € K;.

A composition series of a module M is a chain 0 = My < M7 < --- < My = M of
submodules with simple quotients M;/M;_1; these quotients are its composition factors.
Every finite-dimensional module has a composition series. To obtain one, take maximal
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proper submodules one after another. Each step lowers the dimension, so the process ends
at 0; read this chain in reverse order. For such a series, dim M = $"i_, dim(M;/M;_1).

For a finite group H, write O,(H) for its largest normal p-subgroup. By [3, Corol-
lary 6.2.2], the common kernel of the actions of H on all simple F, H-modules is

ﬂ ker py = Op(H).
V simple
Fp H-module

Since G is not a p-group, O,(G) # G. If every simple F,G-module were trivial, each action
would have kernel G, contrary to this equality. Thus a nontrivial simple IF,,G-module exists.
We write the least dimension of such a module as

0p(G) = min{dimg, V' : V' is a nontrivial simple F,G-module}. (7)

Thus d = 6,(G) in Theorem 1.1.

An E-module descends to G = E/K if K acts trivially. The G-action is then (hK)-v =
h -v. This is independent of the representative h, because every/k € K fixes every vector:
(hk)-v="h-(k-v) = h-v. The two actions give the same linear transformations, so they
have the same invariant subspaces and are trivial at the same time. Thus descent preserves
simplicity and nontriviality.

For the conjugation action on Vj, an element k € K fixes 2K exactly when x kak™t =
[z,k71] € Kj41. Since [k, z] = [z, k], all elements of K act trivially exactly when [K, K;] <
Kjt1. Burnside’s formula ensures [Kj, K] < Kjswhich makes conjugation by K trivial.
Thus Vj always descends to G; for j > 0, elements of K outside K; may still act nontrivially.

Every simple composition factor of V; descends'to G. Indeed, K < O,(E) because K is a
normal p-subgroup of E. The common-kernél theorem therefore shows that K acts trivially
on every simple F, E-module [3, Corollary.6.2.2].

An action of a group A on a group N by automorphisms is a homomorphism A — Aut(V).
Write a(n) for the image of n under the automorphism assigned to a. Define the action
commutator subgroup by [N, A] =4{n<la(n) : n € N, a € A). For conjugation, a(n) = ana™*
and n~ta(n) = [n,a"!]. Asarunsthrough A, so does a~!; hence this gives the same subgroup
as the commutator notation. above.

If N and M have A-actions, a homomorphism f : N — M is A-equivariant when
f(a(n)) = a(f(n)). For each action commutator, f(n~ta(n)) = f(n)"ta(f(n)). Taking
the subgroups generated by these elements gives f([N, A]) = [f(IV), A]. Equivariance also
makes the kernel and image A-invariant: f(a(n)) = a(f(n)) is 1 when f(n) = 1, and lies in
f(N) for every n. If'a normal subgroup L < N is A-invariant, the induced action on N/L
is a(nL) = a(n)L [1, §1.5, “Operator Groups,” p. 29]. For an E-invariant quotient K /L,
triviality of the.induced+action means k~'hkh~! € L for every k € K and h € E. Thus
[K,E] < L./ Under ourassumption [K,E] = K, this forces L = K, which explains the
condition in thesntroduction.

3 ~The exponent drop and the order bound

To'prove Theorem 1.1, it is enough to show dimg, V; > d for every 0 < j < e. The product
of the orders of these layers is |K /K|, so these inequalities give |K| > |K/K.| > p°.. Every
simple factor of V; descends to G' by Section 2, so one nontrivial simple factor in each layer
suffices.

If all factors of V; were trivial, each map v + h-v — v would send every term of a
composition series into the preceding term. Proposition 3.5 uses this fact to show that
the image of E on Vj is a p-group. Lemma 3.4 would then give exp K | p?, contradicting
exp K = p°.
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Lemma 3.1. If a finite p-group A acts on a finite p-group N, then
[NJAl=N =— N-=1. (8)

Proof. Suppose N # 1. Since ®(NNV) is characteristic in N, the A-action induces an action
on the vector space N/®(N) from (4). If N = ®(N), then (6), with J = 1, would give
N = 1. Thus this module is nonzero. Choose a maximal proper submodule M of N /®(N),
which exists by finite dimension. Then W = (N /®(N))/M is a nonzero simple module by
the submodule correspondence [1, 1.4.6, p. 20; §1.5, p. 29].

