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Dynamics and Modes of a Non-Contact
Magnetic Pendulum Chain with
Experimentally Characterized Finite-Size

Magnetic Interactions

Abstract

This work investigates a non-contact magnetic pendulum chain composed. of finite-sized, axially
magnetized cylindrical permanent magnets, focusing on small-amplitude nermal modes near stable
equilibria and finite-amplitude transients following endpoint release. Seven nominally identical mag-
nets were scanned at h = 0, 5, 10, 15, 20 mm over r = 0-50 mm to obtain B,(r,h) and B,(r,h).
At h = 0, the mean peak values of B, and B, were 92.112mT and.37.879mT. For magnet 1, the
point-dipole model gives R? = 0.6789 and RMSE = 7.023 mT over the full measured domain, while
the uniformly magnetized finite-cylinder model gives R? = 0.9833 and RMSE = 1.602mT. For
p > 2R = 25mm, the point-dipole model reaches R? = 0.9592.

The magnetization of each magnet is determined from the finite-cylinder model and transferred to
the angle-dependent pair potentials, the all-pair chain potential, stable equilibria, and the correspond-
ing Hessian. The model retains finite magnet geometry, pendulum-induced translation and rotation,
magnet-to-magnet variation, and non-nearest-néighbour interactions. Free-decay measurements give
B =0.059979/s and T,; = 0.754 297 s, which.are used in the subsequent dynamical calculations.

The main contributions are threefold:+a finite-size magnetic-coupling parameter chain is estab-
lished from individually measured two-dimensional magnetic fields; an all-pair finite-size many-body
model is constructed in the actual-‘pendulum geometry to retain long-range magnetic interactions;
and, after a single baseline calibration, the model parameters are kept fixed and tested across different
chain lengths and pivot spacings.

For the baseline chain wwith NV = 3 and ¢ = 60 mm, the second and third experimental modes
determine A\, = 0.473305. The first mode is a low-order near-in-phase motion with small relative
motion between pendulums and is therefore weakly sensitive to the magnetic coupling strength; it
is retained as an independent, frequency check. With Ay, fixed, the mean absolute relative modal-
frequency errors are 2.62% for N = 5 and 4.10% for N = 7, and the seven-pendulum chain gives a
mean complex modal assurance criterion of 0.919. For fixed N = 5, increasing the pivot spacing from
40 mm_to 80.mm reduces the measured five-mode bandwidth from 1.9232 Hz to 0.2606 Hz. Across the
20 modal frequencies measured at four spacings, the mean and maximum absolute relative errors are
2.85% and 5.42%, respectively.

The experimental comparisons cover bifilar finite chains with N = 3,5,7, pivot spacings of 40—
80 mm, and non-contact magnet configurations. Normal modes are obtained from linearization about
stable equilibria, while endpoint-release trajectories are calculated with the full nonlinear finite-cylinder
potential. Within this range, increasing the pivot spacing weakens the long-range magnetic coupling
and reduces both modal splitting and spectral bandwidth.

Keywords: non-contact magnetic pendulum chain; finite-size magnetic interaction; uniformly mag-

netized finite cylinder; long-range coupling; normal modes; dispersion relation
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Experimental configurations of a conventional Newton’s cradle and a non-contact magnetic Newton’s cradle.
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Workflow from two-dimensional magnetic-field and mechanical measurements through the finite-cylinder
magnetostatic model to finite-chain dynamics and cross-condition validation.
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FExzperimental apparatus and magnet characterization. (a) Complete magnetic-pendulum chain; (b) setup for
spatial magnetic-field measurement; (c) magnet and nonmagnetic housing; (d) axially magnetized cylindrical
permanent magnet.
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{5 AH SRR AAAE T A7 B PR AT PR A5 [RIARAEDGT B e dl B o B REAA ) J LT RST o o B B 2 AL 3 93 Ll &2
HAE N I Srdise JI R B )1 AT [ SEERH N

v RRBE TSR IR R, RERGAREERR LS, R A SRR AR SO A B AR AO FEHE LG R
NS B B MG1250 . RGN RIEN SR, H AU A AR I A AL A2.0, (1)

3.2 HHIANE

SZEGAS -G R RS Sl e AL R R AR, RIS 5o 170 DS B s — R Ad, ARG A4k
N r=0 UERIMNELEE h=0, EHBIRR (r,0,h). FH B, fil B, 43 5R R A 545
i 5 &

Hall #R3L7E

h =0, 5, 10, 15, 20 mm (3.1)

A EERT R, B EENNEEAN
r=0, 5 10%,..750 mm, (3.2)

ZIP KA 5mm.
LRI R A AR A ) A8 & A ARE, alids B, 5 B,, RIBHSHEIEL. mT HNHAr.
FH E A5 28 B HRO A4 () 2 A R 3730 D
B.(r,h), B, (r,h). (3.3)

AZ

( —]
N
N

T
8.2: [FUFEMEARI JUETSHU S A hs R o AR U O BUN IR AL O, BB = J7 ), B AE R4
N R M t, FTAMHIEN ¢
Geometry and coordinate-system definition of the cylindrical magnet. The geometric center of the cylinder is
taken as the origin O; the cylinder axis is along the z-direction, with radius R, thickness t, and azimuthal
angle ¢.

\ 4

3.2 Z i 1A BRIEERE A1) LT S 805 AR 2 5 3o BRI LT OB IR R O, BRI 2
Jil, RS REESAMCHN R M to a8 IRIAERID A SR Z AR 5 N &AL, SERIAS A4 A A1
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R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

WL 7> &5y ey By Al B..

3.3 RIZEBEHRTER

N REREARIZEN T I UMAE RS, FF LR S R BEARTE 70 00 88, A/ DIRIA 26 il 3% H BRI
R SCHXT RS T A B I %

£(t) = 0(t) — 6*. (3.4)
ANRIESE R A, B 2
Togi€ 4 c€ + kgl = 0, (3.5)

Hrp Ly ARTHERE RGN, ¢ NEIEENIE REL by - PETALE T E /A A N
JZ.

T 2y’ (3:6)
YU 2% B e iR W AL 4
A(t) = Age™ P (3.7)

@) Tracker - o X
Sfb W BOE JEbE EL D

[ ame[o mEal]

B AL, 0)

6 (deg)
o

+  All experimental points

N ©  Maxima used for fit

-15f —— Exponential envelope fit -

10 20 30 10 50
t (s)

(c)
3.3: FUHLIR H MR IR R A R AR R B ML A S TR B LA .
Free decay of a single magnetic pendulum with log-linear fitting of peak amplitudes and exponential-envelope
fitting.

3.3(a) 7% B BIREN IR I E DU HEER. KR (3.7) O BT



R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

PRIEIE 3.3(b) ORI AR ELESY Al K 3.3(c) W E X IS E UK IATIREE G .
MARBLRE Py 51 SR IURS AR AL, LA

An = Wext,n - 9*’ (39)

Roneh n DIEEIRIE.
PR IR — SRR, R8sl gt — R U & 45 R

B=0.059979/s,  R?~0.9986. (3.10)
SIS R FE HR 30 A
T, = 0.754297s, (3.11)
X B )
i
Wy = Td, wo = szl—'_ﬁQ' (3.12)
[ bt
kg = Ieffwg, c= 2Ieff5. (313)
ARSI 1T
T = 4.1889 x 10~* kgm?, ky.=2.90669 x 1072 Nmrad '. (3.14)
AH B JE BE A b 5 DRI A £ .
_ P . 1
¢ o Q=3 c (3.15)

HAELIN
¢ ~0.00720,  Q ~69.4.

T EAANFEGBARERIEE DR, E R RS,

3.4 #K5ERAEE

REBE S0 77 Al TSR GRS IV A AR s BB 0o SEURRE B SEWIIN] 3.4 R, Wi4RIEE BT Bk as
P 2R AE R, & R AL E AT VR R T, IR 2 518 3 R B0 DL R AR 40 8 i TR BE



R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

- k — 4
L e — ]

3.4: WL FRBESLI AR B KA

B SR ] 5
a = 60 mm, N =3, 5,7,

P PO BRAE B P RS e B ARSI 20 2R i R T E PR AR A

sk Aot [ S [
N =5, “.a=40, 60, 70, 80 mm,

3 AR AR TRV LAy B R T RSO, P SRR S AR M 9 P TR B (22 A
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2485 NSNS R MR EHEEER

\nix

S REAR R R AL A, LT RS Y

D=250mm, ty=30mm, R=125mmn. (4.1)
WK BH AN = Bl AR FARARON vy DR KA N

h=0, 5, 10, 15, 20 mm, =0, 5,.,,50 mm.

KIRFRINILK B, 5 B.o il WS RIWE A RS e, A HHELN B, 4iM LK b e
S B WAL

O Experiment === Uniform cylinder Cylinder Loband = = Magnetic dipole

(a) (b)

IS
S
T

80

v
G

w
S
T

60

(mT)
IS

40

meas
B
&

o
T

20

s s s s ! s s s L
0.0 2.5 50 75 10.0 125 150 175 20.0

(©) (d)

150 F

125F

1.00 |

(mT)

0.75F

meas
BZ
[
T

0.50 |

025

0.00 |
OTO 2?5 5?0 7?5 IOIAO 12‘5 ISIAO 17‘5 20‘0 050 255 550 755 1(;.0 12‘.5 15‘.0 17‘.5 2(;.0
Axial position Z (mm) Axial position Z (mm)

4.1: —SHWAELE =0, 10, 20, 30 mm RSN B, KIS HANA BREFE 5 S p AR5
Measured B, of magnet 1 at r =0, 10, 20, 30 mm and fits using the uniformly magnetized finite-cylinder and
point-dipole models.

B A1 B WAL 2 I AN gS B il X, T LA T A SRS AR AN ] 2 ) RUBE L e
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Yo 518 Hall SELBURAHIK NAERE Deogr, SKRDEEN

meas :
B** = | B, cos Yot — B, sin Yegg|
B;neas = ‘Bz cos Yot + By sin ﬁeff| .

g
Ny
S
s
W&
d-
:[u

FEENBIEAN 20, WHAF AR T

t
%=h+wm+§i

4.1 RAEERIEI
24 LB B TR TR SR S I 1 0 e A R e (18 L

n = pez,
Il
" am (r2 4 z§)5/2’
Bdip _ Hop 2ZC2 —?
¢ Am (r2 4 23)5/2'
Horpr pdP ¢
< V2 ||
AR

AR

p=1/r>+22>2R

VBN RABRZ 7 LEAS O BRAEVE T4, AT RAA A 2R = 25 mm. %550 R T A SCHEE 7> X

4.2 BHHHBIRER
VLI Y R AR SE PR AR M S o 2 0 BRemE A4 2
M; = Me., wi = MymR?ty,.
B TR RN T, S5 RCR T E A 25 FE A
Om=M-1,

DRV bR A 2R 4 A E T S D

+M, 2= +tn/2,
Om =
M, 2= —ty/2.

R EE SN 37 5 N

/
Ho 2 : r—r /
chl(r) = 771_ SM g ’r — r,‘3 dS .

12

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)



ol 3 T ST PR RST BEAH TLATE I AR R ik SR B 3 0 22 SRS AT

4

z (mm)

55 3R (5 FR R A AT A TRV REAR R FE 33E 4T Gauss—Legendre SRR, EARHES WL =% B.

L |,
oM z 4 tm/2 Z—tm/2

ol = R Gt VR G- tal2]

AR M; &AW B, 5 B, IREWERE], 205 M Degry H T EALFHE L.

(4.14)

3 IS TR LA
A B R 5 AR, T — S LR L& SO 5L B (0,2) 1 BEP(z, 2).

(a) Uniformly magnetized cylinder B, (b) Magnetic dipole B.
" " " " " 134.5 " " " " " 134.5
30 1 30 1
100.9 100.9

20 9 201
167.2 167.2

10 ] 1336 or i ] 1336

)

_________ g g g
0 . 0 {1 qo0 E £ of - - oo E
o o "’ <
0 1 336 b - 1] 4 336
4 672 4 672
20 ] 20k ]
100.9 b 100.9
30 1 E ]
. . . . . 1345 = " " ’ . . 134.5
40 20 0 20 40 40 20 0 20 40
x (mm) X (mm)
(a) (b)

4.2: — SHEVRIIY SIREACA IR A Rl 1737 5 R L AR AR A 170377

Azial-field maps of magnet 1 predicted by the uniformly magnetized finite-cylinder and point-dipole models: (a)

finite_cylinder; (b) point dipole.
A R 5 A AR 2R O B i T R 32 2 B M R R RS 6 4, A AR AR R D 2 Y S R e 2 ) B I aze 3

SE SCPA L 1) il 1] 47 22
AB, = B¥ — pdir, (4.15)

(c) Absolute difference |IAB,|

z (mm)
ip| (mT)

B — B4

40 20 0 20 40
x (mm) 0.0

4.3: — SRS HANAT R 5 r R AR AR A A 4 Al [ WA 4608 22
Absolute difference in axial magnetic field between the uniformly magnetized finite-cylinder and point-dipole
models for magnet 1.
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4.3 {7 BRI 22 S £ R L B R i TR AT G RLE, P T /)
ﬂ:ﬁ

R t
p et 2 k1
p p

(4.16)

I, A BRIRAE A0 ) SRR S N i AR R T, R b )5 80 PR B 3 ) R A IR IR A AR Y, A

R = A g S PR AR BE AL 5

4.4 IS

EH AR FEUTRSN, & AR M; 2 WS, X NN

i = MZ'7TR2tm.

® 4.1 CHE IR i SIREAAT BRI AR AT B A R AL SR S R A

(4.17)

Magnetization and total magnetic moment of the seven magnets obtained. from the uniformly magnetized

finite-cylinder model.

Witk M; (kAm~')  p; (Am?)

