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Abstract

This paper studies how cooperation emerges and persists in the iterated Prisoner’s Dilemma when
players are boundedly rational, have finite memory, and make.decision errors. Existing work has largely
treated memory weighting, aspiration levels, and decision_errors’as separate objects of study; how these
three elements interact within a single, tractable framework'remains underexplored.

We model the interaction as a satisfaction-switching rule in which each player weights the most recent
two payoffs and switches action when dissatisfied:, With two-period memory, the model is represented
by an exact 16-state Markov chain, allowing both long-run stationary analysis and finite-round transient
analysis. Starting from this rule, we characterize the parameter regions in which this rule reduces to
win-stay, lose-shift (WSLS), produces low-cooperation trapping, or generates high-frequency oscillation.
Under the standard Prisoner’s‘Dilemma payoff matrix used in this paper and with A = 2, the WSLS-
equivalent region is o > 3/4, which achieves a long-run cooperation rate of 0.8645 at ¢ = 0.05 in
this model. This region-remains stable across tested decision-error levels € € [0,0.3], although the
cooperation rate declines'as ¢ increases. We further use the cooperation rate, the CC'CC' probability,
and the actual switching rate to distinguish stable reciprocity from high-frequency oscillation.

Monte Carle simulations are used to validate the analytical results, and extensions to longer memory
and adaptive-aspiration test the robustness of the mechanism. As an exploratory application, we implement
a related mechanism'in a large language model agent with external memory and lightweight hypergraph
retrieval, improving memory use, state consistency, conflict handling, and multi-round task performance
in_the tested scenarios. Overall, the results suggest that cooperation should be evaluated not only by

long-run averages but also by stability, switching behavior, and finite-time dynamics.
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I. INTRODUCTION

The Prisoner’s Dilemma provides the standard framework for studying the tension between
individual incentives and collective welfare. In the one-shot game, defection is the strictly
dominant strategy for both players, leading to the unique Nash equilibrium (D, D), even though
mutual cooperation would yield a strictly higher payoff for both. When the game is repeated over
a finite number of rounds, the classical backward-induction argument predicts. that.cooperation
unravels from the final round: since defection is optimal in the last round, the same logic applies
to the second-to-last round, and so on, until the unique subgame-perfect equilibrium is defection
in every round. This result holds regardless of how long the game is, as long as the horizon is
finite and commonly known.

This prediction, however, is not consistent with the widespread cooperation observed in
laboratory experiments and real-world settings. A growing literature has therefore relaxed the
assumption of full rationality, allowing players to follow simple behavioral rules based on limited
memory and satisfaction. In this paper, we study one such rule: a finite-memory satisfaction-
switching rule, in which players weight their recent payoffs and switch actions when dissatisfied.
This rule requires neither full history nor backward induction, and it provides a tractable framework
for understanding how cooperation can emerge under bounded rationality.

The study of cooperation in repeated games has a long history. Repeated-game theory explains
how future interaction can support cooperation despite short-run incentives to defect [1], [2].
Relational-contract models connect this logic to continuing economic relationships [17], [18],
while experimental evidence.shows that equilibrium feasibility alone does not ensure cooperation
[16]. A complementary behavioral approach builds on bounded rationality and satisficing [5]:
players retain an.action after satisfactory outcomes and revise it after disappointment. Win-stay,
lose-shift and aspiration-based learning provide important precedents for this mechanism [3],
[6]-[8].

Research on direct.reciprocity further shows that the consequences of memory depend on both
its length and the ‘strategy class [12]-[14]. Building on these strands, we examine a particular
two-period satisfaction-switching rule in which the recency weight «, aspiration threshold A,
and execution-error probability ¢ jointly determine behavior. Our focus is on how this interaction
shapes transient adjustment and long-run outcomes, and on distinguishing sustained mutual

cooperation from alternation that produces a similar average cooperation rate.



An application extension connects the behavioral rule to language-model agents with external
memory. Memory-based agents and Graph-R1 motivate the use of stored experience and structured,
multi-turn retrieval [25], [30]. We combine these ideas with an external satisfaction state machine
and supervised tool-use training. This experiment examines the implementation of the mechanism
in language-based tasks; it does not establish an economic equilibrium or human behavioral
validity.

Thus, this paper addresses the following research questions:

o RQ1: How do the two-period memory weight a and the aspiration-level A jointly affect

long-run cooperation, stable reciprocity, and behavioral switching?

« RQ2: For a fixed aspiration level A = 2, which memory-weight regions generate high
cooperation under different error levels ¢, and how are these regions related to WSLS-
equivalent behavior?

« RQ3: Can the analytical results from the exact Matrkov chain be validated by Monte Carlo
simulations, and can they be extended to memory lengths & > 27

o RQ4: When the aspiration level adapts to realized payoffs, does cooperation improve relative
to the fixed-threshold benchmark?

We model the interaction as a finite-memory satisfaction-switching rule in the iterated Prisoner’s
Dilemma. With two-period memory, the system is represented by an exact 16-state Markov chain,
from which we derive both the ‘long-run stationary distribution and the finite-round transient
dynamics. We then validate the analytical results through Monte Carlo simulations and extend
the analysis to longer memeory lengths (k = 2,...,8) and a bidirectional adaptive aspiration rule.
Finally, we implement a related mechanism in a large language model agent as an exploratory
engineering application inspired by the theoretical rule.

Our main findings ar¢ as. follows. Under the numerical payoff matrix used in this paper and
for a fixed aspiration level A = 2, the high-cooperation region o > 3/4 is the A = 2 slice of
the WSLS-equivalent wedge, and it achieves a long-run cooperation rate of 0.8645 at € = 0.05.
This region remains stable across tested decision-error levels. Across the parameter space, the
same finite-memory rule can also produce low-cooperation trapping or high-frequency oscillation.
We compare these regions using both long-run stationary behavior and finite-time dynamics,
showing that a high average cooperation rate does not necessarily imply stable reciprocity. The
Monte Carlo validation confirms the analytical results (87 of 87 absolute errors below 0.015),

the longer-memory extension preserves the high-recent-weight mechanism, and the best observed



adaptive-aspiration mean on the scanned grid does not exceed the fixed-threshold benchmark.

The main contributions of this paper are summarized below.

o Mechanism identification. Starting from a finite-memory satisfaction-switching rule, we
characterize when the rule reduces to WSLS, when it produces low-cooperation trapping,
and when it generates high-frequency oscillation. We compare these regions in both long-run
stationary behavior and finite-time dynamics, and show that high average eooperation can
arise from stable reciprocity or frequent behavioral switching. We introduce the joint use
of the long-run cooperation rate, the CC'C'C' probability, and the actual switching rate to
distinguish these two mechanisms. Within the WSLS-equivalent wedge, the older payoff
does not affect decisions, so the high-cooperation plateau is. not evidence of an advantage
over one-period WSLS.

o Methodological framework. We provide a unified analytical and computational framework
that separates the finite-round transient dynamics from the long-run stationary analysis,
distinguishes the zero-error Cesaro average from the low-positive-error stationary distribution,
and validates the exact Markov chain results.against independent Monte Carlo simulations.

- Exploratory application. We implement.a related mechanism in a large language model
agent and evaluate it in multi-round real-file tasks. External memory and hypergraph retrieval
improve measured task performance in the tested scenarios. Behavior-data training raises
macro-average category accuracy and measured satisfaction, while overall round-level
accuracy is unchanged. These results do not establish an independent stability benefit

of the state machine or validate the game’s cooperation mechanism.

The rest of the paper is organized as follows. Section II reviews the related literature on
cooperation in repeated games, aspiration-based learning, finite-memory strategies and applications
on large language models. Section III presents the model setup, including the payoff structure, the
state space, the satisfaction-switching rule, and the performance measures. Section IV analyzes
the long-run stationary behavior of the 16-state Markov chain. Section V examines the finite-
round dynamics and the effect of decision errors. Section VI reports the Monte Carlo validation,
the longer-memory extension, and the adaptive aspiration analysis. Section VII presents the
LEM-based agent experiment. Section VIII concludes and discusses the limitations and future

work.



II. LITERATURE REVIEW

This study connects repeated-game cooperation with aspiration-based learning and finite-memory
decision rules. Its economic interpretation concerns how agents keep repeated relationships by
using experience to decide if outcomes are satisfactory. The language-model extension draws
additionally on memory, structured retrieval and tool-use training. These connections motivate

the model and show which parts of the application come from the game-theoretic.mechanism.

A. Repeated Cooperation and Economic Relationships

Axelrod [1] shows that reciprocal strategies are a way to get cooperation in the iterated
Prisoner’s Dilemma. Fudenberg and Maskin [2] describe under which’conditions patient players
can keep individually rational payoffs in repeated games. These findings explain when cooperation
can happen with the incentives while leaving room for a:behavioral account of how players get
to and keep a cooperative pattern.

The distinction between feasibility and behavior matters empirically. Dal B6 and Fréchette
[16] find that cooperation in repeated games needs conditions that are stricter than equilibrium
feasibility alone. This motivates studying adjustment rules alongside run outcomes. The simulations
in this paper check a mathematical mechanism; they do not give the human-subject evidence
that experimental economics gives.

Relational contracts provide an'economic setting for repeated cooperation. Baker, Gibbons,
and Murphy [17] examine how firm boundaries influence the stability of agreements, and Levin
[18] studies how incentives work in sustaining relationships. These studies help us see the model
as a stylized account of cooperation between recurring trading partners. The model does not
show contract design, bargaining or market institutions directly. Its economic point is to examine

an experience-based adjustment mechanism that could operate within these relationships.

B. Satisficing, Aspiration Levels, and Learning

Simon [5] provides the bounded-rationality foundation for decisions that are built around
outcomes. In this model, A is the payoft standard used to judge experience and « shows how
much weight is put on the latest payoff. The parameter £ stands for an execution error compared
to the intended action. These are interpretations of model parameters rather than estimates of

individual preferences or biases.



Nowak and Sigmund [3] demonstrate the effectiveness of win-stay, lose-shift in their evolu-
tionary comparison. This rule is a direct precedent for retaining satisfactory actions and changing
unsatisfactory ones. Our specification extends the evaluation window to two weighted payoffs,.so
satisfaction depends on recent payoff history rather than only the immediately preceding outcome.

Karandikar et al. [6] study evolving aspirations and cooperation among satisficing-players.
Bendor et al. [7] review aspiration-based learning with different sources of aspiration formation,
and Posch et al. [8] analyze the efficiency of adapting aspiration levels. Together, these studies
motivate treating the satisfaction threshold as a substantive behavioral component. They also
motivate comparing a fixed threshold with an adaptive rule without/assuming that adaptation
must improve performance.