Since A is a p-group, its largest normal p-subgroup is Op(A) = A. By [3, Corellary 6.2.2],
every element of O,(A) acts as the identity on every simple F,A-module. Applying this to
W gives aw = w for all a € A and w € W.

Let ¢ : N — W be the composite of the two quotient maps, with W= written additively.
Since g respects the A-action, for n € N and a € A we have

g(n”ta(n)) = —q(n) + ag(n) = —q(n) + q(n) = 0.

Thus [N, A] < kerq. The map ¢ is onto and W # 0, so kergq is a proper subgroup of N.
Hence [N, A] # N. O

This lemma shows that G = E//K in our fixed extension cannot be a p-group. Otherwise,
the index formula [1, 1.3.5, p. 11] would give |E| = |K||G|, making F a p-group. Apply the
lemma to the conjugation action of E on K. Since (K, F] = K, it would give K = 1, contrary
to our assumption.

A central Frattini subgroup makes the pth-power map a homomorphism.

Lemma 3.2. Let P be a finite p-group with p odd and ®(P) < Z(P). Then x — zP is a
homomorphism from P into ®(P):

(zy)P = aPy?  (z,y € P). 9)

Proof. Burnside’s formula (4) shews that both P’ and PP lie in Z(P). For central com-
mutators, the identity [y, z]P = [yP, z] holds [1, Exercise 5.1.4, p. 128]. Since y? is central,
[y, z]P = 1. Since P’ < Z(P), [1, 5.3.5, pp. 141-142] gives

(y)? = a”y"[y, 2] ).

Since p is oddy (’2’) = p(p — 1)/2 is divisible by p. Since [y, x|’ = 1, the commutator factor is
therefore 1, and the image lies in PP < ®(P). O

The assumption that p is odd removes the commutator factor. Lemmas 3.3 and 3.4 use
this identity to prove Theorem 1.1.
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More generally, a central term ®’(P) makes the higher power map z + zP a homo-
morphism. The next lemma also follows from Sambonet’s exponent and lifting results [5,
Theorem B(ii), Lemma C(i), §3.1; author version, pp. 4-5, 8]. We give a direct proof by
induction.

Lemma 3.3. Let P be a finite p-group, with p odd. If ®(P) < Z(P) for an integer j >0,
then ‘
P— Z(P), x+——aP, (10)

is a homomorphism commuting with every automorphism of P.

Proof. When j = 0, the hypothesis is P = Z(P) and the map is the inelusion. The case
j =11is Lemma 3.2.

Suppose j > 2 and the assertion holds for j — 1. Let N = ®(P)..Since ®I~1(N) =
®I(P) < Z(P), this subgroup also lies in Z(N). The induction hypothesis applied to N
gives a homomorphism n — n?’ "', Its image lies in ®~1(N) < Z(P) by (4). This gives

fiN—Z(P),  f(n)=n¥ \

Conjugation by P preserves N and powers, so f(z~'nz) =2~ !f(n)z for n € N and x € P.
Since f(N) < Z(P), we obtain

f([n, ) = f(n) e f(n)z = 1.

Thus [N, P] < ker f.

Since N = ®(P) is normal in P, each commutator [n,z] with n € N and z € P lies in
N, so [N, P] < N. Conjugation by P preserves N and P, and hence preserves [N, P] by (2).
Thus [N, P] is normal in P. The quotient P/[N, P] has Frattini subgroup N /[N, P] by (5),
applied to the normal subgroup [N,P]'< N. The subgroup N /[N, P] is central in P/[N, P],
because [n,z] € [N, P] for every m€ N and z € P. Lemma 3.2 therefore gives

(zy)P= 2Py?  (mod [N, P)) (x,y € P).

Both (zy)? and xPyP lie in No= ®(P). The congruence means that (zPy?)~1(zy)? € [N, P] <
ker f. Applying f gives f((zy)?) = f(2"yP), so

(@y)?' = f((zy)P) = faPy?) = f(aP) f(yP) = 2Py .

For every z € P, we havea? € N, so 2P = f(xP) € Z(P). For an automorphism « of P, the
identity a(z2") = a(z)P~shows that this homomorphism commutes with a. O

For a-finite p-group P, Hall’s theorem [1, Theorem 5.3.3, p. 140] states that
ker(Aut(P) — Aut(P/®(P))) is a p-group. (11)

For P = Kj, the quotient P/®(P) is V;. The map from the image of £ on Kj to its image
on V; has kernel contained in the p-group in (11). The next proof uses this map to compare
the two action images.
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Lemma 3.4 (Exponent drop). If the image of E on Vj is a p-group for some j > 0, then
exp K divides p’.