1 376.0716 0:563811
337.7114 0.497 321
447.5570 0.659 082
434.1561 0.639 348
451.2323 0.664 494
440.4404 0.648 602
410.1925 0.604 058

N OO W N

Jr £ P AR R A P A8 L AAC Py VI AEIAT LRI 24, AT R B S Bt i 22 57

4.5 FFHEEER
SRERRFETE Mo JOBIE e ST WIA KREMHR, — AT ELAF P RE A

dip _ Mo

A 47Tp§’j

(i - i — 3 (ki - pij) (15 - Pij)] -

WEFRSEI T, REARS 2 O T 128~V N IR R SR A e 5, BRIRE 5 8
i = eqpie
W OB B A R s A R B R B
US® = Ug® (05,65 dpig) -
FEREM 0, = 0; = 0 B 5 i gIbdnt, E X

Jo it
Iy = 74; L,
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(4.19)

(4.20)
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R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

uy
Uz»djip =2 Zsj%,
PP = 6@%3
Ky = 24Zej€%§
AT R A6 A2
gi€iy1 = —1,

(4.22)
(4.23)

(4.24)

PRIz R R R SR A . L E AKX A TR IARE, SKhrah AR AR U(d) BB

FESIS TARRRRS A, SR 5 SRR RE b € — U2 SR AT IR R AR A

S5 0 DR VA T A i THT ) 55 0 A 2 JEE A

Tig = neiM;, n ==+l

PN EASE B IR W A AR RS N

eyl HoMiMjeie;
Uij - 4 Z Z S
n=£l(=+1

// // T
X .
Sin LSS l[r; — rjl

W EA AR O A A BE R A AR, e BRSO

U= U (0,055 d,5) -

i ]

HAFERBEE 45 k) LT I5E,

cyl
) _ Uy
! 00; '
P AR 7 Hessian, AT AL RERE A5

S SR emIPAEA R N =R N
U (03,055 dpis)

AR U(d)s Fy(d)'5 Ky(d) SESHZEI7 ) PRAS I .
T
U = AU

ij

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

Hb g 1ERGE— WIS 1t R, SARTEMSLH W EREIN M M1 REESEIZH EHIX 7
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£ 55 MR HFHEE

5.1 SERRJLIATST XA%R

e N MHARA RN A REE . LR ERACR XN S, A ETHERE T, U
PIRR S T 28 SCAE AR, JFLUIEAM 0, IR EE « DMHIRIZE).

0 DERERIEN
X
Pi = 0 y Xz = (Z - 1)&, (51)
0
Horh a AR RR R

BB TN 0; =0, WA RN SRS R [, WEE ¢ Suiikrhohi g
X, +1;sin6;
qz(92) = —li COS 92 . (52)

JE SCH S BB ST [ ) P R
LA RN I N 5 RS MR R &

cos 0;
e = | sing; | . (5.4)
0

el el =0. (5.5)

T R

GRERG RS ] S 2o mifh, HMRIESLIO B 5 o AT, 3 i AR R RS N
M,; = 5Z-Mief, g; € {+1, —1}, (56)

b M; > 0 N E— B SRR 1S BIRILSRIE, o Fon ettt
S AR AT REVR R A R AR (R i A, Rt

Ei€i+1 = —1. (57)
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X TR AR B kA,
g = (=1)"tey. (5.8)
(a)
a
Pi Pi+l
(b)
m; m;y
> 1<
A— e

repulsive pair

5.1: LEREERISERCT T LA Bl R A e s B D7 10 S RE B REAR () R B HE e F 2R
Equivalent planar geometry of the magnetic pendulum chain, angle-dependent magnetization directions, and
the repulsive like-pole configuration-of adjacent magnets.

5.1(a) 25t T AHABPI AN REFE B T LT DG R 26 iRk O bl Py REG. ; RERIEE
3, Wik e B 0; RSN, JRIAAS ey TEAZ o DR AR A7 A A ] IS e A Ak v oo o BRI R AG 7 ) o
Bl 5.1(b) 4 AR AR REIR R 22 2 M o 58 PR AL 7 Tl (S AR AT R A4 (P A [ v 1L AT [R) 5 b, 5 SR
R HE R B —E
TR 242 0 JE 2 43 3l A
R =12.5mm, tm = 3.0mm. (5.9)
X TAE B HRGAR @ R g o8 0o B R & S iR
dij =qj —q,  pij = [[dijll- (5.10)

H (5.2) MUN5.6) TP, 0; 0, RN SR oo o3 B AL RIAR S T L FE LR 77 1) PR e — A
PSS N
U = U (0005 dpig) . dyij = | X5 = X, (5.11)

ABEAE s s B P e 2 9 R KA piy HOSASE L3

5.2 nEL A IR EHE MRS
ST AR TLATE SR b — BT R SR AT IR (18, 6] T2 kit i

NV
~V-M; = 0. (5.12)
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R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

SE R R P R B

0
e, =101].
1
LA = £1 XP AL, S ANE N
ﬁiﬂ? = nef_
SRR LA N
Oin = Mz : ﬁiﬂ? = 7752M'L
55 0 BRILAASS n A B RS

¢
iy 9) = G + 15 e
H

+u (cosgpei —I—singoez) )

Hrp
0<u<R, 0 < <2,
AR TE A
dS = u dude:

ST WA EAEZ N, HATIR AR BRI BN

eyl HoM;Mjeie;
Ui === 20
n=tl (—+1

/R /271' /R /27r U
X di) dv de du.
o Jo o Joo rig(u, @) —rje(v, )

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

i (5.18) RN RE A R4S AIRERE. ik of BB S JasEm) R &

LR PEAL Hessian ¥4 [F]— 3k Hofl) £ 5 S 2075 21

5.3 BEEZHIBERT

ELRAE AL RS R B i — 250 (5.18) B EEHAT UL i 7. ASCE e Lt 5 5)

J15 P AR S, B BVEE #A B2 25 () AT 3 B4 E
xf TR
s=li—i
A R — 0T ESE, FLEDE BT BN
ds = sa.

XTSRS AP LR ML A dy 20 TS L%

Ucyl = 5i5jMiMj gds (91‘, Hj),

tj

Hr Gy, DAMEHRERIUTE S K po/(4r) HT-

[ B A5 K - Gauss—Legendre KA, 7747 A A2 70 % FH 45 1) R B AR AR
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(5.19)

(5.20)

(5.21)
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ds» 1E (0;,0;) “FHEN “4ERERER, FFMGERAESE BRI I B 50 = i s AL

Ga, (0:,6;). (5.22)

Il L

cyl =~
Uij" = &g MiM; Gjj—ija(0:,0;). (5:23)

ARSCAE & R BB 7 R AT AR E BN ANF o BT ds = sa SPEMSLER DR TG T
B, BBE. WA SCHIHEAN Hessian (R — 4B R BOERG . NG RO B R 5 SRR i )
TIEER A AR &, 3 UM AT R 5

N _ cyl
U = AU (5.24)

Horf, A = 1 0 BL5E 4 H P A TR RE S b € 1 RO AT PR AR AL . fE VL =-3. a = 60 mm [{JJEHE
B, HISE A = SRIREASS i E

Am = 0.473305. (5.25)

A RAEA BRI REAH AR F 3 N SEBRIBEE ) Ul 2R 2 R SRR A R . SRRl Ak 2= (R
i S 8 S RGP M, A6 BRBEAAS It — 25 B SERBRF i) L BT G A il . AR Se 48 12
SEIGK AR A oW B4R n, 2 RREHE R T B G IR Im 5 P Y, SR g 2 A0 22 J3uR &5
K 5.2 Fizs.

r. lillv In!||l‘up
112 13 1415 1
.| {

|

5.2: XA B HEMARR L IRTH L. LLFR B S M ARG AR O B E LT 7 1), R # Sk R 12
(YRS
Actual equilibrium geometry of a bifilar-suspended magnetic pendulum. Red lines indicate geometric directions
determined by the suspension and magnet centers, while blue arrows indicate pendulum and magnet
orientations.

5.2 fn, ZRARGN TR S HAAT Ui, BEAR OO B T R A B AR . X
TAIL 1 =200 mm FRFACIREC, AR Aq xRS 50N

Az ~ [sin(Agq). (5.26)

Bhn, Aqg=1°. 3° F 5° 235X N4 3.49 mm. 10.47 mm A1 17.43 mm BIK AL B A4k . AT A
3 40-80 mm R AR PR, IX — U AR 2 B R N AR (B AR X 7 B R A R B AR 5
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A IR EREP RRES — 5
U = U (i, i ) (5:27)

) )

b vy FORWARTIOAIE, oy RAHEAIE o U BT AR A% Hessian ik
Hi = ViVinlg_,, - (5.28)

NG IX — J U R MR B = 2, BORHERESH o = 60 mm. [ = 200 mm. R = 12:5 mm
tm = 3.0 mm. [E%E KR, SRS EAE MM 6, HrpO iy

p(8) = \/la + Usin 8] + [1(1 — cos o) (5.29)

K5G8 50 55— B IR R A S T A ARy, 8 SO — A f 3

U(—=6,0
Ly(6) = [U=(-2.0) ’Ucyf((), 0)?‘, (5.30)
DA% T FD Ja 3 PR 0 S — A R )
cyl _ Km(5)
'd(SzU v Lx(d) = 25 (5.31)

XN EEE R AN TR 5.1,
® 5.1: A PRIEERG AN ETRARI P BE T LT AR R A2tk

Variation of finite-cylinder magnetic potential and local magnetic stiffness with the geometric operating point.

0 Isind fmm p/mm Iy 'k

0° 0.000 60.000  1.0000 1.0000
1° 3.490 63.490  0.8542 0.7788
2° 6.980 66.980 0.7349  0.6127
3° 10.467 70.468  0.6365 0.4867

3.1236° 10.898 70.899  0.6255 0.473305

4° 13.951 73.953  0.5546 0.3900
5¢ 17.431 77435 0.4861  0.3152

£ 5.1 A1 7 PRI BAE U TAE SR B . 2 6 = 3.1236° B, KPABA
10.90 mm, WA COEFEZIA 70.90 mm, FEEF

T'k(3.1236°) = 0.473305. (5.32)

ZHUAS RS RIN Ay = 0.473305 XN [ —REWIEE R . R, B mT L, & M 0° 3
Rz 3w, H—fbiFH 1 FF2 0.6365, JRFMINIEEH 1 B2 0.4867; 2| 5° B, —FHiHt—PESR
0.4861 F1 0.3152. P, A SCSREE JLAATH BOERE TAE fUA8 4k CL 2000 B I 35 PR 35 h 22 A8 Ak

o HEEREWANEE, KB Ty (0) = 0.473305 52 6 = 5.2067°. %5 7 HBRERI X LA TAE
RUERILH AR R B 2, 1 1E RS B ST o5 BRI 1 B G35l %, DR S 8230 3 R

He ~ )\ HOYL (5.33)

B A A ST A RV RE S I B 1 E ) MG FER — R R AR T N =3 N =5.N =7 UK

20
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ANTR] 1) S 56 28 SR FH A [0 149 0 28 Ak 435 g L FBAA T U AR] RN A 22 38 7 3, AR SCANAE N = 3.4 = 60 mm
HIFEERE P E Ay BEJSIEE A\ = 0.473305, 3T N =5. N =7 LK a =40, 60, 70, 80 mm %
N RS AIN I Bh 2 it 5. ASEVEEK AN S A)E R A Sz 56 25 Rtk — PR 61X — ST R R
SEIG IR A A RREE A R <), HAMEREN
D, = 35.0mm. (5.34)
BUE A BRI 1E
pij = Dp, i<, (5.35)

JITiE SR JC B RYE N .

5.4 PEIRELEEHRL
% RPN R T PR A, (P B I o ST AL P 1 — 2 4

@ﬁﬂﬁaﬂy (5.36)

== 0;=0; 0i=-0; — U(0,0) w— U0, —0) U(o,0)

(b)

800

0;+1 (deg)

0 -~
-20 -15 -10 -5 0 5 10 15 20 -20 -10 0 10 20

0; (deg) 6 (deg)
5.3: AHSRA BR 15 AT: M A48 S o [ BE R (0 PR 3 B 35 eI B = 2 AR PRk T

Two-angle potential-energy landscape and three representative sections for adjacent finite cylindrical magnets
at the reference spacing.

Fl 5.3(0) 2 (OO y) T HORESS . AR IRIRIE pripr < Dyo NIRRT LA B 4
R, RN SBRE) A KA
TR AR PR WA R AR K L = Ly = 1

0 = biy1 (5.37)

SRR, IR LB a0 BRI T IE LA Ty T DSBS E L, BRI U (60,0) —
HOFIERSL SRR, SERPT YR R I o LB p
i

0i = —0i11 (5.38)
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M sl B, PR L BB AT B A 2 R 2B AR Ak, S REAERRI T BT S W B3 K.
RIRE S 0 = 0 BEAERTCES .

K 5.3(b) 1 EIBASE i AR SR B 5 s SRR B a5 R 22 il AT S BB SRR U
AR LRI A E S

5.5 BIREVNIREAHGIE

Phom) R @ DRARIONUR R, 1, R kT35S R A BB IR, 1 Rosilpn 02 &
REIEEE .

RGHNHEA
1N
T=2>% L6 :
5 ; 03 (5.39)
HIIHRER N
Vy = Z mPgle;(1 — cos6;). (5.40)
i=1
7E X
kgi = migle,. (5.41)
KRG —WHRE G, SEH AN
V(O N,a) = (O30 US(0:,0)). (5.42)
1<i<j<N
AHRESRRMHES N
7SN 7 74O ) 7 (5.43)
HUBFEHCR F Rayleigh pAZR
N
1 )
R=3 ; cib?. (5.44)
FAPR E R SE IR 4 4t — SR
B = 0.059979/s, (5.45)
PRt
C; = Qﬁfi. (546)
Euler-Lagrange J5 F£45 H
N ) (M)
1;0; + c;0; + mfglc,,- sin 6; + 82;7; =0. (5.47)
50 AT AR B RIRET SUIAE R
m OV
T (5.48)
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T UD(0;,0,) DA AR OTBRRATED, R (5.48) AP ILATE L1
R -

5.6 K5 E LB EXEFHIEARRZN

ST (N, a), FREiA 0+ hoES 1Tk 15 S &1
VoV (85) =0 (5.49)
T €
TEZ 187 5 8 A 3 BE Hessian
H=ViyW " (5.50)
AR PR e - 17 e 2
)\mjn(H) > 0. (5.51)
(a) (b)
3_§ 70 A / 4

65

~ 1 ~
en 1 = \ on
5) 1 g g \ )
S 2 g 60 \ 02
«_ 04 = .
N s \ Sy
-14 = 55 % 2
1 / —— N=3 \
4 /
-2 4 —— N=5 /
] / -4
1 !/ N=7 50
3 T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1 2 3 4 5 6 7
normalized site position (i — 1)/(N—1) site index i
(©)
_
]
= 5 \ e maxlgf| -~ bulk RMSO*
[} ] !
S 44 \
2l 4
2 ] \
3
<
g 24
5 27
Z e
=4 77T m- B
= e W e
ES - e -
o T T T T T T T T T
50.0 52.5 55.0 57.5 60.0 62.5 65.0 67.5 70.0
a (mm)

(& 5.4 ANEBE 5 R AL R A PRI B A i 1A 7R R R A U

Stable equilibrium-configurations and characteristic angular scales of finite magnetic-pendulum chains for
different chain lengths and pivot spacings.