Learning models offer further points of comparison. Macy and Flache [9] examine learning
dynamics in social dilemmas, while Camerer and Ho [10] develop experience-weighted attraction
learning. Our rule checks a weighted payoff history against a threshold; it does not keep the
action-attraction system of that model. Its simplicity lets us do a state-space analysis of how

recall weights, aspirations and errors interact.

C. Memory Structure and Decision Errors

Memory constraints can be represented in different ways. Monte [11] studies a player with
finitely many memory states in zero-sum repeated games with one-sided incomplete information.
That setting illustrates constraints.on information processing, but does not establish cooperation
results for the Prisoner’s Dilemma considered here. Our memory instead stores a fixed window
of realized joint actions.

Within direct reciprocity, Baek et al. [12] compare reactive and memory-one strategies, showing
why the information retained by a strategy matters. Press and Dyson [4] identify strategies that
enforce linear payoff relations, illustrating the analytical power of finite-memory representations.
Their payoff-control.mechanism is distinct from the satisfaction-based switching studied here.

Longer memory does not have a uniform effect across all strategy spaces. Glynatsi et al.
[13] study conditional cooperation with longer memory, including reactive and counting-based
strategies. Lesigang et al. [14] establish reduced-memory best responses under specified conditions
in repeated additive games. Their result does not imply that additional memory is generally

irrelevant. These works motivate checking both how long memory is and the rule that summarizes



remembered experience. Our longer-memory extension therefore looks at a family of weighted
satisfaction rules not at all possible strategies of that memory length.

Errors also affect the interpretation of long-run behavior. Young [15] studies convention
selection under small perturbations, providing a related perspective on the distinction _between
unperturbed dynamics and small-noise limits. In our model, the treatment of € = 0 follows from
the transition matrix itself: multiple recurrent classes or periodic behavior can make initialization
and averaging relevant. We consequently distinguish the zero-error Cesaro average from the

stationary distribution at positive error, without assuming that the two limits-coincide.

D. External Memory and Language-Model Agents

The application uses cognitive concepts as design motivations. Tulving’s distinction between
episodic and semantic memory [20] motivates separating interaction records from condensed
summaries. Ebbinghaus [21] supplies a historical basis for studying retention and forgetting,
while Collins and Loftus [19] motivate retrieval through spreading activation. These connections
do not empirically determine the application’s capacity, decay rate, or retrieval depth; those
remain engineering choices evaluated in the implementation.

Retrieval-augmented generation connects language models to external information [22].
GraphRAG uses graph structure and-ecommunity summaries for query-focused summarization
[23]. For interactive agents, ReAct interleaves reasoning with actions [24], Generative Agents
organize stored experiences and reflections [25], and Reflexion uses linguistic feedback retained
in memory to improve subsequent attempts [26]. These approaches motivate external state and
feedback-sensitive behavior, while differing in their tasks and adaptation mechanisms.

Graph-R1, presented at ICML 2026 [30], is particularly relevant to the retrieval component.
It combines lightweight knowledge hypergraphs with multi-turn retrieval and end-to-end rein-
forcement learning. Our implementation draws on the structured-retrieval idea, but maintains
its hypergraph and.retrieval procedure as deterministic external services. Tool-use decisions
are trained on rule<based oracle examples through supervised fine-tuning, rather than through
Graph-R1’s reinforcement-learning procedure.

The training implementation uses low-rank adaptation [27], quantized fine-tuning [28], and
LlamaFactory [29]. These are supporting methods, not new algorithms proposed by this paper. The
application evaluates whether training improves the use of an otherwise fixed external mechanism.

The satisfaction state machine is inspired by the game model, whereas the hypergraph is a separate



retrieval component. Success on language-based tasks does not by itself validate cooperation

predictions for human economic agents.

E. Positioning of the Present Study

The preceding literature motivates a focused question: within a specified satisfaction-switching
rule, how do recency weighting, aspiration thresholds, and execution errors_jointly shape
cooperation? We address this question through an exact 16-state representation of two-period
memory, combining transient analysis with long-run calculations. The-contribution concerns
this mechanism and its parameter-dependent behavior, rather than a/claim that finite memory,
aspiration learning, or noisy cooperation is itself new.

The analysis reports cooperation frequency alongside the probability of two consecutive mutual-
cooperation outcomes and the actual switching rate. These measures distinguish persistence from
alternation and help interpret whether an apparently cooperative relationship is stable. They
do not constitute a complete welfare analysis: payoff comparisons also require the distribution
of joint outcomes and the stage-game payoff structure. Monte Carlo checks, longer-memory
simulations, and adaptive-aspiration experiments-examine the internal consistency and scope of
the proposed mechanism. The language-model experiment then explores its implementation as

an external behavioral controller with‘memory and retrieval support.

III. MODEL SETUP
A. Basic Assumptions

The model is built on the following assumptions; the payoff matrix, memory index, switching
rule, and error process are defined in the following subsections.

1) Repeated Prisoner’s. Dilemma Structure. Two players engage in a finitely repeated
Prisoner’s Dilemma with simultaneous actions in each round.

2) Finite memory. Each player uses only the most recent £ = 2 rounds of actions and payoffs.

3) \No backward induction. Players do not condition their decisions on the remaining number
of rounds. The decision rule is fixed, time-invariant, and independent of the remaining
horizon. This rules out finite-horizon backward induction by assumption, not by cognitive
limitation.

4) Weighted memory mechanism. Each player aggregates the two remembered payoffs into a

scalar memory index.



5) Satisfaction-switching decision rule. Each player compares the memory index with an
aspiration level and then either repeats or switches the previous action.

6) Decision error. Intended actions may be reversed by independent execution errors.

7) Independent decision-making. Players cannot communicate, form binding agreements, or
condition decisions on the opponent’s private intention.

8) Analytical approach. The k£ = 2 case is analyzed exactly using a 16-state. Markov chain.

Longer memory lengths and extensions are examined via Monte Carlo simulations.

B. The Prisoner’s Dilemma

Consider a two-player simultaneous-move game in which two players choose between the
two actions: cooperate (C') or defect (D). The payoff structure satisfies the standard Prisoner’s

dilemma conditions:

T>R>P>S, 2R>T+S5 (1

where 7' is the temptation payoff (defecting while the other cooperates), R is the reward for
mutual cooperation, P is the punishment for mutual defection, and S is the sucker’s payoff

(cooperating while the other defects).

TABLE I: General Payoff Matrix of the Prisoner’s Dilemma

Player 2
Cooperate (C) Defect (D)
Player 1
Cooperate (C') (R,R) (S,7)
Defect (D) (T,S) (P, P)

Following the standard parametrization in the literature, we set T'=5, R=3, P=1, S =0,
which satisfy the conditions in Eq. (1). All numerical thresholds reported below, including the
o> 3/4 cutoff at A = 2, are conditional on this payoff matrix and on the stated error specification.

The numerical payoff matrix is:



TABLE II: Numerical Payoff Matrix

Player 2
Cooperate (C') Defect (D)
Player 1
Cooperate (C) (3,3) (0,5)
Defect (D) (5,0) (1,1)

In the one-shot game, defection is a strictly dominant strategy for both players, yielding
the unique Nash equilibrium (D, D) with payoffs (1,1). However,.in repeated interactions,
cooperation can be sustained through conditional strategies and reciprocity [1], [2]. This paper
investigates how finite memory and satisfaction-based adaptation affect the emergence and stability

of cooperation.

C. Players and Strategies

Two bounded-rational players engage in a finite repeated Prisoner’s Dilemma over ¢ rounds,
where ¢ denotes the fixed horizon. Let » = 1,+. ;¢ denote the current game round. The outcomes of
rounds 1 and 2 provide the initial two-period history, while the satisfaction-switching rule governs
decisions in rounds r = 3,...,t. In each round, players choose their action a;(r) € {C, D}.

Their payoff u;(r) is determined by. the action pair according to Table IL

D. State Space

In each round, the-joint action is:

Z = (ai(r),ax(r)) € CC,CD,DC, DD 2

With twe=period memory, the state before round r is:

Xr = (erla ZT72) (3)

which yields 4 x 4 = 16 states. The next state is:

Xr—i—l = (Zra 27“—1) (4)



E. Finite Memory and Weighted Recall

The two players have limited memory and can only recall the most recent £ = 2 rounds of

history. Memory is encoded through a weighted average of past payoffs:

mi(X,) = my(r) = au;(r — 1) + (1 — a)u;(r — 2),
&)
r=3,...,t, 0<a<l,

where « is the weight assigned to the most recent payoff, 1 — « is the weight assigned to the

earlier payoff.

F. Satisfaction-Switching Decision Rule

Player i compares the weighted memory m;(X,) with an aspiration level A € [S,T], while

we set the benchmark A = 2 in the intermediate range P < A < R. The decision rule is:

a;(r —1), if mi(X;,) > A (satisfied),
ai(r) = (6)
opposite of a;(r — 1), if mi(X,) < A (unsatisfied).

Let b;(X,) € {0, 1} indicate whether player ¢ plans to cooperate in round r, where b;(X,) = 1
if af(r) = C and 0 otherwise. Equivalently:

a;(r —1) = C and m;(X,) > A,
b;(X,) =1 if and only if (7)

a;(r —1) = D and m;(X,) < A.
G. Decision Error

Following the common usage in the literature, we set the probability of decision error as
e € (0,1/2), where each player fails to execute the intended action with this probability. The

actual probability of cooperating is:

pi(Xr) =+ (1 - 26)b’b(XT‘) (8)

Thus, if the player intends to cooperate (b; = 1), the actual probability of cooperation is 1 — ¢;

if the player intends to defect (b; = 0), the actual probability of cooperation is .



H. Transition Probabilities

Depending on the current state X, the probabilities of the four possible next-period action

pairs are the following:

P(CC | X;) = pip2, 9)
P(CD [ X,) =pi(1—pa), (10)
P(DC | X;) = (1= p1)pe, (11)
P(DD | X;) = (1 —p1)(1 = p2). (12)

These probabilities define a row-stochastic 16 x 16 transition matrix P(«, A, €).

1. Performance Measures

Let p(n) = poP™ denote the distribution over states. after n transitions, where n denotes
the number of transition steps after the complete two=period memory state has been initialized.
Equivalently, for the original game-round index; n.= r — 2. Here p is the initial distribution
over the 16 two-period histories (assumed uniform: (i) = 1/16).

Define ¢(X) as the fraction of cooperative-actions in the most recent period of state X:

J Zpr_1 = CC,
c(X) = 1/2, 2,4 =CD or DC, (13)
0, zr_1 = DD.

