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A complete solution of a Lebesgue–Nagell family:
From x2 − yn = 4 to x2 − yn = 22m

Kaichen Feng

Abstract

We determine all positive integer solutions of x2 − yn = 22m for m ≥ 1 and n ≥ 2.
We factor x2 − 22m and compare the 2-adic valuations of its two factors. For odd n, this
reduces the problem to binomial Thue-type equations whose coefficients are powers of 2. A
consequence of results of Darmon–Merel and Ribet then gives the classification. For n = 2,
there are exactly m− 1 positive integer solutions, given by an explicit parametrization. For
n ≥ 3, a solution exists if and only if n | 2m+ 3, in which case n is necessarily odd and the
unique solution for the fixed pair (m,n) is (x, y) = (3 ·2m, 2(2m+3)/n). We first treat the case
m = 1, for which the only solution is (x, y, n) = (6, 2, 5), and then extend the argument to
arbitrary m.

Keywords: exponential Diophantine equations; Lebesgue–Nagell equation; binomial Thue-type
equations; 2-adic valuations.
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1 INTRODUCTION 2

1 Introduction

1.1 Exponential Diophantine equations and Catalan’s conjecture

In exponential Diophantine equations, one or more exponents are unknown integers; see
Shorey and Tijdeman [1] for a general account. A classical example is Catalan’s equation
xp − yq = 1, whose only solution with x, y, p, q ≥ 2 was conjectured to be 32 − 23 = 1. In 1976,
Tijdeman [3] used lower bounds for linear forms in logarithms to obtain effective bounds on the
exponents and prove that there are only finitely many solutions, but these bounds did not make
an exhaustive computation practical. Mihăilescu proved the conjecture in 2002, and his paper
appeared in 2004 [4]. His proof uses the arithmetic of cyclotomic fields and cyclotomic units.
Bilu [5] and Metsänkylä [6] give accounts of the proof.

1.2 The Lebesgue–Nagell equation and Mordell curves

Fixing one exponent at 2 and replacing the constant by a nonzero integer gives the Lebesgue–
Nagell equation

x2 +D = yn, n ≥ 3.

In 1850, Lebesgue proved that there are no positive integer solutions when D = 1, and Nagell
proved the corresponding result for D = 3 in 1923; see the historical discussion in [8]. Bugeaud,
Mignotte and Siksek later determined all positive integer solutions for 1 ≤ D ≤ 100 and n ≥ 3

[8].
For n = 3, setting X = y and Y = x gives

Y 2 = X3 −D,

a Mordell elliptic curve [7]. Its integral points with X,Y > 0 correspond to positive integer
solutions of x2 + D = y3. For D > 0, one classical approach is to factor in the imaginary
quadratic field Q(

√
−D). In our case, D = −22m, so we can factor directly over Z using

(x− 2m)(x+ 2m) = yn.

1.3 Reduction to binomial Thue-type equations

A standard approach to some Lebesgue–Nagell equations is to factor in a suitable number
field and reduce the problem to finitely many Thue equations F (X,Y ) = c, where F is an
irreducible homogeneous polynomial over Z of degree at least 3 and c ̸= 0 is fixed. The method
of Tzanakis and de Weger [9] combines bounds from linear forms in logarithms with lattice
reduction to solve such equations in practice.

In our case we obtain equations of the form

|aXn − bY n| = 1,

which we call binomial Thue-type equations. Bennett and de Weger [2] proved uniqueness results
for positive integer solutions when 1 ≤ a < b and n ≥ 3, with a few possible exceptions. Bennett,
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2 PRELIMINARIES 3

Győry, Mignotte and Pintér [10] later solved several families with variable exponent in which
the prime divisors of the coefficients are restricted to a fixed small set S. The case relevant here
is S = {2}. A consequence of work of Darmon–Merel [11] and Ribet [12] states that, if n ≥ 3

and A,B are powers of 2 with nonnegative integer exponents, then AXn − BY n = 1 has no
positive integer solution with XY > 1. The precise formulation is recorded in [10, p. 1103], and
we will use this result after an elementary analysis of the two factors x− 2m and x+ 2m.

The preliminary lemmas and the external result used in the proof are shown in Section 2.
Section 3 deals with n = 2, 3 for x2 − yn = 4. For n ≥ 4, Sections 4 and 5 reduce the problem
to a binomial Thue-type equation, leaving only n = 5. Section 6 extends the argument to
x2 − yn = 22m, and Section 7 gives some remarks on what happens when other primes are on
the right-hand side.