Proof. Let p : E — Aut(K;) be the conjugation map and write A = p(E). Here V; =
K;/®(Kj;) is the zeroth Frattini layer of K;. Write U = ker(Aut(K;) — Aut(V})) for the
subgroup of automorphisms acting trivially on this layer. Hall’s theorem (11) makes U a
p-group. The kernel of the restricted action A — Aut(V}) is ANU, a p-group by Lagrange’s
theorem [1, 1.3.6, p. 11].

The first isomorphism theorem [1, 1.4.3, p. 19] gives

1Al = [ANU||im(A — Aut(V)))].

This action image equals the image of £ on Vj, since p : E — A is onto./Both factors are
therefore powers of p, so A is a p-group.

To prove that K centralizes K, let B = p(K). Since K «F and p : E — A is onto,
B < A by the normal-subgroup correspondence [1, 1.4.6, p. 20]. Equation (2) gives [B, A] =
p([K, E]) = p(K) = B. Lemma 3.1, applied to the conjugationiaction of A on its normal
subgroup B, gives B = 1. Thus K acts trivially on K, whichumeans K; < Z(K).

Since K; = ®/(K) < Z(K), Lemma 3.3 gives a homomorphism f : K — Z(K), f(z) =
2P’ . Since K is normal in E, conjugation by each element of E is an automorphism of K.
Thus f is E-equivariant. Write Z = f(K) < Z(K) for its image. This image lies in K, since
successive pth powers enter successive Frattini subgroups by (4). The image Z is E-invariant
because f is E-equivariant.

The equivariant commutator identity gives

(2, E] = [f(K), B}L={([K, E]) = f(K) = Z.

Each a € A equals p(h) for some € BE. Since Z < Kj is E-invariant, a preserves Z and
acts on it by restriction: a(z) = hzh7' Thus A and E induce the same automorphisms of
Z,s0[Z,Al = [Z,F] = Z. Lemma 3.1, applied to A acting on Z, gives Z = 1. Thus 2?’ =1
for every x € K, as required. O

If all simple factors of /; are trivial, the image of £/ on Vj is a p-group.

Proposition 3.5. For every 0 < j < e, the layer V; has a nontrivial simple E-composition
factor. This factor descends to G and has dimension at least d.

Proof. Fix 0 £ j <e. If V; =0, the image of E on Vj is trivial. Lemma 3.4 would then give
exp K | p?, contrary to exp K = p®. Thus V; # 0. Suppose that all composition factors of V;
were trivial. .Choosewa composition series with r factors:

O0=Wo<Wi <---<W, =V,

Sinee V; # 0, we'have r > 1. Each W; is an E-submodule, and E acts trivially on W;/W;_;.
For h € E, define the linear map

Ny : V; — Vj, Np(v)=h-v—w.

Since h acts trivially on W;/W;_1, we have Ny, (W;) C W;_;1. Applying N}, successively gives
N (V) € Wy =0, so Ny =0. Here powers of a linear map mean repeated composition.
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Choose an integer m > 0 with p™ > r, and write id for the identity map on Vj;. This map
commutes with Nj,. The binomial formula in characteristic p therefore gives (id +N,)?P =
id —i—N}ZL’: for 0 < t < p, the coefficient (’t’) is divisible by p, since p divides p! but not ¢!(p —¢t)!.
Repeating the identity m times gives

pv; (WP = (i[d+N,)P" = id +N7" =id.

Thus every element of the image of I/ on Vj has p-power order. Cauchy’s theorem states
that a prime dividing the order of a finite group is the order of some element of that group
[1, Theorem 1.6.17, p. 40]. A prime other than p dividing the order of thisimage would
therefore contradict the preceding conclusion. Hence the image is a p-group.