The point-wise cooperation rate after the n transitions is:

p(n) = p(n) - c (14)

The cumulative average cooperation rate after the n transitions is:

pn) = %Zp(y‘) (15)

For the positive-error system, the long-run cooperation rate is obtained from the stationary

distribution:

Poo =T-C, TP =m. (16)



The zero-error case and the low-positive-error limit are discussed separately in Section V.

To distinguish stable reciprocity from mere high average cooperation, we additionally track:

« m(CCCC): the stationary probability of the state where both players cooperated in both'of
the most recent two periods (a proxy for sustained reciprocity);

e O.wal: the actual switching rate, i.e., the fraction of players who change actions relative to

the previous period, accounting for decision errors.

A complete notation table is provided in Appendix A-A.

IV. LONG-RUN STATIONARY ANALYSIS

Using the 16-state Markov chain defined in Section III-D,” we'.now analyze the long-run
behavior of the positive-error system through the stationary distribution 7 satisfying 7P = 7.
The special case € = 0 and its relation to the low-positive-error limit are treated in Section V.
We then examine how the long-run cooperation rate varies with the memory weight o and the

aspiration level A.

A. Stationary Distribution

For each ¢ > 0, the 16-state chain is/irreducible and aperiodic, so it has a unique stationary
distribution 7 satisfying 7P = 7. Full transition-matrix and state-probability diagnostics for the

baseline parameter setting are reported in the appendix.

B. Parameter Scan: « at Fixed A = 2

We first fix the aspiration level at A = 2 and scan the memory weight o under £ = 0.05. This
one-dimensional’scan provides the clearest view of the stepped platform structure before we

examine the full (o, A) space.



1o Long-run Cooperation Rate as a Function of alpha

= Long-run cooperation rate (maximum = 0.8645)
Critical points
Optimal plateau: alpha > 3/4

0.8

o
)
)

Long-run cooperation rate
o
Sy

0.2 1

0.0

0.0 0.2 0.4 0.6 0.8 1.0
Memory weight alpha

Fig. 1: Cooperation rate under A'=2 and ¢ = 0.05.

Figure 1 has a stepped shape, with critical values }1, % % % % % and %. Because the aspiration
level A is fixed, crossing a critical value changes whether the weighted memory m;(X,) is above
or below A, and therefore changes the induced switching pattern. Under the current payoff matrix,
A =2, and £ = 0.05, the high-cooperation platform begins at « > 3/4 and reaches a long-run

cooperation rate of 0.8645.

C. Parameter Scan: (o, A)“Phase Diagram

The fixed-A scan-shows the high-cooperation platform at A = 2, but the aspiration level A
itself is a key behavioral variable that determines how difficult it is for players to remain satisfied
with the current action. Thus, a joint scan over « and A is needed to show how the A = 2
platform _fits into the broader parameter space, and to test whether high average cooperation

always corresponds to stable reciprocity rather than frequent behavioral switching.
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Long-run Cooperation Rate across the a—A Parameter Space (¢=0.05)

Aspiration level A
Long-run cooperation rat

T T e E— 00
0.0 0.2 0.4 0.6 0.8 1.0
Recent-memory weight O

Fig. 2: Cooperation rate %(Qxler a and A with € = 0.05

3/

includes the wedge 5 — 4a < A.<3aw obtain this boundary, note that the largest weighted
@off (S=0o0r P=1)is aP+ (1 —a)T = 5 — 4, whereas
the smallest with a most re@vinning payoff (R=3or T =5) is aR+ (1 —«a)S = 3a. Within

Figure 2 reports the long-run coopeiﬁrate Poo Over a and A. The high-cooperation plateau

payoff with a most recent losi

this wedge, every losi ome induces switching and every winning outcome induces staying,
independently of the older payoff. The decision rule is therefore exactly the classic win-stay,
lose-shift (WSB‘)\ruhe with the same decision errors. The wedge is nonempty for o > 5/7;
under the current payo %

not de ate a ntage of two-period memory over one-period WSLS. High-A settings

trix, its A = 2 slice gives « > 3/4. Thus, the optimal plateau does

suc a,A) = ,4.5) instead produce cooperation near 0.5 through frequent switching. To
distinguish these patterns, we additionally examine the stationary probability of C'C'C'C' (Figure 3)
@ the actual switching rate (Figure 4).

¢



Stationary Probability of the Two-period All-cooperation State CCCC (¢=0.05)

5 1.0

4 4
< 34
[ —
2 8
S 3]
Q
<27

1A

0 T T T T B T T —- 0.0

0.0 0.2 0.4 0.6 0.8 1.0

Recent-memory weight a

Fig. 3: Stationary probability of CCC(C' scan over o and A with ¢ = 0.05

Long-run Actual Switching Rate (€=0.05) 0

0.8

g_actual

0.6

Aspiration level A

T
o
~

Actual switching rate

0.2

0.0 0.2 0.4 0.6 0.8 1.0
Recent-memory weight a

Fig. 4: Actual switching rate scan over o and A with £ = 0.05
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Figures 3 and 4 illustrate this contrast. At the representative high-A point (a, A) = (0.5,4.5),
the CCCC probability is low and the switching rate is 0.9494. At (0.8,2), inside the WSLS-
equivalent wedge, the C'C'C'C' probability is high and the switching rate is 0.1720. These numerical
values describe the selected points rather than entire rectangular regions.

These contrast patterns reveal a key distinction: high average cooperation can arise from
two qualitatively different mechanisms. The first mechanism, observed in the WSLS-equivalent
wedge, corresponds to stable reciprocity, where players remain in mutual coopetation (CCCC)
for most of the time with little behavioral switching. The second mechanismy illustrated by the
high- A representative point, generates high cooperation only as a time average, driven by frequent
alternation between cooperation and defection rather than by sustained mutual cooperation.

Therefore, interpreting cooperation solely through the long-run average rate p,, can be
misleading. A complete evaluation must jointly consider the/cooperation rate, the stationary

probability of CC'CC, and the actual switching rate.

D. Four Representative Regions

To summarize the information in Figure 2,-we choose four representative points.
Table III summarizes their long-run cooperation rates, C'C'C'C' probabilities, actual switching

rates, and the underlying behavioral mechanisms.

TABLE HI: Four representative points (¢ = 0.05).

Region ‘ (a, A) ‘ Poo ‘W(CCCC)‘ Cactual ‘ Mechanism

Low cooperation (0.3,2) 0.3192 0.0110 0.5331 | Low cooperation, moderate switching
Stable cooperation (0.8,2) 0.8645 0.7373 0.1720 | CCCC-dominant stable reciprocity
High-A flactuation | (0.5,4.5) | 0.4997 0.0006 0.9494 Frequent C/D alternation

Low-A lenient (0:850.5) | 0.0786 0.0255 0.0921 Stuck in low-cooperation states

The-four points reveal distinct behavioral mechanisms. The stable cooperation region (o =
0.8,/A.= 2) achieves the highest cooperation rate with the highest CC'CC' probability among the
four points and a low switching rate. The high-A fluctuation region (o = 0.5, A = 4.5), despite
a moderate cooperation rate of approximately 0.5, exhibits nearly zero CC'C'C' probability and a
switching rate close to one, confirming that its average cooperation is driven by frequent alternation.

The low cooperation region (o = 0.3, A = 2) and the low-A lenient region (o« = 0.8, A = 0.5)



20

both yield low cooperation, but through different channels: the former through moderate switching,

and the latter through inertia that traps players in defective states.

V. FINITE-ROUND DYNAMICS AND ERROR ANALYSIS

While the stationary analysis in Section IV characterizes the asymptotic behavior of. the system
and serves as a base model, real-world interactions are often finite in duration.

This section examines the transient dynamics of the same 16-state Markov chain over finite
horizons, with the state space, payoff structure, and rules unchanged from Section IV. We
focus on the representative early-stage trajectory and the distinction.between zero-error and
low-positive-error behavior. Detailed point-wise, cumulative, speed, and convergence diagnostics

are reported in the appendix.

A. Early Transition (fromn =1 ton =5)

The first few transitions exhibit the most dramatic changes in cooperation rates, as the system

moves away from the uniform initial distribution toward the long-run behavior.

Early Transient Dynamics in the Stable-cooperation Region ( a=0.8 , A=2 , €=0.05)

—@— Point-in-time cooperation rate p(n)
= — Cumulative-average cooperation over the first n transitions
Py e
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0.2 1

)
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Point-in-time change Ap(n
o
N
o
|

0 1 2 3 4 5
Number of state transitions n

Fig. 5: Early-stage cooperation change under o = 0.8, A = 2
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Figure 5 focuses on the early-stage cooperation change over transitions n = 1 to n = 5 for
the stable-cooperation region (o = 0.8, A = 2). We observe that the cooperation rate increases
rapidly from n = 1 to n = 2 and stabilizes thereafter. That is, the system quickly converges:to
a high cooperation rate after the first finite memory is formed, and the subsequent transitions

maintain this level with minor fluctuations.

B. Representative Finite-Time Dynamics

The stable-cooperation point shows rapid formation of cooperation, but the four representative
regions have different finite-time paths. Figure 6 compares the point-wise and cumulative
cooperation rates for these regions. The contrast confirms that a similar, average cooperation level
can hide different mechanisms: stable cooperation is sustained through a high point-wise rate,
whereas the high-A oscillatory region is driven by repeated alternation. The cumulative average
also adjusts more slowly than the point-wise rate because.it retains the influence of the early

transitions.

Low-cooperation region: Finite-time dynamics (fixed rule; no backward induction) Stable-cooperation region: Finite-time dynamics (fixed rule; no backward induction)
Point-in-time cooperation rate p(n) ® Cumulative-average cooperation over the first n transitions Point-in-time cooperation rate p(n) o) cooperation over the first n transitions

0.450

00 25 50 75 100 125 150 175 200 25 50 750 100 125 150 175 200 00 25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
s n sn

Number of state transitions n Number of &tate transitions Number of state transitions Number of state transition:

(a) Low-cooperation region. (b) Stable-cooperation region.

-A tolerant region: Finite-time dynamics (fixed rule; no backward induction)
operation rate p(n) ® Cumulative-average cooperation over the first n transitions
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(c) High-A oscillatory region. (d) Low-A tolerant region.

Fig. 6:-Point-wise and cumulative cooperation rates for the four representative regions. Note that

the cumulative-average curves start at n = 1 since no transition has occurred at n = 0.

C. Error Analysis Across o and ¢

Having established the finite-time behavior at a fixed error level € = 0.05, we now examine

how decision errors affect both the long-run reference and the transient dynamics. We fix
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the aspiration level at A = 2 and scan the memory weight o € [0, 1] over error levels ¢ €
{0,0.001,0.01,0.05,0.1,0.2,0.3}.