2 Preliminaries

Throughout, N = {1, 2, 3, . . .}. For a nonzero integer a, let v2(a) be the largest integer
k ≥ 0 such that 2k | a. We use

v2(ab) = v2(a) + v2(b), v2(a± b) ≥ min{v2(a), v2(b)},

whenever the displayed valuations are defined. If v2(a) ̸= v2(b), equality holds in the second
relation. We will also use the following case of the lifting-the-exponent lemma (LTE).

Lemma 2.1. Let u, v be distinct odd integers, and let n ≥ 3 be odd. Then

v2(v
n − un) = v2(v − u).

Proof. Factor
vn − un = (v − u)(vn−1 + vn−2u+ · · ·+ un−1).

The second factor is a sum of n odd integers, which is odd, so it contributes nothing to the
2-adic valuation.

Lemma 2.2. Let n ≥ 2. If A,B, t ∈ N, gcd(A,B) = 1 and AB = tn, then there are positive
integers u, v such that A = un and B = vn.

Proof. Every prime divides at most one of A,B, so its exponent in that factor equals its exponent
in AB and is divisible by n.

For a finite set of primes S, a positive integer is an integer S-unit if all its prime factors
lie in S. In particular, the positive integer 2-units are 1, 2, 4, . . .. The following theorem is the
non-elementary input to the proof.

Theorem 2.3 (Darmon–Merel and Ribet; see [10, p. 1103]). Let n ≥ 3 be an integer and let

A,B ∈ {2α : α ∈ Z≥0}.
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3 SMALL EXPONENTS FOR x2 − yn = 4 4

If X,Y are positive integers satisfying

AXn −BY n = 1,

then X = Y = 1. Consequently, the only possibility is (A,B,X, Y ) = (2, 1, 1, 1).

Remark 2.4. This follows from results on generalized Fermat equations in [11, 12], which use
modular methods including Frey curves, Galois representations and level lowering. We take the
theorem as given.

We first record the two cubic equations that will arise in Section 3.

Corollary 2.5. Neither of the equations

(1) a3 − 4b3 = 1, (2) 4a3 − b3 = 1

has a positive integer solution.

Proof. The coefficient pairs are (1, 4) and (4, 1), so Theorem 2.3 forces a = b = 1 in both.
Substitution gives −3 and 3, respectively, neither of which is 1.

3 Small exponents for x2 − yn = 4

The substitution in Section 4 involves 2n−4, so we first treat n = 2 and n = 3 separately.

Proposition 3.1. The equation x2 − y2 = 4 has no positive integer solutions.

Proof. We have (x− y)(x+ y) = 4, where 0 < x− y < x+ y and the two factors have the same
parity. The only factor pair of 4 with the same parity is (2, 2), which gives y = 0.

Theorem 3.2. The equation x2 − y3 = 4 has no positive integer solutions.

Proof. Suppose that (x − 2)(x + 2) = y3. Since y > 0, we have x > 2, so both factors are
positive. We have two cases according to the parity of y.

Case 1: y is odd. Both x− 2 and x+ 2 are odd, and their gcd divides their difference 4.
Thus they are coprime. By Lemma 2.2, write

x+ 2 = a3, x− 2 = b3

with a > b ≥ 1. Then a3 − b3 = 4, whereas

a3 − b3 ≥ (b+ 1)3 − b3 = 3b2 + 3b+ 1 ≥ 7,

a contradiction.
Case 2: y is even. Then x is even, and gcd(x− 2, x+ 2) is either 2 or 4.
Case 2.1: gcd(x − 2, x + 2) = 2. Write x + 2 = 2u and x − 2 = 2v. Then u − v = 2

and gcd(u, v) = 1, so u, v are both odd. On the other hand, putting y = 2k in 4uv = y3 gives
uv = 2k3, which is even. This is impossible.
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4 REDUCTION OF THE BASIC CASE TO A BINOMIAL EQUATION 5

Case 2.2: gcd(x − 2, x + 2) = 4. Write x + 2 = 4u and x − 2 = 4v. Then u − v = 1,
gcd(u, v) = 1 and 16uv = y3. Taking 2-adic valuations gives 3v2(y) ≥ 4, so 4 | y. Put y = 4k.
We obtain

uv = 4k3.