5.4(a) PR E B R N A R AP EA AR . R RTAS B IR AN S L ZHOR g b
UK BB AR SR, I RATE P AN R SE Ak, DRt o U ) S R i A e o ol T S REAA
MSTFRE 1) My, A7 BREE T4 F B AS SR 36 A2 B8 T X AR o

5.4(b) #th 0F 1E (i,a) PIEAMIAG. EXLAISEVEEN, B o 8K, 288 0T M a5
(B ARl N B A R B Y, 5 IR A R LA Y B J L AeT 2 B 08 T sk 55 P e 9 — B

5E AR KT i £

o

max

= max |6]]. (5.52)
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5.4(c) It ©F,, FIGEPFEME S5 BRSO f, BT TRARI o R i i %04
RE.
5.7 ZMUSARBERES
PR N ORB S o 1R
VoV (0*) =0
WasE RarE PATHI 0%, 7ESLIHE s SLNEE)
E=60-06" (5.53)
€| RN, RIS RERTAE T A I T
v = v 4 LeTHE + O(le]?) (554)

Hrp
H-= V%V(A)‘B* (5.55)

PSS BEAE T TR RUAL Y] Hessian FEFE. HO A c iR 2+ 45 U7 1A B RS ae il 5, 4RX Ay ool e
AN A B4 2 1) I PR A T R 5
SE SCIBUE AR P AT RH JE AR R

J = diag([1,...51Iy), C = diag(cy,...,cnN). (5.56)

R HE B RITAANAT IR EESN 12 7R 15 2T 7 s BHE e R 4t

JE+CE+HE=0. (5.57)
JeBWSEH IR, B n Bifa] AR
gn(t) = ¢neiwnt7 (5.58)
KRNI (5.57), 1521 ALEAH 7] &
Ho, = w’Jp,, n=1,...,N. (5.59)

Hrr w, NEEn ICRRJE M, o, 25 HAHN A BRAEZS AR . R FHABE It 5 — AR AT HR
¢I¢J¢n = 5mm (5.60)

DRLILEAN [R) AR AGE 77 1) 72 2R P ALl ) Bt — LA L IR A2 PR A 4k
X G BEL SR A3
FlO) = “n (5.61)

noon

IR E RIS TR B, HASCRA

C = 231. (5.62)
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BT FHJBFERE SRR AR M e ], RS REAS B R I B ORFRAERE . 55 n MBS AAARTH &2
Qn +2B8Qn + wiQn =0, (5.63)
EIAER PR R 26 wy, > B N, AN JE IR IR N
£ — %\/W- (5.64)

N LEBREAR & SRR 058, A BEAEAE A RIS SO e 26 1F T IR (R 25 .

1 (kg o,
o = ot [+ — B2. 5.65
foo=g5\ 1, P (5.65)

55 n WA BREERCS A T ISR 03— siks € SN

f iso .

PRIk, A RIBE NS L AL BN (1 P AT A 2 ¥ S A |, BRI 038 AT IRBE AN AIR. o, A [A]R
M o Jr SO I SRS S IR AN A [ HR AL 0 X L 2 AL S5 RAT UL

dfnla) = (5.66)

- =] =—0—n=4 n=7
—— =2 == n=5 isolated fo
—— n=3 n=6
(b)
4.0 7
359
1 »
2 3.0
1.00 ]
< 253
LS E
075 2.0 7 h\‘\\-‘
] o=
0350 154 o= < —
T
025 50.0 52.5 55.0 57.5 60.0 62.5 65.0 67.5 70.0

a (mm)

mode index n
(=)
(=3
(=}
normalized ¢,

-0.25

-0.50

-0.75

-1.00

1 2 3 4 S 6 7

site index i mode index n

Bl 5.5: CIEREER B BOERBIA . RIS HE - s 1) R 1380 SR T 9ISZ 02 (R S
Discrete normal modes of the seven-pendulum chain, variation of modal frequencies with pivot spacing, and
frequency shifts relative to an isolated pendulum.

5.5(a) gy IR RN O AR . DU IE GRS AN RIS i T8 AR AR AL AL )
BRI -1 ASEERIZEES.

B ARP RS A SRR s R BUAIE FIMZ3h . BRI BOm N, AE F) & I 2 4% AR S
ARAL s X REANTR] R PR 4 1B 25 44

5.5(b) BoRIEM RIS HEEH N, BB BRI O B AR i, B R A AR A A B B
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B, AR RAS T 2 Kb T B IS AN [ RS F [ 35K
5.5(c) L HUMIRHRS 6, EASAH VORI SIAIEE L oM i, T R AR & 3 IR R L.
5.8 KIZBLEE5SBHXA

A7 FRABEANL ) FIR P A B AN A € (1 Mo o T EARHKBE PP I 22 (R (R, 2D 5 B LIS
—H AR EURARAE M H AR ™ M 52 B JE R A B (5],

38 51 P 2
6 =0. (5.67)
HT
Ei€i+s — (—1)5, (5.68)
AHEE s AN S — X EFE A O/ E N
UN = A (=1)° M G (61, 011 ). (5.69)
70 =0 4bE X
U
As = Te? 77 (570)
°u

Horfr A RoRER s BB JE R SRS U AR DTk, B, RoRXT MR X A S . B DAt
SRR AR) (—1)° /5.
B KEE 2tk iz B TR

&% kgl + Y [2A4& + Bo (&i—s + €iss)] = 0. (5.72)
s=1
RN Bloch %
& = Bexp[i(gia — wt)], (5.73)
32T e Bk &
w?(q) = % kg +2 Z (As + Bs COS(S(]&))] . (5.74)
s=1
Hrp
T T
——=<q= -
a a

HNES— Brillouin X .
BUEFHE AR A BAE AW RIEE S 4R, 753

1
W?}(Q) = 7

s=1

S
kg +2) (A + B, Cos(sqa))] . (5.75)
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METTHE I
Seer = 6 (5.76)
EREEKESH . HEBITPER full, 5N S = Siery AERREF LT T .
E UM 11527 45 R T iR 2

_ |fs(a) = fs.u(@)]

9s(0) f5ec(@)

(5.77)

0 A, - B

@) (b)

flg) (Hz)

0.0 0.2 0.4 0.6 0.8 1.0
qaln

A,l, 1Bl (mJ)

truncation S
—_— (8] w N wn

open marker: negative coefficient

relative error to full (%)

L B e e L B N B o
1 2 3 4 5 6

neighbor order s qalm

5.6: 51 B MERHE A [FI B AR FRLA RS S L AT (O R BN T AN KRR S 4 R iR 72
Angular couplings of different neighbor orders, truncated dispersion relations, and errors relative to the
sizth-netghbor long-range reference for a uniform alternating-polarity chain.

] 5.6(a) o |Aq| FUB] BEAE MBI PR AR RURRE,  DRIIL 2 i 2 5 4
W A OPRC RN IR R BN . XL IE 15 FOR S A Hessian [0 [0 MBS, R ELHE 7 96 1
k2 1) B A S R 5

5.6(b) LLEA[FIAR R AT 2O M Bt 28 . s A Iigs 32 B R, I NS Iz 41 = s ith
éﬂ%@ﬁﬁ%ﬁjﬁ_‘ Sret = 6 E@%%%%o

B 5.6(c). et d5(q)e A FIBEIX IR I IR BUBRE FEAFAEZE 5%, BEAE S 80, AT 4 Rz i
A1 7N i 225 G5 RIS -

5.9 AFLMHESEHEREE

LA TR AR E M B /N RIES) 7725 . X TR BRRRUf, I TRE A B 40 20 (5.47) .
& SRR T 2A TH A 24 () f A %
& =0, — 0. (5.78)

X F— R 0 B R, TS R
£1(0) = Oy, §i>1(0) =0, &(0) = 0. (5.79)
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B o 2RI BT AR . BB E O W, AR SR T MIAA R UHL bR —
A,
5 LR R R T RBRIB AL R 7T Bt R

E(0; N,a) — E*(N,a) = Eg (5.80)
S AT) 46 R AT R B 2R
R EHUEE & SN
E=T4y®, (5.81)
Wizsh i, B
dE N
- =" > b =—67Co. (5.82)
=1

st SURTRA R, KO S TR AT SIA B 5 A FET § <o 2 SO FRY &
UM (05,60 = U (6:,65). (5.83)
55§ K SOHIRS T T A5 1 R S A 2 A

1.
E = 71-92 + mPgl.; (cos @F—"cos0;)

4= Z [U(A (0:30;) = U Ne;,e;)} . (5.84)
J#Z
A 2 ~
> & =E-FE" (5.85)
1=1

TR F S U (05, 004 1 SONKE 00 FRTIHS £ 7 ORI (R 57 B U0

auy wfj’e - g
EC N T T (5:86)
HE XA
Jjsi = —Jisy- (5.87)
(R B A A i eyl e B~
i = —cib?. (5.88)

J#i

Xt T AT, SR PR B IR 20 5 S, ORI A o 0 5 AR EE 2 1] AR AR
A B A XT%*LM%M@%DHT PR O eI FH R (5.87) AHEHRE, KRB (5.82).
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£ 6 52 XK

6.1 N =3 BIRERIRBERENDF

6.1.1 imS RS SLIG W=

S IR A IR S) ) PR R A E Tl . SEIGUE FIRER 5y 4. 3 M =428, &l
[F1) B ] 7€
a = 60 mm. (6.1)
BTG, K LA 5 WS BESMI (i 125 P Ar B, JFAE B L B ey g IR DL PRSP oL
B 07 NS, WIS

05(t,) = 0 + A0, Oty 05,  Os(t,) ~ 03, (6.2)
PAJ%
O3(t,) ~ O4(ty) ~ O5(t,) ~ 0. (6.3)
BB R 53 SR PR T 220 B0 B S 30 60 70 B ) S PR AT A IR A

@ Tracker
Lit G W WE R WD )

JE At 6)

2 H| 8w | oTack @ Qren | - B W
Vomi‘“@ i e mmy o mRA[Y| A N
- ™ T -

)
tfs)
T At w)

6.5 51
3397 55
| EEQ

i A i B (f T SLHr 8 R IS, 41 shifete it o b i
1

a [

stracker [ A 18 X 1i4345).mpa |

6.1: —FREEREUN ZIMIE ) Tracker SERHEEEEIA .

Tracker image of the three-pendulum chain near the release instant.

Tracker RIS Hh A Lo AR [ 8 WA R AO7 BLAR Ay o =4RS00 AR 4 A9 s AL
SEHE, IR BB ARBARE X [ BEAT F 0L,

n; P (t) = ai P (t) = Qigail, (6.4)
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Horb @ pan SR @ A ETEAR B E X TR) Py A7 ELAR A 0 AR O B8 b I ] T LA 7 A ) 25 L
FARTHECR AR FEDWI L. BUREAR 4 BB RN IR AL =& R B BN

X3 = —a, X4 = 0, X5 = a. (65)
50 MR B A E N
oth = atan2 (X; + [;sin0;, l; cos ;) , (6.6)

L SE —SE S UM TN IR O RKP AL RS, 58 KB R PR E MR, B o EEE R 5 [

o

\
)

I

g AN E S
nh () = o (612(1) — ot (67). (6.7)

HAR 5 S E IR n; PR ORI 21y ¢, BEBUS I SO

T=1t—1. (6.8)

6.1.2 IELMERASIN 58P SLih Xt BR

6.2 25 i sUREBUR = MR RS I I &, JF FEROIS b E A IR AR S N = 3 ki
BEREHE o PR 2T BRI AR Y

O Experiment e Effectivefinite-cylinder theory Independent cylinder

(a) Early response

Magnet 5

15 (deg)

10 A Magnet 4

14 (deg)
(=3

Magnet 3

[

o 00O

13 (deg)
(=]

T T T T T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.2 0.4 0.6
Time after release, 1 — 1, () t—t,(s)

6.2: =FRBEAE a = 60 mum (1 3ty SRR TSI 6 e 82 A 7O A R [52 A A 1 B T L 56
Endpoint-release response of the three-pendulum chain at a = 60 mm and time-domain comparison of two
finite-cylinder models.
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BN ZIE, REAR 5 BARKIEFAE, Bk 4 FHGA 3 AT & B BT, B =118
EARIGIEANSR » IR AS A B E A AL AL
A AT A AT B M, BLRA I8 = $R A PR A S 5

Vel = " U (05,055 dpij) - (6.9)
1<i<j<3

PSTHE I AT B
Am = 1.
ARG I S BRI R RO 5 SR a0, HEE ., BF RS ER ARl e . DR e SO 850G 5
Vel = XV, (6.10)

HAE N =3, a =60 mm FIFEAEREF, HHEH AIEE = S0 S L [H e

Am = 0.473305. (6.11)

—HERZEZHORN, FEHTH N, PBURMERS -2 N, B 1A% 0.473305 B,
gﬁ)lfimﬁz1ﬂﬂﬁ 1.3206 Hz 2810 % 1.3225 Hz, L7484k 0.14%; . FE=N45 5 H 1.6640 %u
2.2412 Hz 24k % 1.5486 1 1.9581 Hz. 45— mﬂiufﬁﬂff}%iﬁi fiso =~ 1.3257 Hz, H:rA & Sk
SRR G, BERR A ZM AR RSN . SR 2B RS A T EE M\, BB R

B T ST AR B A
ZAEIEAAER T 0 BRI RS, S REAMALIAT 1) M; FIREFE U S B R A, J54E N =5,
N =7 KA B ] sE i 35 [ 2
A= 0.473305.