The main text focuses on the conceptual distinction between the zero-error system and the
low-positive-error limit. The full a-¢ phase graph, convergence-time comparison, early-stage
change, and four-region error scan are reported in the appendix.

1) Zero-Error vs. Low-Positive-Error Limit: A fundamental distinction arises between the
deterministic system at € = 0 and the randomized system at any € > 0. When ¢ = 0, the Markov
chain may be reducible or periodic, and its long-run behavior depends on-the-initial distribution

1o through the Cesaro time average:

1 & .

-0 _ - J .

p 7&3;71:£;me) c. (17)
.

When € > 0, no matter how small, the chain becomes irreducible and aperiodic, with a unique

stationary distribution 7(¢) that is independent of 1.

The two limits need not coincide:

lim 7(g)*c # p". (18)

e—0t

This discontinuity arises because the zero-error system can remain trapped in closed communicating

classes that are only connected through/cases when € > 0, which is shown in Figure 7.
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Fig. 7: Comparison of long-run outcomes at ¢ = 0 (Cesaro average) and at three small positive
error levels (stationary values) with A = 2. Panels show (a) cooperation rate, (b) the share of

CCCC, and (c) actual switching rate.

VI. SIMULATION AND EXTENSIONS

The previous section established the analytical results of the two-period (k = 2) memory

model with fixed aspiration level using Markov chain analysis. In this section, we first validate
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the analytical results through Monte Carlo simulations, ensuring that the state encoding, payoff
mapping, error execution, and index conventions are correctly implemented. Then, we extend the
analysis beyond the baseline £ = 2 model in two directions: longer memory lengths (k = 2,.+.48)
and a bidirectional adaptive aspiration rule. These extensions test whether the core mechanism

identified in the baseline model remains robust.

A. Monte Carlo Validation (29 points, 87 comparisons)

We use Monte Carlo simulations to verify the analytical results computed from the Markov
chain are not artifacts of implementation errors. This verification is done under parameter settings

e =0.05, A =2 and k = 2, with o values sampled from the interval [0, 1].

@ Long-run cooperation rate ® Stationary probability of CCCC © Actual switching rate

1.0 1.0 1.0

.
. [ ER AR ®  Exact Markov-chain valve
R TIER) £ Monte Carlo mean + 95% CI

Metric value

ecse
$os oo 00000

.
00 0.0 esees o 0 00

02 04 0.6 08 0.2 04 0.6 08 0.2 04 0.6 0.8
Recent-memory weight a Recent-memory weight a Recent-memory weight a

Fig. 8: Monte Carlo validation of «analytical results. For each sampled « value, the blue point
gives the exact value obtainedfrom the Markov-chain calculation, while the orange error bar
gives the Monte Carlo mean with a 95% confidence interval. The three panels report (a) the
long-run cooperation rate, (b) the stationary probability of CC'C'C, and (c) the actual switching

rate.

In Figure 8, the blue points show the exact Markov chain values as functions of «, and the
orange error, bars show the Monte Carlo means with nominal 95% confidence intervals. Note
that meost confidence intervals are smaller than the marker size and are therefore visually hidden
by the exact-value markers.

Across 29 « points and 3 metrics (87 comparisons in total), 82 exact values fall inside the
corresponding nominal 95% confidence intervals, and all 87 absolute errors are below the pre-
specified tolerance of 0.015. The confidence intervals are not adjusted for multiple comparisons

and are used solely as a consistency check.
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B. Extension to Longer Memory (k=2,...,8)

The baseline model assumes k& = 2, which keeps the state space at 4> = 16. For longer
memory, the exact state space rapidly grows as 4%, making full enumeration impractical. We'then
use Monte Carlo simulations to explore the effects of longer memory lengths £ = 2. .48 on

cooperation dynamics.

Monte Carlo robustness across memory lengths k=2,...,8 (A=2, £=0.05)
Long-run time-average cooperation rate ©p, ility of all-cooperation over k cor ive periods © Actual switching rate
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Fig. 9: Robustness of the high-recent-weight mechanism across different memory lengths. The
three panels correspond to (a) long-run cooperation rate, (b) probability of mutual cooperation

over k consecutive rounds, and (c) actual switching rate.

The results in Figure 9 show that the maximum cooperation rate remains approximately 0.865
for every k from 2 to 8, confirming that the high-recent-weight mechanism is robust across the
examined memory lengths. The probability of k-period all-cooperation declines as & increases,
because the event itself becomes more strict with longer memory; this decline should not be

interpreted as a deterioration of cooperation.

C. Adaptive Aspiration

The baseline model assumes a fixed aspiration level A = 2. We now allow A to adjust in

response to-payoffs using a bidirectional exponential tracking rule:

Ai(r+1) = (1 = N A;(r) + (),
(19)
r=3,...,t—1 xelo,1],

where A is the adaptation rate and wu;(r) is the realized payoff of player i in round r. A payoff
below the current aspiration lowers A; a payoff above it raises A. The case A = 0 recovers the

fixed-threshold benchmark A = 2. The update order is: (i) determine the action using the current
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history and current A, (ii) apply the decision error and realize the payoff, and (iii) update A for

the next round.

Bidirectional payoff-tracking aspiration model (A0=2, €=0.05, k=2)
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Fig. 10: Bidirectional payoft-tracking aspiration model (4, = 2, ¢ = 0.05, £ = 2). Panel (a):
window-average cooperation rate. Panel (b): share of CCCC within the observation window.
Panel (c): window-average actual switching rate. Panel (d): window-average aspiration level A.

The row A\ = 0 denotes the.fixed-A benchmark.

Figure 10 reports-the-window-average cooperation rate, the share of CCCC, the actual
switching rate, and the ‘average aspiration level over the full (a, \) domain. We get to know the
following results:

First, the best fixed-threshold baseline achieves a cooperation rate of approximately 0.8651, and
no positive adaptation rate on the scanned grid has a higher observed mean. This is a numerical
comparison, not a formal statistical test or a claim about all possible adaptive rules. This may be
attributed to the case when the aspiration level turns out to be too high, which leads to frequent
dissatisfaction and switching; when the aspiration level turns out to be too low, the players will

be more tolerant to defection, which can also lead to a low cooperation rate.
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Second, high cooperation is concentrated near o — 1, where recent payoffs dominate. The
fixed-A benchmark in this regime is equivalent to WSLS; with adaptive aspiration, changing
thresholds can alter its stay/switch decisions. The comparison therefore concerns payoff-based
satisfaction learning rather than direct imitation of the opponent’s action.

Third, at high o and A = 1, cooperation drops substantially, the CCCC share declines, and
the actual switching rate rises.

The adaptive rule therefore does not uniformly improve cooperation. In the low-a region, where
the fixed-threshold baseline already performs poorly, moderate adaptation-can raise cooperation
by lowering the aspiration level toward realized payoffs. In the high-o.region, where the baseline
already achieves high cooperation, slow adaptation preserves the benchmark, but fast adaptation

destabilizes the C'C'C'C-dominant structure and reduces cooperation substantially.

VII. LLM-BASED AGENT EXPERIMENT
A. Motivation and Research Question

The theoretical model, its simulation verification, and its extensions establish the internal
robustness of the satisfaction-switching mechanism under finite memory. A further question is
whether this mechanism can be instantiated in realistic, language-based decision-makers. We
therefore conduct an experiment in which external finite memory and a lightweight hypergraph
are connected to Qwen3.6-27B, and-the’model is fine-tuned via 4-bit QLoRA to learn when to
record, retrieve, query the graph; clarify, and refuse unsafe operations.

The experiment tests a specific claim: under an identical external cognitive mechanism, does
behavior-data training make the model call these mechanisms more stably and more evenly
across behavior categories? It is not intended to test whether the base model’s general capability

improves.

B. Three-Layer Architecture

The system combines a language-model decision layer with deterministic external mechanisms.
Finite'memory and the satisfaction state machine are inspired by the iterated Prisoner’s Dilemma
model analyzed in the previous sections, whereas lightweight hypergraph retrieval is used as an
additional engineering component. A 4-bit QLoRA adapter is trained on 980 oracle-synthetic
tool-decision samples to decide when to invoke these mechanisms; the mechanisms themselves are

not trained into the model weights. Figure 11 summarizes the relation between the language-model
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decision layer and the external deterministic mechanism layer, and the full three-layer description

is given in Appendix A-D.

LLM Agent Architecture
External Finite Memory, Hypergraph Retrieval, and Satisfaction State Machine

Language-model decision layer

User request Qwen3.6-27B a5a) de.:c1510n External.execution
»| record / retrieve / graph

(round () policy model IS sl and response
4 T
/f f s :reward / state update
| oA o D ALt I
retrieved context/ graph evidence/l state /sngnal ;
External mechanism layer / % v i
i > “ ¥
Finite working memory Lightweight hypergraph Satisfaction state machine
capacity = 9 task—tool-file—preference U(l)=08r(¢ - 1)+ 0.2r(¢ -2)
recency decay ¢ = 0.25 two-step activation Wfreshold A = 2

4-bit QLoRA trains when to invoke external mechanisms;
memory, hypergraph, and state machine remain deterministic external modules.

Fig. 11: Architecture of the LLM agent experiment. The language model chooses when to call
tools and external mechanisms; finite memory, hypergraph retrieval, and the satisfaction state

machine are implemented outside the model.

C. Experimental Design

We evaluate the base and trained models on three multi-round file-based scenarios under
decoding parameters, context window, and tool-step limit. A rule-based oracle generates the
training samples, and deterministic assertions score each task round. The full experimental

pipeline, scenario anddata details are provided in Appendix A-D.

D. Results and Analysis

1) Main Condition. Comparison: Seven conditions are designed in total, the main text reports
four conditions: the base model only (CO), the base model with a mechanism prompt (C1),
the base model with the full external mechanism (C2), and the LoRA-980 adapter with the
same external mechanism (C4). C2 and C4 are the primary training comparison. The complete
seven-condition design, results, and component ablations are reported in Appendix A-D.

Table IV reports the four-condition evaluation results. The improvement from CO to Cl1
shows that an explicit mechanism prompt has a substantial practical effect (round accuracy

0.196 — 0.578; macro-average category accuracy 0.152 — 0.520). The further improvement
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from C1 to C2 shows that an executable external mechanism is more effective than an empty

tool interface (round accuracy 0.578 — 0.633; macro accuracy 0.520 — 0.560).

TABLE IV: Four-condition evaluation results.