Lemma 3.4 would give exp K | p/, contrary to exp K = p° and j < e. /Thus a nontrivial
simple factor exists. The normal p-subgroup K acts trivially on it by [3;°Cerollary 6.2.2], so
the factor descends to a nontrivial simple G-module, as explained in Section 2. Its dimension
is therefore at least d by (7). O

Proof of Theorem 1.1. Proposition 3.5 gives the required nontrivial simple composition fac-
tor in each V; with j < e. The index formula [H : L] = [H +J][J : L] for L < J < H [1,
1.3.5, p. 11}, applied along the Frattini chain, gives

e—1
K| = | T] Vil JJKel. (12)
7=0

Dimension is the sum of the dimensions of the-composition factors. Proposition 3.5 therefore
gives dimV; > d, and hence |V;| = pi¥5 >.pd. Since |K.| > 1, equation (12) gives the
bound (1). O

Comparison with the zeroth layer.. Proposition 3.5, applied at j = 0, gives |K/®(K)| >
p?. Choose x € K of order p°, which exists by the exponent calculation in Section 2, and
write (z) for the cyclic subgroup.it'generates.

Burnside’s formula (4) gives KP < ®(K), so 2P € ®(K). Therefore

(20(K))? = 2PD(K) = O(K).

Thus the image of 2 in K /®(K) has order dividing p. The restriction of the quotient map
to (x) has kernel (x) N ®(K), so the first isomorphism theorem [1, 1.4.3, p. 19] gives

[(z) N B(K)| = ‘(xg»’(vﬁm —

Since! this intersection is contained in ®(kK), index multiplication [1, 1.3.5, p. 11] gives
K| = |K/®(K)||@(K)| > pTp~t = pHi .

The preceding calculation uses the dimension bound only for V. Proposition 3.5 gives
dim V; > d for every 0 < j < e, and Theorem 1.1 therefore yields |K| > p®@. The ratio of
the two lower bounds is

p (e—1)(d—1)

peerf 1 p :

Thus Theorem 1.1 gives a strictly stronger lower bound when e > 1 and d > 1. The two
bounds coincide when e =1 or d = 1.
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4 Equality in the order bound

Assume throughout this section that |K| = p©.

Proposition 4.1. Each V;, for 0 < j <e, is a nontrivial simple G-module of dimension d.
The subgroups of K normal in E are exactly

K=Ky>K; > -->K.,=1. (13)

Proof. By Proposition 3.5, each |V;| > p? for 0 < j < e. Since |K| = p®, the product
formula (12) forces K, = 1 and dim V; = d for every such j. The nontrivial simple factor
supplied by Proposition 3.5 has dimension at least d. Since the factor dimensions are positive
and sum to d, there is only one factor, namely V} itself. Proposition 3.5 therefore also shows
that K acts trivially on Vj}, so V; is a nontrivial simple G-module.

Let 1 £ N < K be normal in E. Since Kg = K and K, = 1, there'is a’largest j < e such
that N < K;. Maximality gives N £ Kj11, so its image N K 1/Kyy1vin Vj is nonzero. This
image is an [F-subspace by Section 2. It is F-invariant because [V'is normal in E, and hence
is a G-submodule because the action descends to G. Simplicity gives NK;1/K;q1 =V}, so
NKji1 = Kj. Since Kj11 = ®(Kj), apply (6) with P = Kjand J = N to get N = Kj.
Conversely every K is characteristic in &K and normal.in E«~This proves (13). O

To compare adjacent layers, we use the power-map theorem of Glasby—Palfy—Schneider
(2011), recorded in [4, Lemma 2.3, p. 1830]. It applies to groups of exponent p? with exactly
one proper nontrivial characteristic subgroup. We check these hypotheses for K; /Ko and
obtain the isomorphism below.

Proposition 4.2. The maps
Vi == Vit1,  aKjp = aPKjp (0<j<e—1) (14)
are G-module isomorphisms. Thus all.Vy, ..., V._1 are isomorphic.

Proof. Fix 0 < j <e—1, and let. Q = K;/K;12. Apply (5) to K; and its normal subgroup
Kjto. Since ®(K;) = K1, itgives ®(Q) = Kj41/Kj 42, an elementary abelian group. The
subgroup correspondence identifies subgroups of ) with subgroups of K; containing Ko,
and it preserves E-invariance [1, 1.4.6, p. 20; §1.5, p. 29]. Every characteristic subgroup
of @) is preserved by all automorphisms induced from FE. Its preimage in K is therefore
FE-invariant, which means that it is normal in . By Proposition 4.1, this preimage must be
Kj+2, Kj—i—h or Kj.

The characteristic subgroups of @ are therefore exactly 1, ®(Q) = Kj41/Kj42, and Q.
The middle one is proper and nontrivial.