K 6.2 TonA R R BE G fillid =4 IIE I 1 B R G A TR B AR AL R R, R
S5 PR AR AR B 2 5 -

i i BRI S RN O 21 2 M IRBEARAETT 7], PR B ri B B 5 2 A B U o) - J B8
IR AR e 7 B SRR )

6.1.3 SLIAKRIESIEEESTHNE
X =ANA2D Tracker ffFELIHIE AT L EZ IR IR, 53] = AN SLI0ER AR
pr = 1.3667 Hz, §Xp = 1.5712 Hz, ;Xp = 1.9444 Hz. (6.12)

ARSCRITAT B SAR AR LU AR P 5 ST R P T 0B I (1 BELJE IR AR

1
=g Vwi = B2 (6.13)
T
ML ARBEMAT N, =1 4
£ = (1.3206, 1.6640, 2.2412) Hz. (6.14)
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KH A\, = 0.473305 5153

feff = (1.3225, 1.5486, 1.9581) Hz. (6.15)
5E SUMHRS AR 72
feff _ SXP
Efn = 100%”Tp’ (616)
n
%
ef = (—3.2%, —1.4%, +0.7%) . (6.17)
(@)
225 4 . effective theory independent theory ~ ©  experiment
g 2.00 0 0T
2
£ 1.75 A L4
g 4%
E 1.50 4 -3.2% ° ¢
(0]
1.25 A .
Molde 1 Molie 2 Molde 3
o 07 o 0
@ o ——of
1.00 o

Normalized modal coordinate

0.0 0.5 1.0 15 2.0 25 3.0 0.0 0.5 1.0 15 2.0 25 3.0
t41,(s) t—1:(s)

6.3: —IRHE R SR ASAA K S0 5 A R0 PR A AR 2R A PRAR AL o RS A B U
Ezxperimental modal frequencies of the three-pendulum chain and comparison of experimental and effective
finite-eylinder modal coordinates in the theoretical eigenbasis.

K 6.3(a) Ton ZPSER IR M HEAR IR BAA M FER I RHY . 28 MR =SS S A\, BIE,
FERZE SRR, LI SLRARE 3.2%.
NGB S BEAR LA P AL P R ARV E AR P A K, OB AL

E(t) = 6(t) — 6*. (6.18)
10A RS RE T AL Hessian 9 H, YRRy I, MITCRHJE 2ot A I H 2 2
Ho, = w2Jo,,. (6.19)

B I — 2 A
TIP =13, (6.20)
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Horr
P = (¢)17 ¢27 ¢3) .

SUG 5 RV A HUSTE R — A AE IR R N
Q(t) = ®TIE(H). (6.21)

K 6.3(c) &3 R ARIAL )y 1) L i) SR AR ARAS AR AR . —F 78 2R JA 00 A B AT 1) 2 22
JE SRR AL 84K o

6.3(d) &t 58 —ANEE = AAETT [a] BRI . PIAMEES BOE SRR Y, Seie A i 2y
AR 9 1E B35 LR Bl TR) 2240 e (e .45

HIMERT I, i ORI A A =i A7 BREEA AL T (A BAT 2N ARF B, (6.2 AR SR i ]
BTE R X A TR A B R 3R R A

6.1.4 =& BRGERIETZS M B
¥
5 (t)’ 14 (t)7 13 (t)

B LR PRSP, AT RAR]I PEAE =M% s L OIS TR s A

(@ Experiment (b) Effective theory © Experiment - theory
5 -
£
172]
2
5 4 -
en
<
=
3 -
T T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
t—t,(s)
E— | —
1o 5 0 5 10 5 0 5
7 (deg) residual (deg)

6.4: —ARATRE Bk PR SO (0 SEIG A R L AT A PR A B A e S K FOA% I AR 2
Experimental response,.effective finite-cylinder prediction, and site—time residuals of the three-pendulum finite
chain after endpoint release.

6.4(a) s =ANSRIRRE AE R U B AN R R me S 5 FIAR A 454« BERUmBEAR 5 B e IR
MR SLy B8 FE R 4 RIREAR 3 M4 NI 4R -
Kl 6.4(b) 45t N\, = 0.473305 FIEISEE R . EERLURM . M s M FF5 00 AR 4504 5 5250
G A A TR R
5 SR B ) B 22
ri(r) = n;%(r) = ni" (7). (6.22)

K 6.4(c) PIRIRZEZESLIEMAZELH, HhaEaR. MANRMIEEZS . 455 )8
R, ARt D R AR 5 S R R 2
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ZAREERTE N, TSR I I BRSNS I R SR R R SRR SR A
(] P S S P AH R A PR AE S5 UGS BB R AL I AL Fm b BE 5 1%

6.2 KX BRENIZFRIE N

[#] € 22 s [

a = 60 mm,

P N =3,5,7 =F A IREE, HT5 S8R0 )a B AUBS A0 SR RO I [ 5 2 AR (e A2 R
Bl

AN FIRER ISR S R A SRS S AR 2 My, FRORFFRER LT S5 AL S EOR L e pe A —
Blo A RMEH RIER E N

Am = 0.473305,

ZZHUH N = 3. a =60 mm FEAERER) S A =K BRASIL R E  JREE N =5 F N =7 115
B FZSEG AR RSP B TR B N, AT BB R =B 3 ROBEAE AN RV B 25 A T ) 45
R

MHEEEK N, AREFES#ESE N

V= " U (03,055 dpij)e - dyij = |i — jla. (6.23)

1<i<j<N
N
2

ARS8 BT I R OB AR A0 O 2 [ LA 4 F N = 3,57,
RESTREAATECR A0 32 10 A1 2L SIS P A5 HS KO KB SRt AT S
[l S HOL B S

Hrpaip

ViE = AL VOl N, = 0.473305. (6.24)

X FPE, B RS R B e B R AR PO R, JRAE P T RTHSE Hessian 2EFF. fifi)5
H [ — ARG A AU S A SUA LA . A (AR S AR S PRI [ o PRk = b4 22 TR] ) LA [R] S
BEHBESH . A IREED R AT E AR, TR S E S A RS R R RS —

6.2.1 N =5 HEESHITH

BEERIEINE N =6 W, Sei U I A BSOS, XTI B AT BRAE A TS B AR
Tl S=REEAELYE, TR E T 2 AR ORI KT, A B EE AT AT 3 I S HCAAE 45 R A
o234 Jime

FERRFF N = 0.473305 RHRZBEAZRRFAT, [BE S PR T 550 1 T ERIR 2208

~3.9%,  —25%,  —24%,  0.0%, = +4.3%.
H =P BRI RS AK T SE00E, BBV S sLieBoniil, BRI IRE & . FprR 2Rk

THA A2 R, BB S SCE R R RS IR HE Y . X R = SR MEE I € I3 R
BRI, VhRess I SR IR TR A 2 B O 45
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(€]
’ N=3 transferred theory Independent theory O Experiment
2.50
S
T 2.25 1 +4.3%
< *
> o
9
& 2.00 1
g +0.0%
"g; 1.75 ° ‘
s c52.4%
1.50 4 32-5%
3.9% o ¢
© o2
T T T T T
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5
(b) (C) O Experiment === Transferred theory

Normalized modal coordinate
(vertical offset)

r—1,(s) t=1,(s)

6.5: TLIREEM) SLIO AR DL A 9256 5 3R AE T AR R th RS AR FR LR
Ezperimental modal frequencies of the five-pendulum, chain and comparison of experimental and theoretical
modal coordinates.in the five-mode eigenbasis.

Kl 6.5(a) R A SEIGRSAL T4 1.4-2.1 Hz JEHl. BT =P B HEIRAR T 5208, 2B VUR ik
SEAGAE, 5 TR BRI AR i TSI

K 6.5(b,c) & S 5 BB PUIRHE R — BARAAEIE P B . HANAE T [ 25 EL AT T M (14 S 36 i
JS2,  ANTRIARE X AN R R 4R 57 6 TADRUEE, - M8 (R RleAy BR G P F) I AR e AT ko

HBE— 5 M) FH T30 38 3 [RDURIN X 1) P A S B B3E - SR A5 T A0 2 1] RO IR R T (1)
SHCT EIB LR BT LR, i 6.6 Fas.

(@)

F5HH

Experiment (b) Theory

{AITTIIN T LIBRIIEE
a |
-3 4 R 1.0
1-4
T 155 - 05
= ~
s HANMIER I 11 1 Il | 2
5] ) g
5 00 =
3 254 - T
= 5
£ 2-5 i
0.5
RN N E N R | "THEEL ]
3554 1.0
s il B 1 L1 IR 1NN
T T T T T
3 4

6.6 N,

5
=1 (s)

6

7

3

4

5

t—1,(s)

6

7

6.6: TUIRGE T RS RAAN IR I BE I A SR 06 EE A 5 B 45 2R

Ezperimental reconstruction and theoretical prediction of instantaneous pairwise energy currents in the

five-pendulum chain.

FEEAHEEER T 1o 2. 24 3. 3o 4 M 4« 5 ZFFAL AN, BEE RIARR S

BN, RN BRI ES . A EENEIE N () RE R UL EAMAE, XA PREE T e
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BAEANFIRL A 2 8] R AE B A

Sl 5 HIRAE T EAEIEIE . 2R G 9 5 % AR LUK RETR IR I 18] U BAT — B a5 AR AL
KRR AR IE H RS Mt — DR E] T, (1) PR i RIRE B A e, R YIEDE S 80T IR
R e (R I ld TR BE IS 54 . 2 () IR AN L B R s i A .

6.2.2 N =7 HEESH T
MEEKIINE N =7 1, SZIS IR B B EUREAS . [ E IT R BRI A AR X 1R 2 IR LA
—4.1%, —2.7%, —0.6%, +1.2%, +4.0%, +6.2%, +9.9%.

NELBEHRIRE, & X

N N 2
100 th _ foxp 1 th _ foxp
MAREf - N% E n exp 5 RMSREf - 100% N E (fnTp> - (625)
n=1 " n=1 n

SN N=5F N=77515E%

MARE; = 2.62%, 4.10%,  RMSREp= 3.02%, 5.05%.

(@)
3.00 1 ’ N=3 transferred theory Independent theory O Experiment (95% bootstrap CI)
2.75 A
N 250 1 .
z %
2 2.25 60
5 2.00 L °
R +4.02 o
s e
[S3) o,
1.75 4 +1.2
) 5
-0.6%
1.50 4 1% 2.7% o'¢
o2 *
i
1.25 T T T T T T T
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7
(b) (c) (d) O Experiment == Transferred theory

Normalized modal coordinate
(vertical offset)

4 6 8 4 6 8 4 6 8
t—1,(s) t—1,(s) t=1,(s)

6.7: -CIREERSLIG AN A SR80 5 [ E ST R B AE - AR 2 b S AR AR LU B
Ezperimental modal frequencies of the seven-pendulum chain and comparison with fized-parameter transferred
theory in the seven-mode eigenbasis.
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6.7(a) RIS LI R IR RIS XA 1T = EAR IR IR T S0 8, SR DUB BN

Bk, ISR T E .

FERSEFHTA A 0% P, 34 BE Hessian & XN
o0*V

H; = : 2
T 00,00; o (6.26)
W H = [Hy), WITERLR I 5 s 2
Ho, = w2Jd,. (6.27)
Horb w, Ty, 43 MR IR AAE AN ZE AN 25 (AR AL
95 Tracker SEEGLUAEL, K BRARIRZAL Wi 21 [ 5 B O I 25 18] o 285 & NSRBI
a;(6;) = atan2 (X; + ;sin6;, l; cos ;) , (6.28)
P S BRI AL Jacobian A
.| Oy
Gops = diag [39i 9*] , (6.29)
DAL S FE R 00 2 TR 4R 2 5
tn = Gobsd)n- (630)
L I AR 515 B LI B A
€, = (Aln — iBln, W ,A7n — iB7n)T . (631)
PG b SEIGHR A 1 — S0P R B AR (R )
2
’tinen
MAC,,, = . (6.32)
CESIE

Mode 1 MAC=0.982 Mode 2 MAC=0.918

0.5

0.0 4

-0.5

Phase-aligned real component

1.0 A

0.5

0.0 4

-0.5 A

Mode 3 MAC=0.930 Mode 4 MAC=0.874

Mode 6 MAC=0.898

Mode 7 MAC=0.982

]

5]

=S

S

=%

£ 054 0.5 0.5

S

3

F]

= 001 0.0 4 O 0.0 4

o

51

2

2

= -0.5 4 -0.5 A -0.5

Py

2 [}

£

A -1.0 4 1.0 -1.0 A

T T T T T T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7
Magnet site Magnet site Magnet site

6.8: LR SLIn S A B AN FF 5 B 5285 [ 1€ 2 BT # S WL 2 AR AL AR a8 A% am LA
Site-by-site comparison between the phase-aligned real parts of the seven experimental complexr modes and the
observation-space mode shapes from fixed-parameter transferred theory.
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LB assigned MAC Z)°4

0.982, 0.918, 0.930, 0.874, 0.847, 0.898, 0.982,

PN
MACyN—7 ~ 0.919.