Condition Valid runs Round accuracy Macro-avg category accuracy Satisfaction rate
CO (base, no mechanism) 9 0.1963 0.1523 0.8333
C1 (prompt only) 9 0.5778 0.5203 0.8630
C2 (base + external) 9 0.6333 0.5603 0.8704
C4 (LoRA-980 + external) 9 0.6333 0.6818 0.9556

2) Core Causal Comparison: C2 vs. C4: The core causal-comparison is C2 versus C4, since
both use the same base model version, scenarios, decoding parameters, context window, and
external mechanism; the only difference is the 980-sample LoRA adapter loaded in C4.

The overall round accuracy is identical at 0.6333. The paired bootstrap difference is 0, with a
95% confidence interval of [—0.0667,0.0667], which includes zero. We therefore cannot claim
that QLoRA significantly improves overall round accuracy.

However, other round-level metrics show consistent improvement. The macro-average category
accuracy rises from 0.5603 to 0.6818 (+0.1215), and the satisfaction rate rises from 0.8704 to
0.9556 (40.0852). These results show higher measured macro-average category accuracy and
satisfaction in the tested scenarios. They do not, by themselves, establish greater behavioral
stability or generalize beyond these tasks.

An interactive demo about the results above and other supplement materials of this exploratory

application are described in Appendix A-D.

E. Limitations and Future Work

The LLM experiment has the following limitations. First, the evaluation uses three public
scenarios with three seeds each, and C3 has only 8 valid runs, so statistical power is limited.
Second, the scenarios are separated from the training templates but are not hidden tests; blind
evaluation remains necessary. Third, the satisfaction threshold A = 2 and the memory parameters

are only partially calibrated, so the state-machine branch may understate the effect of dissatisfaction
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and switching. Finally, C5 and C6 are component ablations on the untrained base model, so they
should be read as diagnostic comparisons rather than independent model variants. !

As for future work, the experiment can be extended in three directions. First, hidden tests and
blind evaluation should be used to test whether the mechanism generalizes beyond the public
scenarios. Second, the satisfaction threshold, reward scale, memory length, and memory capacity
should be calibrated systematically rather than fixed manually. Third, the same-architecture can
be extended from a single language-model agent to multiple agents with separate finite memories
and satisfaction states, allowing us to test whether a shared hypergraph can-serve as a coordination
device among bounded-rational agents.

The LLM experiment provides exploratory engineering evidence: external memory and
hypergraph retrieval improve measured task performance in_the tested scenarios, while QLoRA
raises macro-average category accuracy and satisfaction without‘changing overall round accuracy.
These single-agent tasks are not a two-player Prisoner’s Dilemma, the two-round switching
tolerance modifies the theoretical rule, and hypergraph tetrieval is an additional component. The
experiment therefore illustrates an application inspired by the model, rather than validating its

economic cooperation mechanism.

VIII. DISCUSSION AND CONCLUSION
A. Main Findings

This paper has studied cooperation in the iterated Prisoner’s Dilemma under a finite-memory
satisfaction-switching rule."The main findings are summarized as follows.

RQ1. The memory weight o and the aspiration level A jointly determine both the level and
the nature of cooperation. Stable reciprocity requires not only a high cooperation rate but also a
high probability of'the C'C'C/C' state and a low switching rate. For £ = 2 and A = 2, the interval
a > 3/4 achieves all three simultaneously under the current payoff matrix and baseline error
specification.

RQ2. Under the numerical payoff matrix used in this paper and for a fixed aspiration level
A = 2, the high-cooperation region is the interval o > 3/4, which is the A = 2 slice of the

WSLS-equivalent wedge. It achieves a long-run cooperation rate of 0.8645 at € = 0.05 in this

1C3, €5, and C6 are reported in Appendix A-D.
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model. Within that specification, the same region remains visible across the tested error levels
e € [0,0.3], although increasing error reduces the cooperation rate on the plateau.

RQ3. The analytical results from the exact 16-state Markov chain are validated by Monte
Carlo simulations: across 87 comparisons, all absolute errors are below 0.015, and 82.0f 87
exact values fall inside the nominal 95% confidence intervals. The high-recent-weight mechanism
remains effective when memory is extended to k = 2,...,8.

RQ4. On the scanned grid, the best positive adaptation rate (A = 0.01) has an observed
cooperation rate of 0.8642, compared with 0.8651 for the fixed-threshold-benchmark. No formal
test of this difference is performed, so statistical equivalence is not established. At high «, fast
adaptation (A = 1) reduces cooperation and increases switching; its effect differs in the low-«

region.

B. Theoretical Implications

Our results carry three theoretical implications.

First, finite memory does not by itself prevent backward induction; what prevents it in our model
is the behavioral assumption that players donot.condition their decisions on the remaining horizon.
This distinction matters: the model isolates the effect of memory weighting and satisfaction
adaptation from the effect of forward-looking calculation, and shows that cooperation can emerge
without either full history or backward -induction.

Second, under this payoff matrix, the high-cooperation plateau is exactly WSLS-equivalent
in the wedge 5 — 4a < A < 3@, including the A = 2 slice « > 3/4 [3]. The older payoff does
not affect decisions there; so this plateau is not evidence that two-period memory outperforms
one-period WSLS. The contribution is the characterization of how weighted satisfaction rules
change behavior across parameter regions, including departures from WSLS.

Third, a high cooperation rate does not necessarily imply stable reciprocity. The high-A region
achieves an average.cooperation rate near (.5, but this average is generated by frequent alternation
between, cooperation and defection, not by sustained mutual cooperation. This distinction would
be invisible if we reported only the long-run cooperation rate.

Fourth, decision error does not have a unidirectional effect on cooperation. It disrupts the
existing structure—whether that structure is cooperative, defective, or oscillatory. The direction
of the effect depends entirely on the nature of the zero-error system, and the zero-error limit

need not coincide with the low-positive-error stationary distribution.
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C. Methodological Implications

Methodologically, this paper makes three contributions.

First, we separate the finite-round transient dynamics from the long-run stationary analysis. The
point-wise cooperation rate, the cumulative average cooperation rate, and the long-run coeperation
rate answer different questions, and reporting only one of them can be misleading:

Second, we distinguish the zero-error Cesaro time average from the low-positive=error stationary
distribution. These two limits are not interchangeable, and treating them as.equivalent can hide
the closed communicating classes that trap the deterministic system.

Third, we validate the exact Markov chain results against independent Monte Carlo simulations,
and we extend the analysis to longer memory and adaptive aspiration. This combination of
exact computation, simulation, and extension provides a replicable framework for studying
finite-memory cooperation.

Fourth, we carry out the exploratory LLM application in which we extend the mechanism
from repeated-game analysis to multi-round language-model interaction. In the tested scenarios,
external memory and lightweight hypergraph retrieval improve round accuracy and macro-average
category accuracy, while behavior-data training-further improves category-balanced behavior and
measured satisfaction without improving overall round accuracy. Supplementary task-level metrics
also indicate higher task completion, higher requirement coverage, higher tool-use accuracy,
and a lower rework rate. This suggests‘a possible mechanism-design perspective for improving

human-LLM interaction and coordination within multi-agent systems.

D. Limitations and Future Work

Theoretical model. The exact model includes only two players; network information sharing
is not yet incorporated.. Results depend on the specific payoff values and the uniform initial
distribution. For £ >'2, only a one-parameter geometric memory kernel is examined.

Simulation and extensions. The Monte Carlo validation uses 29 « points; larger-scale validation
could further reduce sampling uncertainty. The adaptive aspiration analysis does not include a
formal paired test between the best adaptive grid point and the fixed-threshold benchmark.

LLM experiment. The LLM experiment is limited by a small number of scenarios and seeds,
an uncalibrated satisfaction threshold, and the absence of hidden tests and system-level stress
tests. Its conclusions provide exploratory engineering evidence, not validation of the Prisoner’s

Dilemma cooperation predictions.
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Several directions remain open.

First, the two-player baseline could be extended to heterogeneous populations with different «,
A, and )\ across players.

Second, network information sharing could be introduced as an independent extension.

Third, the LLM experiment could be extended with hidden tests, blind evaluation, and-system-
level stress testing.

Fourth, the satisfaction parameters in the LLM state machine could be calibrated through
ablation studies.

Fifth, the mechanism could be extended to multi-agent systems, with multiple agents sharing a
common hypergraph. This would test whether the satisfaction-switching rule sustains coordination

among multiple language-based agents in a shared task environment.

E. Conclusion

This paper has analyzed a finite-memory satisfaction-switching rule in the iterated Prisoner’s
Dilemma without full history and without backward induction. It identifies when the rule reduces
to WSLS, when it produces low-cooperation-trapping, and when it generates high-frequency
oscillation. For £ = 2 and A = 2, the high-cooperation interval o > 3/4 persists across the tested
error levels under the current payoff matrix. Longer-memory simulations retain high cooperation
at sufficiently large recent weights, without establishing an identical high-cooperation interval or
an advantage over one-period WSLS. Monte Carlo simulation supports the exact computations;
the LLM experiment is a ‘separate exploratory application of the model. More generally, the
results suggest that cooperation research should not rely on a single long-run average: only by
jointly examining the point-wise and cumulative cooperation rates, the stationary probability of
sustained reciprocity, and the actual switching rate, can we distinguish stable cooperation from

frequent alternation.



A. Notation Table

APPENDIX A

SUPPLEMENTARY MATERIALS

TABLE V: Notation and definitions.

Symbol Definition
T,R,PS Prisoner’s Dilemma payoffs
t Total number of repeated-game rounds (fixed horizon)
r Current repeated-game round index, » = 1,. .4, ¢
n Transition step after two-period memory is initialized
a;(r) Action of player 4 in round r (C or D)
u; () Payoff of player i in round.r
k Memory length
@ Weight on the most recent payoffiin two-period memory
A Aspiration level
m;(r) Weighted payoff from recent memory in round 7
€ Probability. of decision error
2 Action pair in round r
X Markov state formed by the'most recent two action pairs before round r
i (X7) Actual probability that player ¢ cooperates in state X,
P(a, A,e) 16. <16 row-stochastic transition matrix
) Initial distribution over 16 states
wu(n) Distribution over states after n transitions
s Stationary distribution (for € > 0)
Poo Long-run cooperation rate
p(n) Point-in-time cooperation rate after n transitions
p(n) Cumulative average cooperation rate over the first n transitions
m(CCCC) Stationary probability of the CC'CC state
O actual Actual switching rate, accounting for decision error

B. Theoretical and Finite-Time Supplementary Diagnostics

33

Baseline Transition and Stationary Diagnostics: We first examine the transition structure of
the 16-state chain. Figure 12 visualizes the 16 x 16 transition matrix P(«, A, <) for the baseline
parameters « = 0.5, A = 2, and € = 0.05. Each row corresponds to a current state and sums to
one. Each state has exactly four possible successors, corresponding to the four possible action

pairs in the next round.
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Fig. 12: 1616 transition matrix for o = 05,4 = 2, ¢ = 0.05. States are ordered with the most

recent period first. Darker cells indicate higher transition probabilities.