Since u, v are coprime, exactly one is even, and that factor is divisible by 4. If 4 | u, write
u = 4u1. Then u1v = k3 with gcd(u1, v) = 1, so u1 = a3 and v = b3. Then u − v = 1 becomes
4a3− b3 = 1. If 4 | v, the same argument gives u = a3, v = 4b3 and a3−4b3 = 1. Both equations
are excluded by Corollary 2.5.

4 Reduction of the basic case to a binomial equation

We now assume n ≥ 4 and determine the gcd of the two factors.

Lemma 4.1. Let n ≥ 4. If x2 − yn = 4 has a positive integer solution, then

gcd(x− 2, x+ 2) = 4.

Proof. Put A = x−2 and B = x+2. Then A,B > 0, B−A = 4 and AB = yn, so g = gcd(A,B)

belongs to {1, 2, 4}.
If g = 1, Lemma 2.2 gives A = un and B = vn with v > u ≥ 1. Hence vn − un = 4. If

u ≥ 2, then
vn − un ≥ (u+ 1)n − un ≥ nun−1 ≥ 32 > 4.

If u = 1, then vn = 5, which is also impossible.
If g = 2, the coprime integers A/2 and B/2 differ by 2 so both are odd. Thus v2(A) =

v2(B) = 1. Taking valuations in AB = yn gives nv2(y) = 2, contradicting n ≥ 4.
Therefore g = 4.

This gives a reversible substitution into a binomial equation.

Lemma 4.2. Let n ≥ 4. The equation x2 − yn = 4 has a positive integer solution if and only if

|2n−4un − vn| = 1 (1)

has a positive integer solution. The recovery formulas are

y = 2uv, x = 4min{2n−4un, vn}+ 2.

Proof. Necessity. By Lemma 4.1, write x − 2 = 4A1 and x + 2 = 4B1. Then B1 − A1 = 1,
gcd(A1, B1) = 1 and

16A1B1 = yn.

In particular, y is even. Write y = 2Y , giving

A1B1 = 2n−4Y n.
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5 THE COMPLETE SOLUTION OF x2 − yn = 4 6

The coefficient is an integer since n ≥ 4. The two factors A1, B1 are coprime and have different
parity, so every odd prime has exponent divisible by n in whichever factor it divides. If the even
factor is A1, its 2-adic valuation is n− 4 + nv2(Y ), so

A1 = 2n−4un, B1 = vn

for some coprime positive integers u, v. If the even factor is B1, the two expressions are inter-
changed. Substituting in B1 −A1 = 1 gives (1) in either case. This argument also applies when
n = 4.

Sufficiency. Given a positive integer solution (u, v) of (1), set

A1 = min{2n−4un, vn}, B1 = max{2n−4un, vn}.

Then B1 −A1 = 1. Taking x = 4A1 + 2 and y = 2uv, we obtain

x2 − 4 = 16A1(A1 + 1) = 16A1B1 = 2n(uv)n = yn.

Both x and y are positive integers, as required.

5 The complete solution of x2 − yn = 4

It remains to solve (1) for n ≥ 4.

Theorem 5.1. For n ≥ 4, the equation x2 − yn = 4 has a positive integer solution if and only
if n = 5. In that case the unique solution is (x, y) = (6, 2).

Proof. By Lemma 4.2, we need only consider |2n−4un − vn| = 1.
Case 1: n = 4. The equation becomes |u4 − v4| = 1. Distinct positive fourth powers differ

by at least 24 − 14 = 15, so there is no solution.
Case 2: n ≥ 5. Both coefficients are integer 2-units. Applying Theorem 2.3 to either sign

of the difference forces u = v = 1. Thus

|2n−4 − 1| = 1.

Since 2n−4 ≥ 2, this holds exactly when n = 5. The recovery formulas give

y = 2, x = 4min{2, 1}+ 2 = 6.

Finally, 62 − 25 = 4, so this pair is indeed a solution.

6 The complete solution of x2 − yn = 22m

We now allow any integer m ≥ 1. We first handle the even exponents, then rule out equal
valuations of x − 2m and x + 2m for odd exponents. The remaining case will again reduce to
Theorem 2.3.
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6 THE COMPLETE SOLUTION OF x2 − yn = 22m 7

Lemma 6.1. Let m ≥ 1 and let n ≥ 2 be even. The positive integer solutions of x2 − yn = 22m

are as follows. If n = 2, there are exactly m− 1 solutions, given by

x = 22m−a−1 + 2a−1, y = 22m−a−1 − 2a−1, 1 ≤ a ≤ m− 1.