(6:33)

Hrp s — M-S MAC $12574 0.982. H-LHASFN BAL +9.9% FIMAE
2 (AR B 5 AL R (X AR S0 22 o] A RAT ARSI B, [BE Ny JEs

N =7 SPGBV X S 2 O A A 2 [a] R

6.3 N =7 THEE/ERRELLR
£ N =7 a=60 mm %M F, WEIMSLHE bR A R IEFE A
Vrd =yt A =1,
5l N = 3 B € 1) [EE ST
V& = 0.473305 VYL
PRSI SR AR I A BR A UM%, O R i A 5

Vel = ST AU (05,055 dpij) -

1<i<j <7

@) Tracker
XfE mEE WL MUE EhA EN B

< ke winv| o wEA|v| CAE

JRE At 0)

@ v | o sl

5.700}
5.733]

5.767]
5.800]
5.833]

5.867]
5.900]
5.933]

5.967]

6.000]

6.033]

S H| By ol ek # | @ Qiw |
Bt [ =
so=| Eakie 4]
\utoskip
¥ | v |
¢ {5 =5.000s w=-02°Is
{
Al
Ly /
B -
it
&
0.332 m y=-0.393 m W A BT R (s mdE T RS AL ) |~ |
150100%B'n>;:w at1» =

6.067]

EE

74 BitkeiRs.mpd | 74i%i%s).mpa |

& 6.9: LIEAIRUBEEENLEIEE S Tracker WM,

Ezxperimental apparatus and Tracker observation geometry for the seven-pendulum finite magnetic chain.

XA A LR g,

dpij = i — jla,
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K AE @ = 60 mm FEE

60, 120, 180, 240, 300, 360 mm

(6.37)

IR R B RUEE
TERARL D) 1R
JO+CO+VoV(0)=0, V=V,+V,.
o Experiment Independent A, =1 === N=3 transferred 4, =0.473
(a) Early response
>0 \ Magnet 7 >0 \
zj_la\?‘\%yv\m@/\&[&/\/&ﬁz; N\ A A
V \/ \J N o %V v V \,4 \,g v NS \S -
2.5 4 o 2.5 4 e %o
S0 -5.0 1 OOO -
5 Magnet 6 >
0_/\/\/\/\/\ /\/\v/\/\/\/\Z'OA/\/\/\
Vvvvwvvvvvy VAR
54 -5 1
2.5 1 /\ /\ Hnanets 2.5 1
0.0 +=A /\ /\ 7\ 7\ /\ /\ /\ /\ /\ 0.0 4
2.5 V \/ \/ Vv \/ \/ V V 2.5 1
5.0 -5.0 1
5 1 M: .me 51
2 N AN DA A A
35 0 5 \/ \/ \/ \/ V/\/f\v \J \/ V \/ 0
-5 -5 1
41 Magpnet 3 41
2 1 o 2
0 \/ ) X /\va/\ 7\ f\@ 0
| V“VV VAV -
41 ' 4
I\ga(gnelz
2 4 s N
e /\ A /\ N /\ AN /\ .

vvvvvvvv\

Magnet 1

S

AAAAAAAA

%Wwvvvvvvvvx

T |
0 5 6 7 8
t—t, (s)

Qg\/ﬁc\ﬁl
000000000050 . Jo
A\
°

T T

2

0 1
t—1,(s)

6.10: LIEFELE a = 60 mum I RS RURE TS B0 M 8 N 3 ST AT R B A AR 15 [ 5 2 B0 R A 20 F) I T J L 2
Endpoint-release response of the seven-pendulum chain at a = 60 mm and time-domain comparison of the
independently calibrated finite-cylinder model and the fixed-parameter transferred model.
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K 6.10 FRAKEE LR RT N Ny = 1, BRI N, = 0.473305. JATAEAILE 2 /N liE E4s R
i VIR, [l e 2 EOT A B AR R TBUE HU A T A PN 5 S 110 3 S S AR r (A AH A7 0% R BE 43230

=S RIERUG R IHE D Tracker 2, 1% X [A] L& HI BSHIE, HIE SIS FH SEFrA7F
E ) S0 I ] B

F15 n MBS I L 5 SL IR AR 22 N

Afn = [ = [P, (6.38)
T B — RS — B A A R
App(T) = 27 A fo, T=1t—t. (6.39)

PRl b 58 B S L T IR ZE RN A S IR 22 . AL ZE AIEE 22 o 5E SRS IS RIS 22

ri(r) = ;P (1) — 0" (7). (6.40)

(@) Experiment (b) N=3 transferred theory © Experiment — theory

L

w
TR T vﬂ

T
0 2 8 0 2 4 6 8 0 2 4

Magnet site
N

t—t, (s) t—1,(s) t—1t,(s)
-4 -3 -2 -1 0 1 2 3 4 -2 0 2
7i (deg) Residual (deg)

B 6.11: N\ =7 LIRS, [ %€ ZHOTH A PR G AE R i R R HA% I A5k 22

Experimental response, fixed-parameter transferred finite-cylinder prediction, and site—time residuals for N = 7.

B 6.11(a) JRAR-EAN S I T I 2R, AN R A5 S OB T 283 1 LA AN [ R 2 AT
(R 454 o

B 6.11(b) 45 IEES BOTALEIE, I TR YIAIR 5 0 2% SO R SE0 AL T ARSI AN T RUBE

F-6.11(c) itk BTSN IE AL . B 6.7(a) A idE BRI TE 7 20 AR A 22 7
PE TR DR AU A R I R SR A [ T R R 2

EAATRRUR R SEIRBAE SR, R RIER 22 UAE Tracker B A7 I 5] X 7] 52 o

LRty N =5 fl N =7 B8R, ERRBA [RPIHEE R, BE Ay, = 0.473305 HOF FRIEHASR A8
{26y B B 0 1 BB AU S5, RIS B 247 O B 5 I B ) AR SR IR A 2

6.4 ZE 58

R o U AR R R IR A 58 08, k0 B3 AT BRI Y A 545 £ 148 F R BT 1) A
FE R o LR EEANHE L S A B SRR R FE AR YT, REAR AR LR BB BB O, AT U
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WRAE I H RS AT SOt 4 (2, 3, 4, 5]

ASCAE AL AR B A IRAPAR RS RE, DR ) PR 4K 51 R F B SO 7 25 S REA A BR 15 A

WY, FEAES) )28 AR B AR AL B AR ARG R 5 (6]
A [
N =5,
MR EX
a = 40, 60, 70, 80 mm.

TLRBEARI) My~ Teges kgs B R URT RS ST RIAL R E 45 2R, A B R RfF

Am = 0.473305.
VO E BRI A S 5 S50 EH i T
6.4.1 [B]FESLMELINE
WF5E a0 HEBERGBHREGN
5
:kgz (1 — cosb;) Z UCyl (0;,05; (j — i)a),
i=1 1<z<]<5
/\EF'
0 = (0r;02,05,04,05)".
TLAEEER .
<2> 10
ANHEARIT SRR

A 8] B R ST SR R ATl R 2

VoV (67(a);a) =0,

FEAEH ST 1l s o H 5
= 90,00, gy
i
H(a) = [H;j(a)],
TLAB R PE R
J5 = Legls.
ToFH e 1E H A 2

H(a) ¢y = wy(a)5 ¢

5 SRR G AR EL R H .

fitMa) = ——/wi(a) — B2.

2T
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(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)
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MR SL AU S K0S 2L B JE 4% 25 4

1 kg,
iso = =1/ — B =1.325738 Hz. 6.50
fio =5\ 7 =B z (6.50)

BEE o 39K, A PR WA AT A A B A i A< RO BERE R > B 0EINTT T B%, DRI IR BRI 4 2
FUPZETR N RSSO SRR T, SRS A B RIS EORE R fisoo
AN REPTAEIR AR . Ny = 1 XN ARE A IR, [ i AR

Am = 0.473305,

FFAE DY B T BE T ORAF AN

6.4.2 SLIGMN SHEATEK
TS Tracker JHIE 53 5K H L AR B 2 X [a] a0k,

() = a7 P (t) — Qi gail: (6.51)

K 6.12 5 HREUR T 8 s [ TLIR S I 23 Y o

(@) a=40mm (b) a=60mm
519 I 1 4 \
[ 10
Rl | L | ol
B
| il | .
£ 1 g
52 ] -5 T
o, \ =
I » | g
14 =
. LA :
2
d o S
(© a=70mm @ a=80mm E
2 1l ]
1 y D E
» i . i =
27 TILLLL
@]
! g
E & i1le
5 2 \ » ]
~ 4 u
-10
! '
0 2 4 6 8 0 2 4 6 8
t=1,(s) t=1,(s)
Light gray denotes missing Tracker samples; heatmap interpolation is visualization-only; color scale is clipped at +12°.
6.12: PUFpE: sl E T FIBREER UG 1 04K Tracker B0 BRI S8 — 1 £12° by, RAKIXIRFRERE

FEAR.
Centered Tracker spatiotemporal responses of the five-pendulum chain at four pivot spacings using a common
+12° color scale; light-gray regions denote missing samples.

fE a = 40 mm B, AFEH SR SEIRAE 5 b RN AF R VE I R G I TR R . B o 600, I
R GO LA L (8] RBEEEHTEIL . XA IB R B B R L S i — 2B e il
FuA SR E A P 3L TS IR A B R I S R S0, BT 1005 A B AR A 6 DL PR
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F*F. 135
a (mm) | fi f2 f3 Ja fs
40 1.3793 1.6509 2.1442 2.7167 3.3025
60 1.3753 1.4586 1.6644 1.8866 2.0886 Hz.
70 1.3885 1.4286 1.5481 1.6843 1.8042
80 1.3882 1.4065 1.4816 1.5688 1.6488

TE T RS T 5
W(a) = fs5(a) — fi(a). (6.52)
Wexp = 1.9232, 0.7133, 0.4157, 0.2606 Hz, (6.53)
I3 AT B

a = 40, 60, 70, 80 mm.

M 40 mm HEHNZE 80 mm B, SZIG AT T B 46N 86.4% .

(@) (b)
O  Experiment: joint raw fit == Experiment
4.07 Fixed transfer, 4, = 0.473305 [~ Fixed transfer
Independent field calibration, A, =1 N 251 Independent
....... I 1 | m
3.5 solated damped pendulum ~
. £
£
~ 4
< | 2.0
Z 301 g
g =
g = 1.5 1
5 2.5 z
=1 5
= g
© 1.01
2.01 =
=]
s ; 0.5 1
=
T T T T T T T T
40 60 70 80 40 60 70 80
Pivot spacing a (mm) Pivot spacing a (mm)

6.13: T4 39245 A PR A B0 RO S A7) S M AR 5 B o AL PR AR AR 4
Modal-frequency branches and modal bandwidth versus pivot spacing for the five-pendulum experiment and
finite-cylinder theory.

Bl 6.13(a) BRAFEIRERN o BIZIREEAFE. ISR h
3.3025 Hz

NER
1.6488 Hz,
BN 2 1.38 Hz /MEZEL .
DR G E 2 S8 DX TR) P, A0S WACAF 2 AR IUAE Hh v 20 SRS 1 R 3, SR04 S iR AL R
FE R BRI
[#] 72 JE A A5 AL AE PUAN ] FE R 3R H

Am = 0.473305.
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SE IR AN IR 22

tr €Xp

£ = 100%"— 5 —. (6.54)

n

POfra] FEAL 20 AN SEER A AR 1)~ HE X X 1R 22
MARE; = 2.85%, (6155)

KA X IRZE N
max |e ;| = 5.42%. (6.56)

PRI ALE A B2 Tracker W Jacobian BLSY S5, S5ZIGEMSIITE MAC BX, 5E8E XN
MAC FEFE LI % G

()

Mode 5

e
S
5
Mode 4 E
>
15)
=}
() g dit threshold
- au S|
S Mode 3 g ........................................................................
= &
=
&
v
g
Mode 2 £
7
B
B
= ~O= Mean assigned MAC
Mode 1 ean assigne

=} Minimum assigned MAC

40 60 70 80 40 60 70 80
Pivot spacing a (mm) Pivot spacing a (mm)

6.14: [i5E ZHOT R AR RE PP B i A1 EE T A0 AT 1 22 K BB WL 72 ()RS 5 S Bt S I 6T MAC
Relative frequency errors of the fized-parameter transferred model and paired MAC values between theoretical
observation-space modes and experimental complexr modes at four pivot spacings.

fE a =40, 60, 70, 80 mm I, “FIEXT MAC 73514
0.991, 0.962, 0.954, 0.848.

Hrh g = 80 mm i, ZF M IR IECYT MAC 43312108 0.672 F1 0.736.
IS T P 9 ST A 2SR R A Ay

A fi2 = 1.40653 — 1.38817 = 0.01836 Hz. (6.57)

BN IR 45126 (RIS 5 5 AR SRS MAC [T B, DR A (PR Y LU e 7 4 A il
PRI AAE 775 [ BRAR s 5 DU OB MAC WA A0 37 F) 725 ) R 2 s 22 10 5%

A 6.12-6.14, TSI TLH AU BE AR RGN B AT, [EE A HOA PR IEAE SR ZS A 9
AR YS R OR B A 2 R RS AR TR ZE A 9 AR A 0L T R 2
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ay
-

5

e
B %

gLt

7.1

TE RESMEIMAEEEN

ARSI E . WAz BLES BN TR 1 3 B 2RI AT e A A
FEVFRE R A AN B 267505, A BAHE R R ER NI . W8P o Sttt 8 Bl & Gt 3T
AN RE B A AR BE AN ) R S QRN BORIR IR s o X T LR SEPRIAAR 18] ) 22 5, AR SO
R A BRI L, JRAE 24430 ) 22 vl o A A ST I REAL 5 L. MG IR X — 2 5

T HEREITE &
% TR B @ () n YRS IS, RS A RN 74 5

R B e
T=— ;xl, Sy = \l S ;(xz z)2. (7.1)
Yt E N E SN ESER, A BARHERTE RN
Wn(z) = % (7.2)
LA IR K RVFREN A FERAER AT, W B RARAEATEE AN
Ay
up(r) = % (7.3)
X TN R g BT B, S NEEN £q/2, HHNE B BbREATE N
_ 1
uByreS = \/ﬁ (74)
LR y = flar,. o Tm), FFTUZEE SN EZ MR CHE, — B & bR AN E BN
m a 2
CURDS (52) s (75)
B Y R E FER, ARSCRH
U=ku, k=2, (7.6)

XN Z) 95% 78 75 K.
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7.2 WIANENTHEE SHLRB SR

7.2.1 $HI B X7 BEE

iR A TD8620 Rt il &, AR BRIy £1% . B ZHE AR N oK SLVFRZE I HZAE
o ATALER, R ARRT B bR UEAN 2 N
0.01

up,(B) = 7= 0.005773, (7.7)
HIESpS]
upr(B) = 0.577%. (7.8)
W k=25, MY RAHEEL N
U.(B) = 1.155%. (7.9)

CRBIAALE b = 0 I - X0 %l 17 B 37 e

B. i = 92.112mT" (7.10)
A G R 1 3] 0.01 x 9265
up(Bapk) = ‘Xﬁk = 0.532mT. (7.11)
FHRLI 9 EANEA € FE N
U(Bs.pk) = 2up = 1.064mT. (7.12)

PRIE, AT NG TR B P I, e R 37 W B PT om O

Baplo=(92.112 £ 1.064) mT, k=2 (7.13)
12 [ 37~V Y WeAE Dy
By.pk = 37.879mT. (7.14)
i
up(Brpk) = 0.219mT,  U(Byp) = 0.437mT. (7.15)
(Al ik
Bypx = (37.879+£0.437) mT,  k=2. (7.16)

7.2.2 LB IREREIE

BRI B A W BB B, BRI E . m RS bR A E B 5
ulr)s u(h) A w(9), W S REEH A BRERAEAH € TS N

uZ(B) = uh(B) + ((?7?)2“2(7“) + ((gf)Q“%)

+ <g§>2u2(29) + Upep (B).