With this transition structure, we'compute the unique stationary distribution 7 satisfying

mP = m. Table VI reports the stationary probabilities for the 16 states

TABLE VI: Stationary distribution of the 16 states (a = 0.5, A = 2, ¢ = 0.05).

State | Probability ‘ State ‘ Probability

CCccC
CCCD
CCDC
CCDD
CDCC
CDCD
CDDC
CDDD

0.271429
0.000831
0.000831
0.029236
0.015033
0.015781
0.008306
0.143605

DCCC
DCCD
DCDC
DCDD
DDCC
DDCD
DDDC
DDDD

0.015033
0.008306
0.015781
0.143605
0.000831
0.157807
0.157807
0.015781

According to Table VI, the states CC'C'C, DDCD, and DD DC have high probabilities, while
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the other states have relatively low probabilities under this parameter setting.
Supplementary Point-wise and Cumulative Phase Maps: Starting from the uniform initial
distribution iy defined in Section III, we compute the distribution after n transitions as p(n)=

toP™. The point-wise cooperation rate p(n) = u(n) - ¢ captures the level of cooper. &m a

specific transition count n, while the cumulative average p(n) = 2 > iy p(g) reflec overall

T n

cooperation accumulated over the first n transitions. v

Point-in-time Cooperation Rate p(n) at Selected n (po contains a two-period prehistory, £€=0.05)
() n=2 © n=3 (d

Point-in-time cooperation rate p(n)

Fig. 13: Point-vq'egooperation rate over o and A
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Fig. 14: Cumulative cooperation rate over « and A

Figure 13 and Figure 14 show p(n) and p(n) for n = 1,2,...,50 over the full (o, A) space.
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We observe that p(n) reaches its long-run platform much earlier than 5(n), because the cumulative
average retains the influence of the initial uniform distribution over the 16 states. This distinction
is important since reporting only the final point-wise cooperation rate may overstate the average
performance over a finite horizon.

Supplementary Cooperation-Formation Speed: To quantify how quickly the cooperation emerges

or decays, we define the cooperation formation speed as the discrete-time change rate:

v(ng, ng) = w, ng > Ny. (20)
2 — Ny

Positive v(n,n9) indicates that cooperation is forming; negative v(n;,mg)-indicates that cooper-

ation is decaying; v(ni,n2) ~ 0 indicates little net change betweén the two endpoints, which

alone does not establish convergence.

Average rate of cooperation change: n=1to n=3
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Fig. 15: Cooperation formation speed from n; = 1 to ny = 3 over a and A

Figure 15 reports v(ny,ny) over the early stage (n = 1 to n = 3) across the («, A) space.
The WSLS-equivalent wedge (5 — 4a < A < 3«) exhibits strong positive speed in this window,

confirming that cooperation emerges rapidly once the two-period memory is established. In
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contrast, the low-«, high-A region shows near-zero or negative speed, reflecting its inability to

form stable cooperation even in the early transitions.

Average rate of cooperation change: n=50 to n=100
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Fig. 16: Cooperation formation speed from n; = 50 to ny = 100 over o and A

To examine whether the formation process still exists beyond the early transitions, Figure 16
reports v(ny,n2) over thejlater stage (n = 50 to n = 100) across the («, A) space. The speed
is close to zero across-most of the parameter space, indicating little net change between these
endpoints; convergence requires the separate checks below. The remaining non-zero regions
coincide with the high-A fluctuation zone, where cooperation continues to oscillate even at large
n, consistent with the high switching rate observed in Figure 4.

Supplementary Convergence-Time Diagnostics: We define the convergence time as the first
transition step n such that the point-wise cooperation rate remains within a tolerance 9 of its

long-tun value for all subsequent transitions:
7,(0) =min{n > 0: [p(m) — pso| < 9, Ym > n}. (21)

We use 6 = 0.01 as the primary criterion and verify robustness with 6 = 0.001.
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Because the cooperation rate is a scalar summary of the full state distribution, it may stabilize
before the distribution itself does. Thus, to capture this distinction, we also report the total

variation (TV) mixing time of the full 16-state distribution:
Trv(6) =min{n > 0: [|u(m) — 7|l7v <4, Ym > n}, (22)

where || - |7y denotes the total variation distance and 7 is the stationary distribution.

Convergence Time under the Persistent-entry Criterion (¢=0.05, 5=0.01 )
() Full-distribution mixing time 1_TV (b) Cooperation-rate settling time 7_p
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Number of state transitions n

Fig. 17: Convergence time under-criterion 6 = 0.01 over o and A

Figure 17 reports both 77y and 7, over the (a, A) space for ¢ = 0.05 and 6 = 0.01. We
observe the following features:

First, the representative stable-cooperation setting («, A) = (0.8,2) converges quickly: 7 = 3
and 7, = 2. The system reaches its long-run cooperation level after just two transitions, and the
full state distribution stabilizes one step later.

Second, convergence is slowest in parts of the high-a, low-A region, and is also relatively slow
in parts of the high-A region. At 6 = 0.01, the scanned maximum is 7 = 34 and 7, = 32. These
regions reflect different mechanisms: low-A trapping and slowly decaying high-A oscillations,
respectively.

Supplementary Convergence-Time Check: To further verify that these patterns are not artifacts

of the'tolerance choice, we also compute convergence times under a stricter criterion 6 = 0.001

(Figure 18).
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Convergence Time under the Persistent-entry Criterion (¢=0.05, 5=0.001 )
(@ Full-distribution mixing time 1_TV (b) Cooperation-rate settling time 1_p
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Number of state transitions n
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Fig. 18: Convergence time under criterion 6 = 0.00L-over o and A

As it is shown, the distribution of fast and slow regions remain the same, although the
absolute values of 7 increase as expected (the criterion becomes stricter). This confirms that the
convergence time ranking across parameter regions is-robust.

Supplementary Error-Scan Diagnostics:

a-€ phase diagram of long-run cooperation as reference: Before analyzing the transient effects
of decision errors ¢, we first report the long-run cooperation rate p., as a function of both «
and ¢ for A = 2. In Figure 19, the high-cooperation interval o > 3/4 remains unchanged across
the tested error levels ¢ € [0, 0.3] under the current payoff matrix and A = 2. As ¢ increases,
unintended actions become more frequent, reducing the cooperation rate on this plateau from
0.997 at ¢ = 0.001 to 0.532"at € = 0.3. Thus, the location of the high-cooperation interval is

stable within this specific-scan, while the absolute level of cooperation is sensitive to decision

CITOrS.
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RQ2: Optimal memory intervals at A=2 across error levels

(@ (b)

Long-run cooperation rate

Probability of two-period all-cooperation

© Actual switching rate

1.0 1.0

Metric value

1.0

—— =0 (Cesaro)
01

0.2 0.2 0.2
I
===
0.0 0.0 0.0
0.0 0.2 0.4 06 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Recent-memory weight a Recent-memory weight a

Fig. 19:

Recent-memory weight a

Long-run cooperation rate p,, (panel a), probability of CCCC' (panel b), and actual

switching rate o,y (panel c) as functions of « and € at A = 2. The vertical dashed lines mark

the theoretical critical values of a.

Convergence time as a function of €: While the location of the high-cooperation interval

«a > 3/4 is stable in the preceding A = 2 error scan under the current payoff matrix, the

convergence time varies dramatically with €. Figure 20 reports the convergence time 77y and 7,

as functions of ¢ for the four representative regions defined in Section IV-D.

@ Distribution mixing time (primary measure) ®

Cooperation-rate settling time (secondary measure)
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Fig. 20: Convergence time 77y (panel a) and 7,

representative regions.

We observe the following features:

T T
107 1072
Positive decision error € (¢=0 undefined)

(panel b) as functions of ¢ for the four

First, in the stable cooperation region (o« = 0.8, A = 2), convergence is fast and stable

(rry = 3) across all 0 < € < 0.3, indicating that the C'C'C'C-dominant structure is robust to

moderate noise.
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Second, for extremely small € (e.g., ¢ = 10~%), the convergence time can be orders of magnitude
larger than at ¢ = 0.05. This occurs because the chain behaves like a nearly closed-certain system
(similar to the case € = ) before eventually mixing to the unique stationary distribution. The
small error acts as a rare noise that only gradually connects previously isolated state classes.

Early-stage cooperation change under different : Decision errors also affect the early-stage
dynamics. Figure 21 reports the early cooperation change p(2) — p(1) as a funetion-of ¢ for the

four representative regions.

Low-cooperation region: Cooperation change from transition 1 to 2 Stable-cooperation region: Cooperation change from transition 1 to 2
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Fig. 21: Early-stage cooperation change p(2) — p(1) as a function of ¢ for the four representative

regions. The dashed. vertical line marks the baseline ¢ = 0.05.

In the stable cooperation region, larger errors weaken the positive early jump, because the error
interrupts the rapid formation of mutual cooperation. In the low-cooperation region, larger errors
reduce the negative early decline, because noise occasionally flips defection into cooperation.

Four representative regions with s-scan: Finally, we examine how the four representative

regions respond to decision errors across the full range of . Figure 22 reports the long-run
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cooperation rate, the CC'CC' probability, and the actual switching rate as functions of ¢ for each

region.
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Fig. 22: Long-run cooperation rate, stationary probability of CC'C'C', and actual switching rate

as a function of ¢ for the four representative regions.

Table VII summarizes the direction of the error effect in each region.
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TABLE VII: Effect of increasing ¢ across four representative regions.

Region ‘ (a, A) ‘ Poo ‘ m(CCCC) ‘ Mechanism

Low cooperation (0.3,2) Increases Increases Noise breaks low-cooperation trapping
Stable cooperation (0.8,2) | Decreases | Decreases Noise disrupts CCCC cycles
High-A fluctuation | (0.5,4.5) Stable Stable Noise damps deterministic oscillations
Low-A lenient (0.8,0.5) | Increases Increases | Noise helps exit low-cooperation states

From Figure 22 and Table VII, we can conclude that decision error e does not have a
unidirectional effect on cooperation. It disrupts the existing structure-——whether that structure is
cooperative, defective, or oscillatory—and the direction of the' effect depends entirely on the

nature of the ¢ = 0 system.