The parameter range is empty when m = 1. If n ≥ 4, there are no positive integer solutions.

Proof. For n = 2, factor
(x− y)(x+ y) = 22m.

Since 0 < x− y < x+ y, write x− y = 2a and x+ y = 2b, where b > a ≥ 0 and a+ b = 2m. If
a = 0, adding gives 2x = 1 + 22m, a parity contradiction. Thus a ≥ 1, and

x = 2b−1 + 2a−1, y = 2b−1 − 2a−1.

The conditions b = 2m − a and b > a give 1 ≤ a ≤ m − 1. Each such value gives a positive
integer solution, and different values give different solutions because a = v2(x− y).

Now suppose n = 2k with k ≥ 2. The same factorization gives

x− yk = 2a, x+ yk = 2b,

where b > a ≥ 1 and a+ b = 2m. Subtracting yields

yk = 2a−1(2b−a − 1).

Write y = 2αw with w odd. Comparing valuations and odd parts, we get

αk = a− 1, wk + 1 = 2b−a.

If w = 1, then b − a = 1, which is incompatible with a + b = 2m. We may therefore assume
w > 1.

If k is even, then wk ≡ 1 (mod 8). Hence v2(w
k+1) = 1, so again b−a = 1, a contradiction.

If k is odd, then k ≥ 3 and

wk + 1 = (w + 1)(wk−1 − wk−2 + · · · − w + 1) = 2b−a.

The second factor is odd. It is also greater than 1, since

wk + 1

w + 1
> 1

for w > 1 and k ≥ 3. A power of 2 cannot have such a factor.

For odd n ≥ 3, put A = x − 2m and B = x + 2m. A positive integer solution has x > 2m,
so A,B > 0, and

B −A = 2m+1, AB = yn.

Let a = v2(A) and b = v2(B). If a ̸= b, then min(a, b) = m + 1. If a = b = k, write A = 2kA0

and B = 2kB0 with A0, B0 odd. Then

m+ 1 = v2(B −A) = k + v2(B0 −A0) ≥ k + 1,

so k ≤ m. We next exclude this case.
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6 THE COMPLETE SOLUTION OF x2 − yn = 22m 8

Lemma 6.2. Let m ≥ 1 and let n ≥ 3 be odd. A positive integer solution of x2 − yn = 22m

cannot satisfy
v2(x− 2m) = v2(x+ 2m) ≤ m.

Proof. Suppose that v2(A) = v2(B) = k ≤ m, and write A = 2kA0, B = 2kB0 with A0, B0 odd.
Since gcd(A,B) | B −A = 2m+1, the odd parts A0, B0 are coprime.

Taking valuations in 22kA0B0 = yn gives n | 2k. As n is odd, n | k. Write k = λn with
λ ≥ 0. Then v2(y) = 2λ and

A0B0 =
( y

22λ

)n
.

By Lemma 2.2, there are odd integers v > u ≥ 1 such that A0 = un and B0 = vn. Subtracting
gives

vn − un = 2r, r = m+ 1− λn ≥ 1.

By Lemma 2.1, v2(v − u) = r, so v − u ≥ 2r. But vn − un > v − u for v > u ≥ 1 and n ≥ 3,
giving

2r = vn − un > v − u ≥ 2r,

a contradiction.

We can now state the full classification.

Theorem 6.3. Let m ≥ 1 and n ≥ 2 be integers. The positive integer solutions of

x2 − yn = 22m

are classified as follows.

1. If n = 2:

(a) If m = 1, there are no positive integer solutions.

(b) If m ≥ 2, there are exactly m− 1 distinct positive integer solutions, given by

x = 22m−a−1 + 2a−1, y = 22m−a−1 − 2a−1, a ∈ {1, . . . ,m− 1}.

2. If n ≥ 3, a positive integer solution exists if and only if n | 2m + 3. In this case n is
necessarily odd, and for the fixed pair (m,n) the unique solution is

x = 3 · 2m, y = 2
2m+3

n .