(7.17)
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HA e (B) FonFl— A ERHZIWEF LRSI HE . AT sLiicsn] U EE BRI &
PR B 2K, HRAE SESTREAER (7.17) o, T Ul W70 & b WA 7 1% 22 i A% 4

/
'Téo

7.2.3 CREAFRIHIAEEIE
TR A KOy 5 mm, EAERBUR HG R KAE 2 2 BRFEAL B R o A X R DR A
FEWE B BRI =AMARAR ) I A IR E, S5

B(r) = ar®* + br +c, Tpk = f%. (7.18)
CRBLALE h = 0 AR R IEESEA LR 7.1,

k7.1 BRWAALE b= 0 I (LA (8 5 AL .

Magnetic-field peaks and corresponding radial positions of the seven magnets at h = 0.

Eﬁ—fl:'ﬁg TB. /mm Bz,pk / mT B, / mim B’I‘,pk / mT
1 9.394 87.509 13.942 34.922
2 9.526 61.692 11.665 32.994
3 9.320 101.983 11.173 38.245
4 9.297 87.634 10.541 44.691
5 9.434 106.189 10.648 42.700
6 9.463 105.954 10.927 38.605
7 9.862 93.824 12.678 32.994
WE 9.471 92:112 11.653 37.879
FEA b1 22 0.190 15.582 1.245 4.596

S i R4 i VR AL 0T A 11 22 S 2R 0]

15.582 4.596
=16.9%, CVp =-—"" =12.1%. (7.19)

CVp =
B: = 99112 37.879

IS PR [ A AE 7R 75 38 - RO AR PR A 5 2

M; = (376.0716, 337.7114, 447.5570, 434.1561,

(7.20)
451.2323, 440.4404, 410.1925) kAm™*.
HAPIIME . AR 22 A1AL 57 R0 N
M= 413.909kA/m, sy =42.604kA/m,  CV, = 10.3%. (7.21)

DL AR AE R I VA R REA G SR L E XA AE M A M ZE 57 o AR 720 5D R 45 i Ak ST
(10 M 5 S P AR 18] ARG 5 22 57 ELFR E AAH LA TR . 3R 7.1 P IOREAS AR 22 ] T HE AN R AR 2
IR HORE S, AN TR AR E TN A SARHEATE L .

7.3 PHEEHHNIHMERE
PP [ RIS T IR IR S R BT SOR e %

A(t) = Age P (7.22)
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it 108 31 W8 ) 1 0
B el 3
In A(t) = In Ay — St.

RAERTSCIHE BRI A IR, BHIER . P IRE 1 LU LB 73 0]

B=0.059979/s,  Ty=0.754297s,  R*~0.9986.

XA (7.23) IS, &
Yi = In Aia

Sy_\/Zz 1y'L 7»

R RII R, 3o A JShR ST & 2T R SbRiE 12 15 5

HAE R ZEIEZEN

Sy

St — B>
MRYE A SCIH R 3 R ah I BRI Gt 45 %, THIE B UEARTC LN

ua(B) =

ua(B) = 4.52 x.10=4 s71.

KL ILARRS A SRARAEAH € N

452 x 1074
uar (BN 5059979 %

CE
B'=10.059979 + 0.000452) s_l, lo.

25 95% KX AR R A
B ~ (0.059979 + 0.00090) s~

BHJE IR AR N

RN T, = 0.754297 s 1551
wg ~ 8.330rad/s.

wo = /w3 + B2

wo ~ 8.330rad/s.

TE BRE [ A1 A i 2

KRN Ty 1 3 153
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(7.25)

(7.26)
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(7.33)
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T wo(Ta, B), — B ANE FEAEIE N

2(wn) = (?}3)213@) ¥ (%“;)Qu%m

(7.36)
an2 \ 9 I3 2 9
- (o) wm+ (5) #or
AR A RS R
T = 4.1889 x 10~ kgm?. (7.37)
H
kg = Lol (7.38)
A A9 5 152 B PR A O At A 5
U(kg)>2 _ <u(feff)>2 A <U(w0)>2
< , =\, + o g (7.39)
FiTERR B RECH
¢ = 2B, (7.40)
Al it

w(@)\*  [(u(lr)\? u(B)\?
(c> = (ﬁfeff ) +<B> . (7.41)
BHJB#ESLIS T R? ~ 0.9986, it BH 8 Fs il B 2 5 0 5 4 18534 BT R S 36 IX (Rl AR i B 4% . BHJE
RIPHNT A BERAEATE LN 0.754% .

7.4 Tracker AENENHEE

Tracker 3 H A EEBIR R 2 0.1°. Br o420 B RbrMEATHE N

0.1°
uB,res(H) == \/ﬁ

SE R MLIER 7 [ I L B AR R 6 B o VR A AN SR B ™ A R B M AT AR IS S ik i R BL
SR FHAR QBT 70 A T B MU EE (9 G T80 -

= 0.0289°. (7.42)

Std[ei (tk+1) - 01 (tk)]

i(0) = . 7.43
uai(0) NG (7.43)
L0145 2
uai(0) = (0.057, 0.161, 0.184, 0.097,
(7.44)
0.265, 0.395, 0.073)°.
LA E A AL ECN
7a(8) = 0.161°. (7.45)
TR AT H T Z 800 2-5 SRR IEIETS 2
wai(8) = (0.097, 0.089, 0.093, 0.064)°, (7.46)
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Hrh 2k
a(0) = 0.091°. (7.47)

RE Gt Tracker CEALKIM P I BTG, Hoh Q205 80y A Bl (52 . [
A BRI I3 R R S wa (0) FAIA SEPRERERRIAT ,  [RIN SRS 0.0289° H 7 7r HE RUE .«

7.5 FRSMEBIRFREM

ES BV RSP ST E S5
N
Z [Ain co8(27 fnt) + Bip sin(27 ft)] . (7.48)

FERFR S IMIEIL A — 2 f,, B T ORISR X A], AT DA TR R 43 %o i 7] B 326 4% O A
A, BEERBgTHE R IE 7.2,
R 7.2 CARBESIIA O I 1A AU

Sensitivity of the seven modal frequencies to the fitting time window.

A fo/Hz  uwin /mHz  MEXTECR [ %

1 1.3847 2.719 0.196
2 1.4623 2.387 0.163
3 1.5284 1.817 0.119
4 1.6741 0414 0.025
5 1.8242 2:135 0.117
6 1.9910 1.125 0.057
7 2.1253 1.752 0.082

FES BRG] BV E N, CHBSRIR G TR 28
Ungin = 0.414-2.719 mHz, (7.49)

X AR RHE 29N
0.025%-0.196%. (7.50)

ARICIBEE TR R Tracker 7415 Savitzky-Golay T8 7 453 B FI LR . S KPR AR (L
|
A fsG max = 0.424mHz, (7.51)
FHXT A 2975.0.03% -
7t a'= 80mm I, H/NEIGHSIFELA 18.36 mHz, iR T AbBE 5| 2 1) i KAL) %A
ki 0.424

—2  9.31%. 52
1836~ 31 (752)

AT, FEZATAEER R, P8 75 SN & BOL A I R & 2 AR AR A B IR FRAE BN R
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B SIEN S5 A
fo=Fn(My,...,My, a,li, I, B, Am) - (7.53)
WA SER A & p, AR R X, W —M A E LTS
u?(fn) = VpF V. (7.54)

AP . WEAR AR ] Hessian AMAIESRLIEMASHAZ . £ — LT 2S5 HAH
AR, WA S BT E R 2 s ASECH MR

p®) — ¢ — HE) 5 f6), (7.55)
Lk LSRRI EE, {0} ARSI AT T E . R 2.5% f 97.5%
SALEL, PTRIEZ 95% BB TR X 8] o
7.7 RESETHMEELR

Bl S0 Bt R LR R AL 0 2 BN 8 P SR RIETE A T8 7.3,
*® 7.3 LINME. SHUNE R B I EZRERE .

Main uncertainty and error scales in measunements, parameter identification and model comparison.

TiH RILEE R S

R B AR MXHME 0.577% HFRAR 1% R ERAE T AR5

T F

B, W{H up = 0.532mT k=2 B RAHEEN 1.064mT

B, W&{H up = 0.219 MDD k=2 WY RBAHEEN 0.437mT

Ltk B, WBHEH s = 15.582mTy CV = -bHeszBrmbik 2 8] ik il 2= 7
16.9%

LHitk B, W& s = 4596mT, CV = -LHSEEREERZ (813 R 16E 2 5
121%

WAL AR M; Sir = 42.604kA/m, CV RW-GHHEAK TS B SR
=10.3%

FHE% 8 B = 0.059979/s, ua = AKX A FHARHEAREELN 0.754%, W& R® ~ 0.9986
4.52'x1074/s

FHJEH= 5 J 1A Ty = 0.754297 s KT R RS20 24

Tracker HUE 5 #E% up =0.0289° B 0.1° fA % o 5.3

+3#E Tracker F& B HLAT . 0.057°-0.395° HiEEH A A2y 0.161°

Tk Tracker B 0.064°-0.097° VYN s TE 1) oA 328 10.091°

R E DU Y 0.414-2.719 mHz FHXF G- BT 2908 0.025%-0.196%

SEHTAL IR AR AL %K 0.424 mHz HIXTARZ N 0.03%

N =5 BEHRME  MARE = 2.62% RIS HEAS 5 SEIGAR S 2 (R K- P 3 AR 22

N =7 HEMFEmRE  MARE = 4.10% B BLAS 5 SIS 2 8] AP A SR 22

PUBREIFELL 20 PMEA  MARE = 2.85%, kiR [ S B R 7E AN [R] 8 i (8] BE N 1 T % 22
7= = 5.42%

ZEA UL BEER, TD8620 4F b ihf N AIAHN B AU EE N 0.577%. -LHRIAR B, Al
B, WEHA 53 25050508 16.9% 1 12.1%, WiALSRE M; BB R RN 10.3% . X887 5l &g ik
PRSI M; 33 NAG BRREIEEE B S 2245 R
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TRz, T B L hk 22 AN e AN 50 A B 2 HH I G T i s R

92



5 8 = R EmiE

\nix

8.1 FE&p

AL B GAT BRR ST R AR R AR R ) AR R A A %, 7 1 MRk 2 il ) 1 380 A B % 1
PR 25 5 3 s BTN 1A S BB A HE S . CHRREAAR Y@ — 4EREI7 R MO bR, I AR A AR B IR
SEFRPEARAEEE, FERERHRTS IR 5EE gk S T ARG 3 SR sl )5 . Dh— S REACON R HE R b
R, EARSEBMEIN, MEEREAT R? = 0.6789. RMSE'= 7.023mT, H5JHiA BRI
FEREZY ) R? = 0.9833. RMSE = 1.602mT; TEASCE X p = 2R Bl T4, sSBERERE R?
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PR (R B A SR AR T o 43 A AR AR S XA R A RO BB A 7 1), DRLBRRE T ST HE S B LA R AN
T P M ) Hessian 2 [Rl— /NS H R HAS 2. B Hessian 2571 SUARAE ) @i 2h A BRBE IE W
BEZS, A — R ek B AR St 77 18 F T URE MO I I S A, AT AT ER A T4 . A (Al 4R AL AN
WA 30 15 B G — I AR ELAE FH 44t
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R s B R G R S A A5 M ) B R . o A 40 mm B % 80 mm B, 5L
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AR AH ELA'E FH AL P i) S (A OC 2R R SR I HE B R & R 99 T e 4 i Ay, DRI A PRSI 20 2L A0y 5
FEE RN 0 ) A ] DA T35 i 2 1 ) AR 70 29 3 ek P[] — R8T BR A

ENS@INE S C IR R
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X BN B AR AT B S (e . A BR RIS A IR 24450 D) 2 e ok, Jhilid A R i
USSR NPTy I RN D e eh eSS 2 L o
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FAEN Ry IR AT BB, FERNLE ERRIBRTE - — o AP AR R IR K

2
dB, = podI R .
2[R2 + (z — 2/)2)¥/

(A7)
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RN (A6), FFUTEIFEEE

_tﬂ < o < tLﬂ
2 =7 =72
Moy, 1335
. 2 tm/2 /
BSXIS(Z’) _ poMR / dz 7 (AS)
2 —twm/2 [R%2 + (2 — 2')?]
4
u=z-—2, (A.9)
A .
U u
= A.10
/ (R?+u?)3/2  R2/R2 4?2’ (4.10)
AT A5 BB J AT o0y A A
B () — oM Z+ tm/2 B 2z — /2 ‘ (A11)
2 VR A+ (+tn/2)? VR (e ~tn/2)?