Every pth power in’Q lies in ®(Q), which has exponent p, so exp@ | p*. If exp@ = p,
then Kf < Kji9. For every x € K, repeated use of (4) gives P € K;. The assumption
K7 < Kj then gives

j+

j 1 e—1
xp] EKj - :Cp] EKJ‘+2 = 2P e K.=1.

The last implication uses e—j—2 further pth powers, each entering the next Frattini subgroup
by (4). When j = e —2, no further power is needed because K2 = K.. Thus every element
of K has order dividing p®~!, contrary to exp K = p®. Hence exp Q = p?.

For a finite p-group with p odd, exponent p?, and a unique proper nontrivial character-
istic subgroup, the power-map theorem [4, Lemma 2.3, p. 1830] gives an F, Aut(Q)-module
isomorphism

Q/2(Q) — ©(Q), x®(Q) — aP.
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Our group @ satisfies these hypotheses. For x € Kj, the third isomorphism theorem
[1, 1.4.5, pp. 19-20] identifies the class (2K 2)®(Q) in Q/®(Q) with K, in Vj. Also
(xKj42)? = 2PKj19 in ®(Q) = Vj41. Thus the cited power map gives exactly (14). Con-
jugation by E induces automorphisms of @), so the resulting isomorphism is E-equivariant.
By Proposition 4.1, K acts trivially on both layers. Their actions therefore factor through
G = E/K, and the same map is the G-module isomorphism (14). When e = 1, there isonly
one layer and no map to construct. ]

A nonzero class remains nonzero under successive power isomorphisms.

Corollary 4.3. For 0 < j < e, one has K;’ = Kj1. Every element of K; \ Kj41 has order
P
Proof. For 0 < j < e—1and y € Kj;1, surjectivity in Proposition 4.2 gives x € K, with
yKjio = 2PKj 9. Thus y € Kij+2. Both factors lie in K1, since K;’ < Kju1 by (4)
and K2 < Kji1 by definition. Therefore K7 Ko = Kj+1. Apply (6) with P = Kj11 and
J =K. As ®(P) = Kj;2, it gives K] = Kj11. For j = e — 1; Butnside’s formula (4) gives
K? | <®(K.1)=K.=1,s0 K¥ | = K,. When e =1 only this case occurs. In particular
®(K) = K.

If x € K\ Kjt1, its class in Vj is nonzero. Successive isomorphisms in (14) show that
2P 7"" has nonzero class in K._; /K. Since K, = 1, this'element is not the identity. Its pth

power lies in K, = 1 by (4). Thus 2P’ # 1 and =1, so « has order p°~. O
For 1 < j < e, repeated use of (5) gives @(K/K;) = K;/K; for 0 < i < j. The
quotients between consecutive Frattini subgroups are therefore isomorphic to Vg, ..., V;_1,

and (K /K;) = 1.

Corollary 4.4. For1 < j < e, the kernel K/K; has exponent p? and order p?®. The induced
extension

1l - K/Ky — E/K; — G —1
has minimum kernel order among.extensions of G satisfying the same commutator condition

and having p-group kernel exponent at least p’ .

Proof. Since K; < K and«Kj is normal in I, the map
E/K; — G=FE/K, hK; — hK,

is well-defined and onto: replacing h by hk with k& € K; does not change hK, and every
coset hK has a preimage hKj. Its value is the identity exactly when h € K, so its kernel is
the subgroup K /K. This proves exactness of the sequence in the statement.
For 1 < j.< e, Proposition 4.1 gives
j—1
|K/K;| =[] Vil = p.

i=0
Forevery = € K, repeated use of (4) gives € K j» so every element of K/K; has order
dividing p/. Choose z € K \ K. The successive maps in (14) give ##’ ' € K1\ Kj; for
j =1, this is simply the choice of z. Hence zK; has order p/, proving that exp(K/K;) = p’.
Apply (2) to E — E/K; to obtain

[K/K;, E/K;] = [K,E|K;/K; = K/Kj.

Any other kernel satisfying the hypotheses, of exponent p® with a > j, has order at least
p®@ > pi¢ by Theorem 1.1. Thus p/? is the minimum kernel order. O
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5 A family attaining the bound

For a commutative ring R with identity, write My(R) for its 2 x 2 matrix ring and det A
for the determinant of a matrix A. Write SLa(R) for the group of matrices in Ma(R) with
determinant one. Write I for the identity matrix and FEj;; for the matrix with entry 1 in
position (7, j) and zero elsewhere. Write diag(a, b) for the diagonal matrix with entries @, b,
and set D = diag(1l,—1). The trace tr(A) of A € M3(R) is the sum of its diagonal entries.
Write GL,,(F,) for the group of invertible n x n matrices over F,,.