C. Simulation and Extension Details

Simulation Implementation Details: All three experiments share the same path simulator. Each
path starts from a uniformly random k-period exogenous history, with the most recent period
placed first. At each round, the simulator computes the weighted memory payoff for each player
according to the Prisoner’s Dilemma payoff matrix, determines the intended action according to
the satisfaction-switching rule, applies.the decision error with probability ¢, and then updates
the history by appending the new. outcome and removing the earliest period. A warm-up phase
precedes the observation window, and all reported metrics are computed within the observation
window.

Monte Carlo Sampling Details: The sampling points cover the theoretical critical values,
their immediate neighborhoods (£0.002), and the midpoints of each critical interval, yielding 29
distinct « values after de-duplication.

For each a, we simulate 6,000 independent paths with a warm-up of 300 transitions and an
observation window. of 400 transitions. We compare three quantities between the exact chain and
the simulation: the long-run cooperation rate, the stationary probability of CC'C'C, and the actual
switching rate. The exact values of the three metrics are computed from the Markov chain in
the same way as in Section IV, and the Monte Carlo estimates are obtained as the mean across
paths, with the standard error defined as the standard deviation of the path-level metrics divided
by the square root of the number of paths. Nominal 95% confidence intervals are constructed as

Monte Carlo mean + 1.96 x standard error.
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Longer-Memory Simulation Details: As for memory weights, we adopt a one-parameter

geometric memory kernel:
¢!
ki
Z¢:1 g1

where j = 1 indexes the most recent round. For 0 < o < 1, let ¢ = (1 — a)/a and at av=.0, set

, J=1. 0k, (23)

w; =

w = 1; at a = 1, set wy = 1. All other weights are zero at these endpoints. When % = 2, this
kernel reduces exactly to [o, 1 — a]. For k > 2, the most recent weight is w;\= 1/ 3¢ | ¢ 1,
which generally differs from «; the k& = 2 threshold « > 3/4 cannot be transferred unchanged.
All examined memory lengths share the a = 1 one-period benchmark, 'so’a similar maximum
across k does not by itself show a benefit from additional memory. The parameter o > 0.5
implies more weight on recent payoffs, o« = 0.5 corresponds to equal weighting, and a < 0.5
places more weight on earlier payoffs. The extreme case o = l-corresponds to a pure one-period
memory, where only the most recent payoff matters and all earlier payoffs are ignored; o = 0
corresponds to a pure k-period memory, where only the earliest payoff matters and all later
payoffs are ignored.

We run simulations for £ = 2,...,8, scanning o from O to 1 in steps of 0.05, with the
seven theoretical critical values added explicitly. Each (k,«) grid point uses 3 independent
seeds with 600 paths per seed, with a'warm-up and observation window of 500 transitions each.
Cooperation-rate uncertainty is taken as the larger of the within-seed path standard error and the
between-seed standard error.

Adaptive-Aspiration Simulation Details: Since A becomes a continuous state variable, the
adaptive model is no longer a finite 16-state chain. We therefore rely on simulation and do
not refer to the observed window average as an exact stationary distribution. The scan covers
a € [0,1] with step 0.025 (41 points) and A € {0,0.01,0.03,0.05,0.1,0.2,0.4,0.6, 1}. Each grid
point uses 3 independent seeds with 600 paths per seed, with a warm-up and observation window

of 600 transitions €ach.
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Fig. 23: Transient trajectories of the point-in-time average cooperation rate (panels a and b) and
the population-average aspiration level A (panels.¢ and d) for a = 0.3 (left) and o = 1.0 (right),
with A € {0,0.01,0.1, 1}. Fast adaptation destabilizes the high-cooperation structure at o = 1.

Adaptive-Aspiration Trajectory. Diagnostics: To understand why fast adaptation destabilizes
cooperation, Figure 23 reports the, transient trajectories of the cooperation rate and the population-
average aspiration level for two representative memory weights, o = 0.3 and o = 1.0, with
A€ {0,0.01,0.1,1}.

At o = 0.3, the fixed-threshold benchmark settles at a low cooperation level around 0.32.
Moderate adaptation (N =-0.01 or 0.1) raises the cooperation rate to approximately 0.40 and
0.50, respectively, because the aspiration level drifts downward toward the realized payoffs. At
A = 1, the“aspiration level fluctuates around 2.5 and cooperation rises to about 0.62.

At = 1.0, the fixed-threshold benchmark already achieves a high cooperation rate of 0.86.
Slow .adaptation (A = 0.01 or 0.1) preserves this level, but fast adaptation (A = 1) drives the
aspiration level toward 2.2 and reduces cooperation to approximately 0.50. This confirms that fast
adaptation destabilizes the CC'C'C-dominant structure when the baseline mechanism is already

performing well.
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The LLM experiment uses Qwen3.6-27B with 4-bit QLoRA (rank 16, alpha 32, dropout

0.05), trained on 980 oracle-synthetic samples covering seven behavior categories. The training

configuration is reported in Table VIII.

TABLE VIII: QLoRA training configuration.

Parameter ‘ Setting
Base model Qwen3.6-27B (approximately 52-54 GB in 4-bit form)
Server RTX 6000D 84 GB

Training framework
Quantization

LoRA rank / alpha

LoRA dropout

Cutoff length

Epochs

Batch size / gradient accumulation
Learning rate

Scheduler

Warmup ratio

Weight decay

Optimizer

Primary training seed
Supplementary training seeds

Inference seeds

LLaMA-Factory 0.9.5, transformers/5.6.0, PEFT 0.18.0
4-bit NF4 with double quantization
16 /32

0.05

2048

1

1/8

5x 107

cosine

0.05

0.01

paged_adamw_8bit

3407

5701, 8501

20260825, 20260826, 20260827

Three-Layer Architecture: The system consists of three layers with distinct origins and

responsibilities.

« Layer 1: Finite memory + satisfaction-switching state machine. This layer is derived from

the ‘satisfaction-switching rule in the iterated Prisoner’s Dilemma. Working memory holds at

most 9 items with recency decay ¢ = 0.25 and forgetting threshold 0.05. At the beginning

of task round /, the satisfaction utility is computed from the two most recent completed
rewards: U(¢) = 0.8r(¢ — 1) 4+ 0.2r(¢ —2), (¢ > 3 with aspiration level A = 2. The round
reward is r(¢) = 5p(¢), where p(¢) is the fraction of passed checks. When U(¢) > A, the

state remains efficient; after two consecutive unsatisfied rounds, the state switches to clarify.

This layer is implemented as a deterministic external service, not learned by the model.
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« Layer 2: Lightweight hypergraph + spreading activation. This layer is related to graph-
based retrieval-augmented generation, especially GraphRAG-style retrieval and recent agentic
extensions such as Graph-R1 [23], [30]. It is not derived from the theoretical model of iterated
Prisoner’s Dilemma. Each interaction forms one hyperedge connecting multiple entities. (task,
tool, file, preference). Retrieval uses two-step spreading activation [19], propagating’ from a
query seed along hyperedges without embedding. This layer is also a deterministic external
service.

o Layer 3: Model training (4-bit QLoRA). This is the only trained component. The model
is fine-tuned on 980 oracle-synthetic tool-decision samples, learning when to record, retrieve,
query, clarify, and refuse unsafe operations. The mechanismr itself’(Layers 1 and 2) remains
external and is never trained into the weights.

External Memory and Lightweight Hypergraph: The external memory consists of a finite
working memory and a gist summary. Working memory helds at most 9 items; each item stores
importance, write time, last access time, rehearsal count, entity, and topic tags. Memory weight
decays with age at rate ¢ = 0.25; successful retrieval produces limited rehearsal reinforcement.
When weight falls below 0.05, the item enters. the forgetting process. High-importance content
can be compressed into a gist summary_.of at most 6 items.

When new information conflicts with*old memory, the system retains the conflict relation
and requires the model to clarifyswhen necessary, rather than overwriting unconditionally. The
lightweight hypergraph holds at most 60 nodes and 40 hyperedges, placing entities, files, tasks,
decisions, constraints, and memory items into a single relational structure. Queries propagate at
most two steps, recovering.information relevant to the current task but outside the recent dialogue
window.

The memory design draws on two cognitive-science concepts: Tulving’s distinction between
episodic and semantic memory, where working memory serves as episodic storage and the gist
summary-as semantic storage; and Ebbinghaus’s forgetting curve, implemented as the recency
decay q'= 0.25 with a retrieval-triggered reinforcement mechanism.

Satisfaction State Machine: After each round, a verifier scores file existence, JSON validity,
field content, tool usage, and security boundaries. The round reward is r(¢) = 5p(¢), where p(¥)
is the fraction of passed checks. The recent two rewards form the utility U (¢) = 0.87(¢ — 1) +
0.2r(¢ —2), ¢ >3 with A =2. When U({) > 2, the state is marked as satisfied. After two

consecutive unsatisfied rounds, the state switches from efficient to clarify; one satisfied round in
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clarify returns the state to efficient.

This two-round tolerance is an empirical design choice: the theoretical model switches
whenever U(¢) < A, but the LLM implementation requires two consecutive unsatisfied rounds:to
reduce excessive switching. This tolerance is intended to limit excessive switching; the reported
comparisons do not isolate a reduction in rework caused by this design choice.

Experimental Design: The system uses a “language model decision + external deterministic
execution” architecture. Qwen3.6-27B handles task understanding, tool selection, parameter
generation, and answer generation, while a Python program maintains four external components:
a finite working memory with gist summarization, a conflict managerj a lightweight hypergraph
for cross-entity retrieval, and a satisfaction state machine.

The experiment proceeds in six steps. First, we construct three multi-round file-based evaluation
scenarios: Orion engineering delivery, PipelineNova data pipeline, and AtlasReview research
writing. Second, a deterministic rule-based oracle generates behavior-decision examples for the
external memory, hypergraph, clarification, and security actions. Third, the 980-sample dataset is
used to train a 4-bit QLoRA adapter, while the external memory, hypergraph, and satisfaction state
machine remain deterministic and unchanged. Fourth, we evaluate seven conditions (CO—C6) under
the same scenarios, decoding parameters,.context window, and tool-step limit. Fifth, deterministic
assertions check whether each round-satisfies the required files, content, tool-use, clarification,
and security constraints. Finally;.the results are aggregated into round-level metrics, task-level

diagnostics, and component ablations.

Scenario Oracle-synthetic QLoRA Seven-condition Deterministic Metric aggregation
design behavior data training evaluation round-level checks and ablation

Fig..24: Experimental pipeline for the exploratory LLM application.