(A1) TR T BREAT RPN IRITE, If g 5 S R PR AR » = 0 260F T 1t
PR

A.3 SZWEELIRSH BT

SS9 448 ) 44 S B G B3R TR SRE o TBSEIR LR BN h > 0, 28 @ SREAATLIZ & 15
B0 ML BN 20,0 0 RORS TR T LA A O B0 Bl 7] A2 D

Ze=h+ 20+ %n (A.12)
B (A12) RN (A1), AFBNEE ¢ SRR 2 07 el m 3%

_ woM; h+ 20 +tm h+ 2o,

Baxjs h - ’
2, ( ) ) \/R2 i (h + 204 + tm)2 \/R2 + (h + ZO,Z’)2

(A.13)

20 = 0 I, b= 0 X NLREAR 2T (1 Fh 2k {07 &

30 (A13) gyl R gE TR ] IESCR BN M; thZ2AS (r,h) LEAR B, 5 B, HdEk
EfE, SERRILESR AR e A S R AT IRIAAE s 20, AR A7 I 5% 2 B0H] - H B ) 2242
PR AR

A 4 VEIHR RS R ERARE
FE S ST A B ARURERE K/

p= MVy = MrR*ty, (A.14)
Horp
Vin = 7TR2tm
AR

61



R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

2 DALG AT mvC D TR AU 0 P 2 36 A2

2| > R, tm, (A.15)
X (A1) fEmgETr, HsEM JEF TN
axis H MR2tm -
BI®(z) = S 5 +0(=7), (A.16)
R
axis ~ Holt
B¥(z) ~ 93" (A.17)

X (AL7) SHFEN pe. W RREENER Y — B P S REIRBA 45 73 S A A7 BRI A 41
W EARHT I T (18, 6].
IESCRH
p=>2R
VE NS HHE ik BUT 40 & TR BRI R, AR F 2 LU PR B AR A 1Y 5 AR AR Y A R
[A) RUBE T IR S B e B
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N0

S S IR EER

ik B BIR

Lk
At

% B 5 eh B LA (10 1 Al 3 R ST PR B ST REAC IRAE ) R RE Y, B R S ROR T s AR s
Y B R A 7 20 (0 R A 2 18] PRI REAE AR F B« Vokoun S55 Bl i R . SPAT Al 2512 T A PR
FOT WS AR AR FI3EAT 10047 [6]s ASSCERBE P KRG SR M A8 sh, ARRIM 1455 el b e R A7 R 4 15
DRI JIRCRER: 37 5

B.1 BRI ST

FIEFAEN Ry BTN T WEBEDERTIE. DBEIA OO R SR R (r, 6, 2), 78 AHIRIAR
AN E e
,

K=
(R4+7)2 + 22

(B.1)
BRI R AR e XA

F(k)= " v (B.2)

0 \/1-1{:251112@[},
w/2
E(k) = /0 \/1 — k2sin? ) dy. (B.3)

XH k ZRRA B EBUER S m = k* fEABERRE, RN (B.1) 4K

>0 Hpm AT EARRLZ L, B REn 8l

K171 53 79 s 2 o
B = T 09+ (= B0 ()
FERNZR r =0 b, BRI B 2
BY°P(0, 2) = 0, (B.6)
Y3 IR

loo _
BP0, z) = —2(R2 eIy
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HUASEIAHAE r = 0 HHRA A (B.6) A1 (B.7), @A fEH& R 1/r FEihgii.

B.2 BIREHEHS
T35t A 0T P08 T DA 0 LR 7 [ HES1 ) T 3 . o

dI = M d7/
BRI REERA RS ERS &
B (r, 2) M/ BIP (1,2 — 2/; I =1)dz' (B.8)
tm/2
tm/2
B (r, 2) M/ B100p (r,z—251=1)dz (B.9)
tm /2

JEFERR 5K Gauss-Legendre K. & x4, w, NXIE [—1, 1] -ERT S S5E, & X

%= 5 o Wi = 5 Wa (B.10)
F i
Nq
Bglyl(r7 z) ~ MZ Wq(Z)B(IJ?Op (T,Z N z(ll; I = 1) , o€ {rz}. (B.11)
qg=1

i (BA1) A FiHES S AA IR 4 2 0, JF 5 E— S s @ 0FE r = 0 260F T
HA%%

B.3 IBiPHiiHS SCIu i E 4R

X (B.8) M (B.9) 45 AR RIS R IG5 . T8 @ BUifk, Scieds )Omi B
h X 8L ) R A AR A

t
Ze = h+ 20, + ?m (B.12)

% 18 Hall IRMUEHADS T 2R (r, 2) TRENAEMZE O TG RBICK D ERNE
A

Bmgas —

Bﬁyl 08 Oeff,i — Bgyl sin Ocgr ;| (B.13)

1 1.
BY = | B cos gt + By sin Ocfr ;| -

(B.14)

$orp B AN B IATE (r,20) MM BHL 20, B Oogr RN B ALKRSC R, 5 SRR HEAR B 0E A
KW EB 2N M; VLSRR LTS5

64



R SRR REAR ELATE B0 A A iR B 5 0 S SRS AL

B.4 BEPRHESEESELTE

RO MR, BEALEIEN
X
p=|o]|, (B.15)
0

AN S VA W
X; 4 1; sin 6;
qi(0;) = —ljcost; |. (B.16)
0

SE SIS AR 7 1] ) B R B

Sin@i

ey: —cosb; |, (B.17)
0
cos 0;

e;j = | sind; | . (B.18)
0

N O (B.19)

KIS E N, BRI AL TR P IA TR B SRR T 5. 28 @ BRI R ES N

LA Ia 0 - N 5 R AZ A R

AL

M,; = az-Mief‘, €; € {+1, —1}, (B.QO)

Hrb M; > 0 NHHARBIZ M E S BITORE, o Fib 2R IE.
FH QBRI TR AR AT AR FRfg B, PR

Ei€i+1 — —1. (B.Ql)
PR AE B A, AFER
gi = (—1)"tey. (B.22)
50 YA REFE RN
i = M;Viy = MywR*ty,, (B.23)
FH N ESE R BN
i = si,uief. (B.24)

B.5 AREEEFHEEIERRE
T SIRAL A, SRS AR (18], 5 SRR

Om =M -n. (B.25)
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B S REA A AR T A
TEREAR N BN ZE o B I B SiH 2
M- -n=0,

D AP S5 RS 3 A A A [ S T
L n = £1 FORHEE « FIANIRIE, ¢ = £1 Lok § KA . AR SNE R 7 5o

Ny = ne;, njc = Cej‘. (B.26)

ity [FL] R At 55 55 Sl
oin = neiMi, oj¢ = CejMj. (B.27)

S XHE TR S 1 1) AL R
0
e.=0]. (B.28)
1

FEREAR @ B3 Dol ERFABRARIR (si, ¢q), FHrb

i 1A 7 1) 5N
=q; + 7776 +.87€08 ¢; e + s;sin¢; e. (B.29)
FAUIH,
Ti¢c=4q;+ C + 55 COS @ e| + s;singje.. (B.30)
A TT 779
dS;= s;ds; dgbl, dSJ = 38j de d¢J (B.31)

X T A AN B 2B (ARG AAS s 9 AL 3R T W A 2 ) )58 R 0 REAS 2

MM poMiMjeie;
s Hrlﬂ_rJCH

n==+x1(¢=+1

i (B.32) HEREREAIRAR. AIRIEE . BRI SRR ERRE I M R s LA
TG B S DG A, 538 P
Xt MR EE, | e B E B s &

dpij = |X; — Xi| = |j —ila. (B.33)
R SNMSEE EfG, WIEHFHEHN
U = U (05,05 dpij) - (B.34)

57 AL PR AN R S

pij = 114;(05) — qi(0:)]] - (B.35)
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AR 20 piy VLS PRBERAERS T oD B, PRI (B.34) — FBCORAr XS JEE At o
PRI R [E 8 HLAH ELAE A R AR O B RS B R R R o, A AT — 2D A

Uij = Uij(pij)

¥ HAAS R o

B.6 U4EpRER 778 ES UK

X (B.32) BEMA BT ERPU4ERR 7 o BB RIA2R R 7R Gauss—Legendre 3K, 77
A7 AR R FH 45 ] i ] SR AR
¥
€ [0, R

BN BIARAEX ) [—1, 1] 4 2, wp, N Gauss-Legendre 5 fUFIALEE, NI

sp = g(a:p +1), W= gwp. (B.36)
T3 LA RE )
mq
qsq_m? qzoade)_]-u (B37)
JE BSR AL )
(I T
W< N, (B.38)
S FAE R AL R f(s, p), TR BHCN
Ny No—1
// FasS=> "N WiW s, f(s,, ¢). (B.39)
p=1 ¢q=0
SE SCHRL R B A5 ) T AR AL
Wi = winw@s,, (B.40)

¥ (B.39) 2ol S H TP i e, =X (B.32) BHECN

Ucyl /,L()MM EzEJ Z Z 77(

n=+x1(=+1
Ny Ng—1 N, Ne—1 WS )
I Wog War (B.41)

uv
Tzn J:¢

p=1 ¢=0 u=1 v=0

12 B G R 79 AT R B T LA A2 4 KA B A

B.7 BMEERSESMHE

FEARZME ODE fft— M AP B A THR A (B.41) tHHEEBOR . A0 5256 5 BLg T 5 rp sk
P BB R dp iy 3 TS PR IEAE LT -
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St FEE—ANEE R dyijr BB AET
0 0N € [—Omax, Omax]s (B.42)

SIRTRC
U = U <9<a>, o). dm) ' (B:43)

)

REFP XA SERRAE I d o5 @SBRI, RIsh 225K T R AE (65, 0;) “FIEAE T — 4k
M, AN B e T A .
B, T N =3\ a =60 mm KA, IfEEssE8n

dp = 60 mm, 120 mm. (B.44)
T = N M a, FHEESH
D(N,a)={sa:s=1,...,N —1} (B.45)

Wiy HEAT LR SRR, R S0 T AR 2 SRR S A e B
PERE— AN dyy HOREETI b, S — 4 = VOB S MR 38 B 5

U (05,053 dgiay), (B.46)

FH ] — JA 1L B ¢ -
aU;jy1 anjyl

~rcyl
< B.4
Ui, 50, a9, " (B.47)
LR ~ N N
205" U U
) o 2 (B.48)
062 " 00,00, 062

FTA i S EA LN Oy B AR . B3 RE . ARERIERE) ™ SUAEMZ AL Hessian £ ][/ —2H — 4k
HuedilE, HARED 5RPUCESER R W C.
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R C #HFEFH. Hessian SHIEWAE

ASH g AT IR I B FRAE )y 2 P A B3 RE S 2. B35 P07, Hessian, 1E# RS Kk EBHUE
— AR . P SRS ISR A FRIBUE PR SS A, FAE R — 3 e 80 L 58 iRIR 2R Pk I 1] A

LM

C.1 SHBeEST XuHE
W N BB IAIREE, 5 AR

0= 0,....00)"

MIAREE A
VN(0) = V,(8).+ V) (8),
o SN N
Vg = Zm?glc,i (1 —cosb;).
=1
i

_ D
kgi=m;gle,

W Ky NER @ NAELE 0; = 0 PRIT A E A TR
A R EFERAA BAF BN

cyl
VN =dn Y U 00,05dp) . dpay = |X; — Xil.

1<i<j<N

Horpt Ay = 1 X RHOTREIZARE R, I SCR A A [ g i A% A A B

Am = 0.473305.
5N BEZ BN X1 E U
(M)
rlm OV
v 00;

T IESCH RS Rtk 0 < j 126, XTEE 0 N SUARFRSR 308 5 N

v U U
00; " |4 00 +. < 00; |’
1< >
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3 (C.7) AR A AR I B R O 7 B B PR A AR A P A R LT ik, DL A ik i 4 A %
2l A B HE TR -

C.2 JLiS#
HIESC ST B A Rk RO

X; +1;sin0;
qi(0;) = | —licost; |, (C.8)
0
HRTHEME—r 280N
S0 cos 0;
' 0
W SHHN
62 ‘ —sinHi
89(122 =1;| cosb; | = —liey. (C.10)
’ 0
T ARl 2 77 1R) N
cos 0;
ef‘ = |\sind; |,
0
S)iia
n —sin 6;
a({;;i' = ( cos b; ) = —ey. (C.11)
’ 0

MR, 5E8m oS /06, FIMAA 0q,/00; 31T LR, VL det/00; 31 M)
TSR A 10 =44 8 9 AP A SE R U (03,051 ) 271

C.3 [ElE = L35 B AR BR

N5 RAR R R SIE IR, B8 TR A ORF 52, IF U LR e A B R 14 O B AR
kRS AR
ESLHD B R

dij = qj — q;, (C.12)
U OME R AL R B A N 4
pij = ldijll,  dij = = (C.13)
Pij
F5
Uij = Uij(pij), (C.14)

i
Ipij _ .. dq;
00; Y06,

(C.15)
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PAK
pij _ ~  0g;

a6; — Y 06

(Al 1k ou
o 77 (0 s . 22
891 - zj(plj)dlj 891

(C.16)

(C.17)

3 (C.17) g I E BRSO BE AR ST e 1B SO PR R RES R B R B WA B 122 A sl , TR

bRzl s IR (C7) U B

C.4 &Mz hFEHIE

TE SR B
J :diag(Il,...,IN),
DYS&: ezl EYEVE
C = diag(c1,...,cn) .
FAR/INIR TR EH S  2
A(t) = Age P,
FAP AR SCR F 48— S50 3 PR
B = 0.059979 s7.

E5):d
C; = QBL’.

Hit A
C = 231.

SERARR ) JI RS N

J6+CO+ VeV V(9) =0.
By EREITN
oV

Izgz + Czez -+ m?glcisin 0; +
’ 00;

C.5 Ea75F1f#. Hessian 51 EERAS

X255 Bt BUR AR A RS, Fg i S Mie )y 0%, HEE RN

VoV M (6*) = 0.

ARSIV P S AL T8 U BB B R AT N 56 . S A EE Hessian & XN

217(\)
P
00,00,
0=
i
H = [Hijlnxn-
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I X Ff R R
(Hy)ij = dijm; gle,i cos ;. (C.27)

AR ELAE A i 530 ) A A — 4R R B AR E s BOR S48, B

orut Uy otu!