Homomorphisms to abelian groups. Every homomorphism f : H — A_to an abelian
group annihilates H':
H' <ker f. (15)

This is the abelian-quotient property [2, Theorem 2.23, p. 33; Theorem2.24, p. 35]. Write
F ; for the group of nonzero field elements under multiplication. In particular, when H' = H,
every one-dimensional representation is trivial, since GL;(F,) = F, is abelian.
For any representation p : H — GL,(F,), determinant multiplicativity makes detop :
H — F} a homomorphism [1, §1.4, “Examples of Homomorphisms,” p. 18]. Applying (15)
to this map gives
H' =H = detp(h)=1 forevery he H.

Fix p > 5 and set G = PSLy(FF,) = SLa(F,)/{I, =1} Let V be the space of matrices in
M>(F,) with trace zero; these are called traceless matrices. Each has a unique expression
aD+bE2+cEa with a,b,c € Fp, so D, E12, E2; form a basis and dimg, V' = 3. Conjugation
acts by A — gAg~! for g € SLa(F,). The identity tr(BC) = tr(CB) gives tr(gAg™!) =
tr(Ag—'g) = tr(A), so this action preserves V. A scalar matrix is a multiple of I. The
matrices I and —I commute with every matrix, so they act trivially. The two representatives
g and —g of an element of G give the same action, since (—g)A(—g)~! = gAg~!. Thus
conjugation defines an action of G on' V.

Lemma 5.1. For p > 5, the conjugation module V' is nontrivial and simple, and 6,(G) = 3.

Proof. Since p > 5, the Jordan-Moore theorem shows that G is simple [2, Theorem 8.13,
p. 225]. Let w = (% ), and let ¢ be its image in G. Since w? = —I and w ¢ {I, I}, the
element ¢ has order 2. The identity

’IU(I + E12)w_1 =1— FEy

shows that ¢t does not commute with the image of I 4+ Fio: the matrix I — Fo; is neither
I + FEy9 nor~(I + Fy9). Thus t is noncentral and G is nonabelian. The derived subgroup
G’ is normal and nontrivial [2, Theorem 2.23, p. 33]; simplicity therefore gives G' = G.

Equation (15) makes every one-dimensional representation trivial. Suppose that p : G —
GLy(FF,) were nontrivial. The kernel of a homomorphism is normal, and a homomorphism is
injective exactly when its kernel is trivial [1, 1.4.1(ii), 1.4.2(i), p. 18]. Since p is nontrivial,
its kernel is not . Simplicity therefore gives ker p = 1, so p is faithful (injective). Applying
(15)to the determinant gives p(G) < SLa(Fp).

A field is algebraically closed if every nonconstant polynomial over it has a root in the
field. Over such a field of characteristic p, an invertible matrix of finite order relatively prime
to p is diagonalizable, meaning diagonal in a suitable basis [3, Corollary 2.1.7].

Let T' € SLy(F,) be an involution, meaning an element of order 2. Since p is odd, this
order is coprime to p. The cited criterion makes 1" diagonalizable over an algebraically closed
field containing F,. Since 7% = I, its eigenvalues lie in {1, —1}. Their product is det7 = 1,
so they are both 1 or both —1. By diagonalizability, "= 1 or T'= —I. As T has order 2, it
follows that T'= —I. Thus —I is the only involution in SLy(F)).
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A faithful p would send the involution ¢ to —I: it preserves the order of ¢, and —1 is
the only involution in SLy(F,). Then p([t,g]) = I for every g € G because —I is central.
Injectivity gives [t,g] = 1 for every g, contrary to the noncentrality of ¢ proved above. Hence
every representation of G of dimension one or two is trivial. The involution ¢ also shows that
G is not a p-group, by Lagrange’s theorem [1, 1.3.6, p. 11].

The action on V is nontrivial because it moves D € V. Since E%, = 0, the inverse of
I+ F5is I — Eq9, and

(I + Elg)D(I — Elg) =D —2F9 75 D.

The inequality holds because p is odd, so 2 # 0 in F,,.