The training data.is generated by a deterministic rule-based oracle that simulates the external
mechanism and produces tool-decision samples. The oracle constructs system states, user requests,
and standard assistant behaviors from fixed scenario templates, covering seven behavior categories
(record, recall, no_call, conflict, graph, clarify, security), 140 samples each in the 980-sample
version. Splits are separated by scenario family, source project, and entity namespace to reduce
template and entity leakage. A 280-sample pilot precedes the 980-sample formal training, and an

independent validation script checks the generated data without importing the generator.
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LLM Evaluation Scenarios: The LLM evaluation uses three multi-round file-based scenarios.

o Orion engineering delivery (18 rounds). This scenario simulates an engineering project
handoff. The model must record project requirements, update structured files, recall earlier
constraints, handle conflicts between new and old instructions, and decide when clarification
is needed.

« PipelineNova data pipeline (30 rounds). This scenario simulates a data-pipeline maintenance
task. The model must track dataset fields, transformation steps, validation requirements,
configuration changes, and cross-file dependencies across multiple rounds.

« AtlasReview research writing (30 rounds). This scenario simulates a research-writing
workflow. The model must organize notes, maintain citation-like records, update summaries,
resolve inconsistencies, and preserve earlier writing constraints over a long interaction.

Each round requires the model to create or modify local files, and deterministic assertions
evaluate file existence, format validity, required content, forbidden tool use, clarification behavior,
and sandbox-boundary compliance.

Evaluation Metrics: We use deterministic, round-level checks to evaluate the LLM agent.
Round accuracy is the fraction of task founds in which all required assertions are passed.
Macro-average category accuracy first.computes accuracy within each behavior category and
then averages across categories, so that frequent categories do not dominate the score. Satisfaction
rate is the fraction of rounds in which the external state machine marks the recent performance
as satisfactory, that is, U(¢) > A. Rework rate is the fraction of rounds requiring correction,
repeated execution, or recovery from an earlier error. Tool-use accuracy measures whether the
selected tool and its arguments satisfy the expected tool-use constraints.

For additional task-level measures, task completion summarizes the overall completion of the
multi-round scenario, requirement coverage measures the fraction of specified requirements
satisfied, and artifact completion measures whether the expected output files or structured
artifacts ‘are¢ produced and remain valid. These measures are descriptive diagnostics computed by
the evaluation scripts.

Seven-Condition Evaluation: Seven conditions are compared in a paired design. Here, the
external mechanism refers to executable modules outside the language model, including finite
working memory, the lightweight hypergraph, and the satisfaction state machine.

o C0: base model only; no mechanism prompt and no external mechanism.

o C1: base model with mechanism prompt only; no executable external mechanism.



50

o C2: base model with the full external mechanism.

o C3: LoRA-980 adapter with mechanism prompt only; no executable external mechanism.

o C4: LoRA-980 adapter with the full external mechanism.

o CS5: base model with the external mechanism but without the lightweight hypergraph.

« C6: base model with the external mechanism but without the satisfaction state machine.

Across all conditions, each evaluation round allows at most 4 tool steps, and the-model receives
only the most recent 4 messages.

Table IX reports the seven-condition evaluation results. The improyement from CO to Cl
shows that an explicit mechanism prompt has a substantial practical effect (round accuracy
0.196 — 0.578; macro-average category accuracy 0.152 — 0.520). The further improvement
from C1 to C2 shows that an executable external mechanism is more effective than an empty

tool interface (round accuracy 0.578 — 0.633; macro accuracy'0.520 — 0.560).

TABLE IX: Seven-condition“evaluation results.

Condition Valid runs Round accuracy Macro-avg category accuracy Satisfaction rate
CO (base, no mechanism) 9 0.1963 0.1523 0.8333
C1 (prompt only) 9 0.5778 0.5203 0.8630
C2 (base + external) 9 0.6333 0.5603 0.8704
C3 (LoRA-980, prompt only) 8 0.5958 0.6214 0.9167
C4 (LoRA-980 + external) 9 0.6333 0.6818 0.9556
CS5 (external without hypergraph) 9 0.5070 0.4780 0.9440
C6 (external without state machine) 9 0.6110 0.5480 1.0000"

“For C6, the satisfaction rate is degenerate because the satisfaction state machine is removed.
LLM Component Ablation: Table X reports the component ablation on the untrained base
model. Removing the hypergraph (C5) reduces the macro-average category accuracy from 0.560
to 0.478,"while-removing the satisfaction state machine (C6) reduces it only from 0.560 to
0.548! The larger observed macro-accuracy decrease occurs when the hypergraph is removed. An
independent stability benefit of the state machine is not established: rework is 0.545 with the full

mechanism, compared with 0.533 without the state machine and 0.459 without the hypergraph.
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TABLE X: Component ablation of the external mechanism (untrained base model).

Condition Macro accuracy | Satisfaction rate ‘ Rework rate
C2 (full external) 0.560 0.870 0.545
C5 (without hypergraph) 0.478 0.944 0.459
C6 (without state machine) 0.548 1.000" 0.533

“The satisfaction rate of C6 is a degenerate measurement: removing the state machine makes
satisfaction permanently true, so this value does not indicate better performance.

LLM Parameter Calibration: We calibrate the reward memory length L on the development
scenario (Orion, 18 rounds). The default L = 2 with weights (0.8;0:2) achieves an accuracy of
0.667. An L = 3 configuration with equal weights (1/3,1/3,1/3) achieves 0.778, the highest
among all tested configurations. Non-uniform L = 3 weights (e.g., 0.6, 0.25,0.15) perform worse
(0.611), indicating that the gain from a longer memory depends on equal weighting across periods.
This calibration is exploratory and should be validated on independent test scenarios.

Online Demo Interface: We provide an interactive web demo as supplementary material.
It visualizes the three-layer architecture, the satisfaction-switching trajectory, the hypergraph
spreading-activation process, the seven-<condition comparison, the parameter-calibration sweep, and
an additional website-building task. These demo views are used for transparency and illustration;
the main empirical claims in the paper rely on the seven-condition comparison, the component
ablation, and the parameter-calibration result reported above. The demo is available at:

e Demo HTML: reproducibility_code/llm/demo/html/finmem_demo.html

e Demo data: reproducibility_code/llm/demo/html/demo_data. js

All numbers in the.demo are drawn from the same deterministic result files used in this paper,
including final_task_completion.json, final_cooperation_metrics.json, and five_condition_report.

json, so the demo @and the paper are consistent.

E.~Code Reproducibility

The accompanying code package contains the theoretical model, Monte Carlo simulations, extensions, LLM training
and evaluation assets, and figure-generation scripts. It is organized in a top-level folder named
reproducibility_code/. Its README.md maps the research components to their entry points;
SOURCE_MANIFEST. json records file provenance and verify_package.py runs CPU-only consistency

checks. The theoretical programs are implemented in Python in theory/. The main files are:
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e paper_model.py: the model kernel, including state ordering, transition matrix construction, and metric
computation.

e run_all_ research.py: runs the RQ2 scan, zero-error analysis, Monte Carlo validation, longer-memory
extension, and adaptive aspiration analysis.

e run_complete_research.py: regenerates the complete figure and data family used in the manuscript,
including the long-run, finite-time, convergence, error-scan, memory-extension, and adaptive-aspiration outputs.

e tests/test_paper_model.py: unit checks for state enumeration, transition matrices; stationary

distributions, and simulation consistency.

The preserved theoretical outputs are stored in outputs/theory_data/ as CSV, NPZ;-and JSON metadata
files, and in outputs/theory_figures/ as PNG figures. The recommended reproducibility sequence is: first
run python3 reproducibility_code/verify_package.py from the paper folder; then, if pytest is
available, run python3 -m pytest tests/test_paper_model.py-inside
reproducibility_code/theory/; finally run run_complete_ research.py to regenerate the full
theoretical output family. Historical plotting and exploration scripts are retained in
theory/historical_scripts/ as provenance, but the canonical theory entry points are the files directly
under theory/.

The LLM experiment is stored under 11m/. The corresponding reproducibility files are:

e 1lm/finmem/: local finite-memory, hypergraph, task-completion, cooperation-metric, synthetic-data, and
multi-round evaluation scripts, including generate_pilot_data.py, oracle_replay_check.py,
validate_pilot_data.py, and run_multiturn_eval.py.

e 1lm/configs/: QLoRA and inference configuration files.

e llm/autodl_scripts/: server-side scripts used for historical training, evaluation, ablation reporting, and
diagnostic checks.

e llm/reports/: preserved aggregate reports, including final task_completion. json,
final_cooperation/metrics. json, and five_condition_report. json.

e llm/demo/: paper-facing demo assets. The formal public scenarios are stored in
l1lm/demo/scenarios/, and the browser-demo HTML and data bundle are stored in 11m/demo/html/
and 11m/demo/web, data/demo_data. js.

e llm/figuressdata/ and 11m/reproduce_llm_figures.py: preserved figure data and the script
for regenerating, the-LLM summary figures.

Full LLM reruns require the base model, a compatible GPU software environment, and trained adapters; tensor
weights' are not included in the code package. The package includes aggregate reports and figure data, so the
reported tables and figures can be audited. Independent full reruns of every historical LLM condition require the
model weights and evaluation environment, and may differ slightly because of model-serving and hardware

differences.
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E Supplementary Figures

The following figures are placed in the appendix because they are either complete versions of

figures shown

in the main text or auxiliary diagnostics.

a — ¢ Cooperation Rate Phase Graphs: Figure 25 reports the o — € cooperation rate phase

graph for A =

(@

Positive decision error ¢ (log scale)
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Fig. 25: a — ¢ phase graph of p.,, 7(CCCC'), and 0yeal-

Training Loss Curve: Figure 26 reports the training loss for the 280-sample pilot training.

Loss
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Fig. 26: Training loss for the 280-sample pilot training.
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Data Scaling Comparison: Figure 27 reports the comparison between the base model, LoRA-

980, and LoRA-280.

Effect of Training-Data Scale on FinMem Performance
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Fig. 27: Comparison of the base model, LoORA-980, and LoRA-280 on task completion, requirement
coverage, artifact completion, tool-use accuracy, satisfaction rate, and one minus rework rate

(higher is better).

Parameter Calibration: Memory Length Sweep: Figure 28 reports the memory length sweep

on the development scenario (Orien,.18 rounds).

Reward-Memory-Length Calibration on Orion (18 Turns)
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Fig. 28: Memory length L sweep on the development scenario. L = 3 with equal weights achieves

the highest accuracy (0.778), compared with 0.667 for the default L = 2.
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Website-Building Task Comparison: Figure 29 reports performance on the 20-round website-

building task for the base model and the trained models.

Performance on the 20-Turn Portfolio Website Task
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Fig. 29: Performance on the 20-round website-building task. This task is illustrative and does

not support statistical conclusions.
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