Proof. Lemma 6.1 gives the stated classification for even n. It remains to consider odd n ≥ 3.
Put A = x− 2m and B = x+ 2m. Then A,B > 0, B −A = 2m+1 and AB = yn. As shown

above, equal valuations would have to be at most m, and Lemma 6.2 excludes that possibility.
Hence

min{v2(A), v2(B)} = v2(B −A) = m+ 1.
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6 THE COMPLETE SOLUTION OF x2 − yn = 22m 9

Write A = 2m+1A1 and B = 2m+1B1. We have

B1 −A1 = 1, 22m+2A1B1 = yn.

In particular, A1, B1 are coprime and have opposite parity.
Let α = v2(A1B1) ≥ 1. All factors of 2 lie in the even member of {A1, B1}. For every odd

prime, its exponent in whichever member it divides is a multiple of n, because 22m+2A1B1 = yn

and A1, B1 are coprime. So
{A1, B1} = {2αun, vn}

for some coprime positive odd integers u, v. Since B1 −A1 = 1, either

2αun − vn = 1 or vn − 2αun = 1.

Theorem 2.3 applies to both equations, so u = v = 1.
The second equation would give 1− 2α = 1, which is impossible. The first gives 2α− 1 = 1,

so α = 1. Therefore A1 = 1 and B1 = 2. It follows that

x− 2m = 2m+1, yn = 22m+2A1B1 = 22m+3.

Hence x = 3 · 2m, and an integer y exists exactly when n | 2m+ 3, in which case y = 2(2m+3)/n.
Conversely, if n | 2m+ 3, these values satisfy

(3 · 2m)2 −
(
2

2m+3
n

)n
= 9 · 22m − 8 · 22m = 22m.

This proves both existence and uniqueness.

For fixed m, the exponents n ≥ 3 giving solutions are precisely the divisors of 2m+3 other
than 1. So if τ denotes the number of positive divisors, there are τ(2m+ 3)− 1 solution triples
(x, y, n) with n ≥ 3, and

m+ τ(2m+ 3)− 2

with n ≥ 2. The largest possible exponent is 2m+ 3, attained by (x, y) = (3 · 2m, 2).
For fixed odd n ≥ 3, the condition is equivalently m ≡ (n − 3)/2 (mod n). The solutions

can be written as
m = nt+

n− 3

2
, x = 3 · 2m, y = 22t+1,

where t ≥ 0 and m ≥ 1; for n = 3, this means t ≥ 1.
The boundary case m = 0 can also be included. The odd-exponent argument above still

applies and gives x = 3, yn = 8, hence (x, y, n) = (3, 2, 3). For even n, the factorization
(x− yn/2)(x+ yn/2) = 1 rules out positive solutions.
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7 CONCLUSION AND FURTHER DIRECTIONS 10

7 Conclusion and further directions

For the equation x2 − yn = 22m, the factorization in Z is enough to reduce the problem
to a known result. The gcd of x − 2m and x + 2m is a power of 2. For odd n, equal valua-
tions are impossible while unequal valuations leave two consecutive coprime factors. Their odd
parts are nth powers, so Theorem 2.3 determines both factors and gives the classification. The
same factorizations can be applied more generally but other prime factors change the reduced
equations.

• Odd prime bases. Consider x2 − yn = p2m with p an odd prime. If A = x − pm,
B = x+ pm and d = gcd(A,B), then

B −A = 2pm, d | 2pm,
B

d
− A

d
=

2pm

d
,

so the relevant prime set is generally S = {2, p} and the reduced right-hand side might
not be 1. For example, 62 − 33 = 32 gives factors 3, 9, and after division by their gcd, the
difference is 3− 1 = 2.

Even for binomial equations supported on a single odd prime, a general exclusion of non-
trivial solutions is false: 9 · 13 − 23 = 1. Generalizing the present result would require
determining the solutions in cases not already covered in existing results. The results of
[10] already solve the right-hand-side ±1 families for several small sets of primes.

• Several prime factors. More generally, put N = pm1
1 · · · pmk

k and consider x2−yn = N2.
Writing d = gcd(x − N, x + N) gives d | 2N , and the coprime factors (x − N)/d and
(x+N)/d differ by 2N/d. After extracting nth powers, one obtains equations of the form

aUn − bV n = C,

where a, b, C are positive integer S-units for S = {p : p is prime and p | 2N}, and in
particular, C = 1 cannot be assumed. For fixed N and n, there are only finitely many
possible values of d and, after extracting nth powers, finitely many possible coefficients a

and b.
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