Suppose 0 < W < V is invariant. Both W and V /W have dimension one or two, so
the preceding argument shows that G acts trivially on them. Every element of G fixes W
pointwise. Triviality on V' /W means that gv —v € W for every g € Grand v € V. Thus, for
g,h € G, the vectors hv — v and gv — v are fixed by every element of.GG. By linearity,

g(hv) = gv + (hv —v) = hv + (gv — v) =h(gv).

Hence the action maps commute, so their image is an abelian group. Since G’ = G, equa-
tion (15) would make every element of G act as the identity on V', contrary to the calculation
with D. Thus V is simple. Together with the exclusion of dimensions one and two, this gives
4p(G) = 3. O

e+1

Fix e > 1 and write R.11 = Z/p®"1Z for the ring of integers modulo p®*!. The multiples

of successive powers of p form the chain
Ret1 2 pRey1 2+ 2P °Re1 2 pH' Rey1 = 0.

For matrices over R41, the notatien A = B (mod p®) means that every entry of A — B
lies in p®Rey1.

For 1 < a < e+ 1, let P, beithe congruence subgroup of SLa(R.11) consisting of
matrices entrywise congruent/to I modulo p®. It is the kernel of entrywise reduction to
SL2(Z/p®Z), so it is normal. Let K = Py. Since p®™'R. 1 = 0, we have P.,1 = 1. The next
lemma determines the e'quotients P,/P,+1, indexed by 1 <a <e.

Lemma 5.2. The group' K has order p3¢ and exponent p®. Its Frattini filtration is given by
®I(K) = Pj41 for 0 < j <e. Under conjugation by SLa(Ret1), each quotient Py/Pai1, for
1 <a <e, isthe module V, with the action through entrywise reduction modulo p, followed
by the quotient map SLa(F),) — G.

Proof. For 1 < a < e, write an element of P, as I +p®A, with A € M3(Re+1). Two choices of
A differentrywise by multiples of pt1=®. Since a < e, they have the same reduction modulo
p._ Multiplication and determinant give a map

P,/Pyy1 —V, (I +p*A)Pyy1— A (mod p). (16)

In (I + p®A)(I + p®B), the term p?**AB vanishes modulo p®*! because 2a > a + 1. Thus
multiplication adds the coefficients of p®. Also det(I+p®A) = 1+p® tr(A)+p?® det(A), which
reduces to 1 + p®tr(A) modulo p®*!. Since the determinant equals 1, we have p®tr(4) = 0
(mod p®1), so tr(A) =0 (mod p).

The resulting homomorphism P, — V has kernel P, 1: its value is zero exactly when
A =0 (mod p), or equivalently I 4+ p®*A = I (mod p®*!'). Multiplying a representative by
an element of P, therefore does not change its image, so (16) is well-defined.
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To see surjectivity, use I + p®E1a, I + p*Eo1, and diag(1l + p%, (1 + p*)~!). Since 1 + p®
is coprime to p®*!, it is invertible in R.y1, so the diagonal matrix is defined. The identity
(1+p*) (1 —p*) =1—p? gives (1 +p*)~! =1 —p® (mod p®*!). Thus the three images
are the basis vectors F19, E21, and D, respectively. The image is an additive subgroup of
V' and hence an F,-subspace, so the map is onto. The first isomorphism theorem [1, 1.4:3,
p. 19] now identifies P,/P,+1 with V. For g € SLy(Rc+1), we have

g(I+p*A)g~t =1+ p*(gAg™ ).

Thus the induced action on A mod p is conjugation by g mod p. Since I and <T-act trivially
on V, this is precisely the action through G stated in the lemma. Each of the e quotients
has order p3, and P.,; = 1; index multiplication [1, 1.3.5, p. 11] gives |K|= p°.

For any A € M3(Z) and a > 1, the binomial formula gives

(I+p*AP =1+ p*™tA (mod p*?). (17)

For 2 <t < p, the prime p divides (’t’), since it divides p! but not t!(p — ¢)!. Thus the term
(’t’)p“tAt is divisible by p®*1, and at + 1 > a + 2 because-a'> 1. The term with ¢ = p is
divisible by p®. Since p is odd, p > 3 and hence ap > a4 2. This last inequality fails for
p=2ata=1 For I+ p*Ae€ P,, apply this congruence to an integer representative of A
and reduce to R, 1. This gives P < P, for 1 <a Le.

For the reverse inclusion, fix 1 < a < e and-write y = I + p**'B € P,y;. Since
B mod p € V and (16) is onto, there is x = [+p* A€ P, with A = B (mod p). Equation (17)
then gives 7 = y (mod p®2), so 7Py € Pyyo.” Thus P,o 1 = PYPyo for 1 < a < e.