892 ’ 06 ae 892 ' (528)
T [l 8 i A Y, B Hessian [FIFEELE N, HIEEARREE, Kt
H=H,+ )\, H". (C.29)

# H AR RIEE, W 6% ARIBRERT R ME. 46 ¢ > 0, RTELILE KGR 1%
P s PR B AT S IR M
JEBHJE I H AR A A2 ) AR AL 17

Ho, = w2J,, n=1,...,N. (C.30)
HH TG B JE ASAESR
FO = ;L; (C.31)
BT (C.22) WL C =28, 5y Lhiem K
£ %W- (C.32)
IESCHRS BRI SIR. [ 38R F
th = p(d), (C.33)
C.6 BEEMENBRESZE
E AR S IR SRR
g = age(;f (C.34)

Syt Gy En i el A el VR, S w AT SCBRRZEIE RY R AR
HOLAHRZE TN

Forb n MBI RR MR XA h R, AR BR 22 0k iR 2 AN i iR
e 2 18] ARG E X T8] o
5E SURHXS B 72

(C.35)

g - QFD‘
€0 = i ' , (C.36)

1
max (|gSp | |gZFD|7 gref)

HA grer > 0 NEERIBUEIA AL NER, 8 b B T AR 2 R R R E X
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C.7 Hessian BIWNEZLE
A I SRS Y JHPL, R BeHRR R kAT 0 224y, 153

rp _ 9i(0F + hu;) — g;(0" — hu;)
Hj5P = 57 ) (C.37)
e BRI 25 X
|BP — HP|[
— C.38
max (7D 7, o) (C-38)
Kot He > 0 W R — LR
HAMGEE Hessian $FARE .
|IH-H"|F
sym — — e — C.39
v = ] (C-39)
T H R R B M I SN, B W Y LS R 4 i
Hij = Hj;. (C.40)

C.8 AREHERFRUS

A R [ g A 4 g U 4 Sy 1 T TR AR T E B o DA BB SR AR B 7 S5 N RENE 3l R F AR i
KIAZH
(NTqui))
PAAINE SRR S5
(N7, Ng)
FOBT VRS A P R, IR0 T 0] L K A RE AR pR
X ARREIR B 5 RAS, B XA RIRAG B ) IR 2%

A7y = rfine _ phase, (C.41)

K3 (2

AL A — A7 5
|A7'l’

max (|7.ifine" |7_Zbase|’ Tref) .

(C.42)

Eri =

Horb mep >0 AF EEUEHA— 10 R
FEN =3, al=60 mm [ ETREBAL L EFATINE SRR, #E A — 22 57 ) P A 2

N
2 x 1074%,
5595 T2
1.0 x 1073%,
R I FEZE LR
1.65 x 10® N'm. (C.43)

TR, TARSKARE A S R B SRR 2 i 2h ) 22 B0 R 0 2 3 R EFAE B
R
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C.9 kMEEREETIE
NBERE RS 59 B RO PR, s SUHIR T RasE T 0L 0 (e AbL il i

£(t) = 56730 + VO (6) - VO (6") (C.44)
é,\
C=0. (C.45)
mT v(er) NEH, A

% =036 +6"Vv ™V (C.46)
— 07 [36 + vng] (C.47)
—0. (C.48)

1L T BEL 2 A 43 22
E(t) = E(to) (C.49)

B AR MR IR ZERG L, o to ARG %1 .

C.10 SERARZFHWEEHSE

SRR, X (C.23) 4

a&l o )
A [JQ—{—VQV } (C.50)

= —-67Co. (C.51)

& X YIIEIS % to THIAH) R TR FERK

D(t) = / t 67codr. (C.52)
TR
E(t) + D(t) = E(to). (C.53)

E XA ARt B SR E
£(1) + D(t) - £(to)|

EE(t) = g(to) (C.54)
FEIESC N = 3. a = 60 mm FIFEEITREBAELMER b, 4 s K56 XA 753
max e p(t) ~ 1.06 1076, (C.55)
Xof J8
1.06 x 1074%. (C.56)

R T HIRBIRE RS . SR B PR IR B ) — B S O AR
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C.11 BEHERIE

1.

2.

3.

10.

11.

5 IR B B 0 SR
BEES RIS S RO REALAREE M, BARE o0 DARBEHE S B3 R AN Ly
SHUREH 1 T mPs L, DRSO SERE 8.

AR I 1 3 LA PR 20

dpij = |X; — Xil. (C.57)

R8I gy AL ST A
(9i79j)'
RN L, ISR i, q VLR BEIEAARALHIRIE e, e
RGN B Wil S804k, B2 ANA BREAE R YA R T 1, I8 121 Gauss-Legendre 3K
RARNTG AL Sy S SR AR 55
U (0:, 053 dps )

PR ZYEA BRSO = OAEE, IR A1 iR RS
U oy, 0p, U
DL Hessian Pt 09— /1 FE 5450
AR T8 S R Y ok 4%
Am =1
5
Am = 0.473305,
AR P
VO =V, + 0 > U
1<j
FETG ) AT B8 () T AT 30N SR fige
VeV =0,

(SRR Ty AT A

TEV-i7 S
H = V2V (o),
Ho, = w2Jd,.
5]

1O = ST
™

15 30 5 SLIO R M LU BB B IER
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12. MR SEI B HOIR A ST
0(to), 0(to),
FR
JO+CO+ VeV = 0.

13. IS HIE ML TS Tracker —FUHWI J LT RS, 753
i (t),

#5
a0

FE [R]— R T I 1) Ay L B

14, WIRPATHARERR A IRZE 73256 Hessian A7 BRZ 70 SXARMERZ S, 6 FRIEESRA A MG, JC
BELJE g B~ e Il L K 5 B e e P 5 s

C.12 HEREMHRE
T4 A5 bR E s SO R AR D AR

INPUT:

magnet geometry R, tm

measured magnetizations M[i]
polarity epsilonl[i]

pivot positions X[i]

pendulum lengths 1[i]

inertia I[i]

mechanical parameters m_pl[ily 1c[i]
damping rate beta

magnetic scale lambda/m

release state theta_init, theta_dot_init
FOR every distinct pivot separation dp:
create angle grid-theta_a, theta_b

FOR each (theta_a, theta_b):

construct magnet centers q_i, q_j

construct magnet axes e_perp_i, e_perp_]j
U_cyl =0
FOR eta in {-1, +1}:

FOR zeta in {-1, +1}:
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construct the corresponding circular end faces

FOR all radial quadrature nodes:

FOR all azimuthal quadrature nodes:

evaluate pairwise surface distance
accumulate weighted

etaxzeta/|r_i-r_jl

store U_cyl(theta_a, theta_b; dp)

build smooth 2D interpolation of U_cyl

obtain first and second angular derivatives

construct magnetic potential:
V_m(theta)
= lambda_m * sum_{i<j} U_cyl_ij(theta_i, theta_j)

construct total potential:
V(theta)
= V_gravity(theta) + V_m(theta)

solve static equilibrium:
grad V(theta_eq) = 0

construct Hessian:
H = d2V/dtheta_i dtheta_j at theta_eq

solve generalized eigenproblem:

H phi_n = omega_n"2¢J phi_n

compute damped modal frequencies:

f_n = sqrt(omega:n~2 —/beta~2)/(2*pi)

construct damping matrix:
C = 2xbeta*]

integrate nonlinear dynamics:
J theta_ddot

+ C theta_dot

+ grad V(theta)

=0

map physical theory coordinates

to Tracker observation coordinates
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compare theory and experiment

on the same post-release time axis

AUDIT:

interpolant gradient vs finite difference
interpolant Hessian vs finite difference

Hessian symmetry

baseline quadrature vs refined quadrature
undamped excess-energy conservation

damped excess—-energy closure

OUTPUT:

equilibrium configuration
undamped eigenfrequencies
damped modal frequencies
eigenmodes

nonlinear trajectories
energy histories

numerical-audit metrics
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ik D LREIKNZELUE

CEBSMYCR S — S HEYA R 18 R A2 A B AT R R PE RS, T R A PR AT A TR A
R AR AR L AN R B A — Bk

O Experiment  —— Uniform cylinder Cylinder 10band == Magneti dipole. O Experiment  —— Uniform cylinder Cylinder 10band == Magneti dipole
@ (b) @ (b)
50
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50 a0
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e 40 )
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Ex g 40
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(a) RISk (b) =SHEk
O Experiment  —— Uniform cylinder Cylinder 1oband == Magneic dipole O Experiment  —— Uniform cylinder Cylinder 10band == Magneti dipole.
@ (b)
g g
g 3
En En
Q o
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Measured azial fields of magnets 2-5 at selected fixed radial positions and comparison with finite-cylinder and
point-dipole models.
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Measured axial fields of magnets 6 and 7 at selected fized radial positions and.comparison with finite-cylinder
and point-dipole models.
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Ezperimental and transferred finite-cylinder phase-space trajectories in physical angular displacement—-angular
velocity coordinates for the three pendulums after endpoint release at N = 3, a = 60 mm.
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Experimental trajectories and fized-parameter transferred theory in equilibrium-centered physical phase space
for the five pendulums at N =5, a = 60 mm.

BERIEINAE N =5 J5, T R AR 2 R 30 L SE 22 AN R RO AR Z54 . AN R L HUE
MR FRTEARAFAE IR 22 5 o X LLZE 1 5 T A BB AT v 22 4 T8 5] RUBE [ I e BILAE SR8 A5 5
R 285 RARAT o

3R T R R R B BRI ST, B P9 AR ) — i R B R B B I e S AR 45 4
Magnet 1 [SEE6TE I 4a I 8] B RO 221, PR oA Pl m ) S B0 80 AUFE e SIE B A A2 ) B0 [X T

o Experiment —— Theory
Magnet 7 Magnet 6 Magnet 5 Magnet 4
. 75 . 60 .
40 1
50 50 40 1
20 %
o o 25 o= o209 0 o
| 1 I I © o
w v w w -
o 07 en 0 5o 07 o
Q 15} o Q
Z < = Z
G R Pz 25 w5 20 w320 A
-50 1 B o 5 T )
-50 % - ] N
475 1
T -60 -
10 5 0 5 10 5 0 5 5.0 25 5.0
&i (deg) &i(deg)
Magnet 2
40
40
20 4 20 4
- o=
I |
» '
o0 oo 0
o 0 [9)
< =
=2 =2
i A 20 A
204 °
40 4
-40 T T T r -60 -

2 0 2 4 -2’.5 070 2i5 5i0 -5’.0 -2’.5 010 2i5 510
Si (deg) &i (deg) &i (deg)

E E.3:"N = Tw a= 60 mm I -GABEIRAEFA7 b0 A V) B 25 18] b 1 SEBe 42E 5 [E e Z 80T R .
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for the seven pendulums at N =7, a = 60 mm.
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Time evolution of modal coordinates for the N = 3 experiment and effective finite-cylinder theory in the
three-mode transferred theoretical eigenbasis.
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Time evolution of modal. coordinates for the N =5 experiment and the fized N = 3 transferred model in the
five-mode theoretical eigenbasis.
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Time evolution of modal coordinates for the N = 7 experiment and fixed-parameter transferred model in the

seven-mode theoretical eigenbasis.
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Theory—experiment complex-mode MAC, Tracker angular-velocity channel quality, and resampling stability of
shared modal frequencies for N = 5.
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Site-by-site comparison of the phase-aligned real parts of the seven experimental complex modes and transferred
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Quadratic modal composition in the linearized eigenbasis and the full nonlinear mechanical energy,
accumulated viscous dissipation; and energy closure for N = 3.
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Short-time Fourier normalized_power spectra of the five experimental channels for N = 5; horizontal reference
lines indicate_the five theoretical frequencies of the fixed-parameter transferred model.
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= = N=3 transferred modes; Hann window 4.22 s
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Short-time Fourier normalized power spectra of the seven experimental channels for N =7 and the seven
theoretical frequency reference lines from the fixed-parameter transferred model.
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ZH r St E y MERIFECBEERA Spearman FAHIE R AL

ps(z,y) = corr [rank(z), rank(y)] (E.38)
TN
(a) Input sensitivity (b)  Derived coupling scale
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B[RO R E 530 .

Spearman rank correlations between early-time N = 3 dynamical outputs and magnetic, geometric, and release
parameters, together with the effective magnetic-potential scale distribution from repeated parameter sampling.
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VRN ZIARAL 22, ) e 227 AL O AR S 2 — B Adi 1
App(T) = 27 A for, T=1t—1,. (E.41)
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Same-scale parity distribution and time-domain residuals at the three sites for the N = 3 effective
finite-cylinder theory and experiment.
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Parity distribution and site-resolved time-domain residuals between fixed-parameter transferred theory and the
five-channel N =5 experiment.
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Dashed lines: frequencies from the joint time-domain modal fit
(2) a=40mm (b) a=60mm

(@

Mean normalized Lomb—Scargle power
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Five-channel mean normalized Lomb—Scargle power-and-five modal frequencies obtained from joint
time-domain fitting at four pivot spacings.
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O  Raw primary fit SG-processed fit
(a) a=40mm (b) a=60mm
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Comparison of five jointly identified modal frequenciés. obtained from raw Tracker data and Savitzky—Golay
processed data atfourspivot spacings.
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(a) a=40mm (b) a=60mm

0.00 0.02 0.01 0.00 ﬂ 0.00 0.00 0.05 0.04 0.95
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0.00 0.03 0.00 0.00 4 0.00 0.10 0.00 0.00

Theory mode
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0.97 0.01 0.17 0.01 0.00 l 0.29 0.20 0.00 0.00

Experimental complex mode
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Complete complex MAC matrices between theoretical abservation-space modes and experimental complex modes
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G.2: a =40 M 60 mm I Frfir s SAEE 5 A R AT P O 22 [RI4R 2 A I8 R LR
Site-by-site comparison of the five experimental complex modes and finite-cylinder theoretical observation-space
mode shapes at(a) =40 mm and (b) a = 60 mm.
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(b) a =80 mm
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Site-by-site comparison of the five experimental complex modes and finite-cylinder theoretical observation-space
mode shapes at(a) =70 mm and (b) a = 80 mm.
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