The power formula gives PY = P.,; =_1.. For the descending induction on a, suppose
PP | = Puy2. Then P9 < P§ becausePy;; < P,. Substituting this containment into

P, 1 = PYP,, 5 gives P = P,1.

Since P, /P11 =V is abelian, (15) applied to the projection gives [Py, P,] < P,+1. The
product of the layer orders gives |P,|'= p3(et1=a) 5o each P, is a finite p-group. Burnside’s
formula (4) therefore gives ® (B, ="PY[P,, P,] = P,41 for 1 < a < e. Starting from K = P,
and iterating gives ®/(K) =P +for 0 < j <e. For z € K = Py, induction gives 27’ € P41
for 0 < j <e. Since P.41 = 1,'we obtain exp K | p°. The matrix I + pE12 has order p°: its
mth power is I + mpFEy, which equals I in Ma(Re41) exactly when p¢ | m. O

Proposition 5.3«Forp > 5 ande > 1, let E = SLo(Z/p*17Z) /{1, —~1}. Entrywise reduction
modulo p induces an exact sequence

l—K—F—G—1 (18)
with [K, F) = Kyexp K = p¢, and |K| = p3¢ = (exp K)%(%),
Proof. The entrywise reduction map

SLQ(RE_H) — SLQ(FP), (CLZ‘]‘) — (aij mod p),

is onto. Let A € SLy(F,). Choose an integer representative of each entry of A, and view the
resulting matrix A over Rey1. Then A mod p = A.

Let u=det A € Rei1. Since det A = 1, we have u = 1 (mod p). An integer representa-
tive of u is therefore coprime to p°!, so u has an inverse in R.;1. Define

~(ut 0
)
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This multiplies the first column of A by v, sodet B=uu"t=1. Alsou ! =1 (mod p),
so the diagonal matrix reduces to I and B mod p = A. Thus B € SLa(R.1) is a preimage
of A.

Let q : SLa(Re4+1) — E be the quotient map. For A € SLa(Rey1), its class is ¢(A) =
{A, —A}; in particular, ¢(A) = ¢(—A). Reduction sends {I,—I} to {I,—1I}, so it inducesa
surjection 7 : . — G given by

m(q(A)) = (Amod p){I, —T}.

Since p is odd, —I is not congruent to I modulo p, so K N{I,—1} = {I}. Thusg.is injective
on K. Its restriction to K is the map K — E in (18).

The identity of G is the coset {I, —I}. Hence ¢(A) € ker 7 exactly wherA mod p is I or
—I. If Amod p =1, then A€ K. If Amod p = —1I, then —A mod p =4, so'—A € K; since
q(—A) = q(A), the same class again lies in ¢(K). Conversely, every matrix in K reduces to
I, so its class lies in ker w. Therefore ker 7 = ¢(K), proving exactness of (18). We identify
K with this normal subgroup of F through the injection q|x.

By Lemma 5.2, the action on K /®(K) is the conjugation action of G on V. This module
is simple and nontrivial by Lemma 5.1. The span of {gv'—v+g € G, v € V} is nonzero
because the action is nontrivial. It is invariant: h(gv —v) =.(hgh™1)(hv) — hv for g,h € G.
Simplicity therefore makes this span all of V.

To identify the image of [K, E], let v be the image of k € K under K — K/®(K) =V,
and let g € G be the image of h € E. Then the image of [k, h™1] = k~1hkh=1 in V is —v+gv.
Since K — V and F — G are onto, these are‘exactly the vectors guv — v. Their additive
subgroup is their F,-span, so the image of [Ky Fl is all of V. Hence [K, E|®(K) = K.

Apply (6) with P = K and J = [K, E] to.obtain [K, F] = K. The order and exponent
follow from Lemma 5.2, and the least dimension is 3 by Lemma 5.1. O

For e > 2, the identities F%, = E%.= 0 give (I +pE12)™' = I —pEjs and (I +pEy)~! =
I — pFEs;. Multiplication gives

1 2 4 3
[ + pE12, I + pBay] = < —I—gp;—p ) fp2> =1+p*D (mod p?),

so the (1,1)-entry of this‘ecommutator minus I is congruent to p?> modulo p? and is nonzero.
Hence the commutator(is nonidentity in SLo(Ry1) for e > 2, and K is nonabelian.
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